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Page 3, Fig. 2.1, Model Translations: 

Eq. (4.2) and Eq. (4.1) should be changed to Eq (1.2) and (l.l), respectively. 

Page 9 

Equation (3.7) should read: yi - ~ $ y ~ - ~  = ai 

Page 16, Table 4.1 

Flicker phase information should be corrected to reposition { in last 
column, as follows: 

I E 3 [y+1 n ( 2 a f h ~ )  1- 1 n 2 1 h1 2 

Page 24, line 7 

Change "as in Ref. [14]. I' to read, "as in Ref [38]. I'  
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Models f o r  t h e  I n t e r p r e t a t i o n  o f  Frequency Stab i  1 i t y  Measurements 

James A. Barnes 

The r e s u l t s  o f  measurements o f  f requency s t a b i l i t y  a r e  normal ly  
i n t e r p r e t e d  i n  t h e  terms o f  models. T y p i c a l l y ,  these models a r e  
expressed as 'E power-law f o r  t h e  power s p e c t r a l  d e n s i t y  (e.g. , 
S ( f )  = h- f- ). 
tKese models a r e  always l i m i t e d  i n  t h e i r  range and i n c l u d e  n e i t h e r  
zero  nor  i n f i n i t e  F o u r i e r  f requency. 
t h e  l i m i t s  t o  t h e  a c t u a l  p h y s i c a l  dev ices and t h e  u n d e r l y i n g  da ta  
and have encountered mathematical  d i f f i c u l t i e s  w i t h  t h e  models a t  
e i t h e r  zero o r  i n f i n i t e  f requency o r  both.  These problems a r e  
assoc ia ted  w i t h  t h e  model and n o t  t h e  a c t u a l  o s c i l l a t o r s  be ing 
modeled. By c a r e f u l l y  t a k i n g  i n t o  account a c t u a l  l i m i t s  o f  t h e  
dev ice  and c o n s t r a i n i n g  d iscuss ions  t o  be concerned o n l y  w i t h  
q u a n t i t i e s  which can be observed i n  a p r a c t i c a l  sense, one can 
avo id  t h e  problems o f  non-convergence and n o n - s t a t i o n a r i t y .  

Even f o r  s t a t i o n a r y  and convergent models, however, t h e r e  i s  grow- 
i n g  evidence t h a t  t h e  t y p i c a l  Gaussian models may be inadequate. 
There appear t o  be occasional  ( s p o r a d i c )  steps i n  t h e  f requency 
o f  o s c i l l a t o r s  o f  a magnitude which i s  d i f f i c u l t  t o  e x p l a i n  w i t h  
convent ional  model s.  

The exper iments which p r o v i d e  t h e  bas is  f o r  

Some authors have neg lec ted  

Key Words: F l i c k e r  no ise;  f requency; f requency s t a b i l i t y ;  o s c i l -  
l a t o r s ;  phase noise;  s t a t i o n a r y  models. 

1 .  I n t r o d u c t i o n  

Th is  paper rev iews models used i n  i n t e r p r e t i n g  t h e  measurements o f  f requency s t a -  

b i l i t y .  The purpose o f  t h i s  rev iew i s  t o  i d e n t i f y  models which a r e  u s e f u l  f o r  t h e  mea- 

surements. The reader  i s  s p e c i f i c a l l y  r e f e r r e d  t o  S l e p i a n ' s  paper [l], "On Bandwidth," 
and t h e  d iscuss ion  o f  " r e a l i t y "  ( h i s  " f a c e t  A " )  and models f o r  r e a l i t y  ( h i s  " f a c e t  B " ) .  

i n s t a b i l i t i e s .  Some o f  these models a r e  s imp ly  expressed i n  mathematical  terms b u t  have 

very  ques t ionab le  a p p l i c a b i l i t y  t o  r e a l  devices.  One o f t e n  f i n d s  t h a t  these models (not 
t h e  dev ices which they  were in tended t o  s imu la te )  have severe pa tho log ies  such as non- 

e x i s t e n t  instantaneous f requencies.  Th is  paper explores some o f  these model pa tho log ies  
and at tempts t o  p u t  them i n t o  p e r s p e c t i v e  w i t h  t h e  impor tan t  goa l :  

r e a l  o s c i  11 a t o r s  . 

I n  t h e  l i t e r a t u r e  one can f i n d  papers which propose many models f o r  f requency 

t o  adequate ly  descr ibe  

The paper a l s o  d e t a i l s  t h e  elements o f  convent ional  models c u r r e n t l y  i n  use, d iscusses 
some o f  t h e  exper imenta l  evidence suppor t ing  these models, and presents  some r e s u l t s  

suggest ing an inadequacy o f  these models, 

2. Present Models 

2.1 The Measurement o f  Frequency S t a b i l i t y  

The measurement o f  f requency s t a b i l i t y  has rece ived a g r e a t  deal o f  a t t e n t i o n  f o r  

I n  November 1964 NASA and I E E E  sponsored a Symposium on Short-Term Frequency 

S t a b i l i t y  [2]. 

A spec ia l  i s s u e  o f  t h e  Proceedings o f  t h e  I E E E  was pub l ished [3] i n  February 1966 

which was devoted t o  f requency s t a b i l i t y .  

w e l l  over  t e n  years .  Some o f  t h e  key events which have occurred r e c e n t l y  a r e  as f o l l o w s :  

a .  

b .  



C. F o l l o w i n g  t h i s  p u b l i c a t i o n ,  a subcommittee o f  t h e  I E E E  was formed t o  d e f i n e  

p r e c i s e l y  t h e  term " f requency s t a b i l i t y . "  To date,  t h e  o n l y  p u b l i c a t i o n  o f  

t h i s  subcommittee [4] appeared i n  October 1970 as an NBS Tech Note and was 

l a t e r  pub l i shed i n  May 1971. 

o f  t h e  f r a c t i o n a l  f requency f l u c t u a t i o n s  and t h e  "Two-Sample Var iance" as t h e  
recommended measures of f requency s t a b i l  i ty.  

t h e  "Two-Sample Var iance" and suggest ing o t h e r  v a r i a t i o n s  o f  measurement methods 
which l e a d  t o  convergent r e s u l t s  even i n  t h e  presence o f  f l i c k e r  FM. 

t h e r e  a r e  numerous re fe rences  t o  f requency s t a b i l i t y ,  t h i s  1 i s t  p rov ides  access 

t o  a r e a l l y  v a s t  f i e l d . )  
I n s o f a r  as o s c i l l a t o r  models a r e  concerned, n e a r l y  a l l  c u r r e n t  p u b l i c a t i o n s  acknowl- 

edge t h e  presence o f  f l u c t u a t i o n s  o f  f requency whose power s p e c t r a l  d e n s i t y  v a r i e s  

as t h e  r e c i p r o c a l  F o u r i e r  f requency-- i .e . ,  f l i c k e r  FM--over s u b s t a n t i a l  s p e c t r a l  

reg ions  . 

Given a da ta  s e t  t h e r e  are  var ious  means o f  ana lyz ing  t h e  da ta  and model b u i l d i n g .  

Th is  document proposed t h e  power s p e c t r a l  d e n s i t y  

d. A d d i t i o n a l  papers have appeared [5,6,7,8,9,10], g i v i n g  conf idence i n t e r v a l s  on 

(Whi le  

2.2 Models and n o i s e  s i m u l a t i o n  

Once a model has been dev ised i t  i s  p o s s i b l e  t o  use t h e  model t o  s i m u l a t e  performance o r  

p r e d i c t  f u t u r e  va lues of t h e  n o i s e  i n  an op t ima l  way. 

o f  da ta  a n a l y s i s :  ( 1 )  Power s p e c t r a l  d e n s i t y  e s t i m a t i o n  [ll]; ( 2 )  F i t t i n g  o f  Auto-Regressive, 

I n t e g r a t e d ,  Moving Average (ARIMA) models [12]; and ( 3 )  t h e  use o f  t h e  two-sample var iances [4], 

u'(T) .  Methods ( 1 )  and ( 3 )  have been recommended [4] as p r e f e r r e d  measures o f  f requency 

s t a b i l i t y .  
I t  seems t h a t  t h e  power s p e c t r a l  d e n s i t y  i s  a lmost  always t h e  cho ice  o f  t h e  t h e o r e t i -  

c i a n  f o r  use i n  models and des ign a p p l i c a t i o n s .  
( f  > 1 Hz) an exper imenter  w i l l  o f t e n  use an analog spectrum ana lyzer  and o b t a i n  spec t ra  

"on l i n e . "  

o b t a i n  spectrum es t imates  f o l l o w i n g  any o f  a number o f  t e x t s  [ll]. 
process o f  spectrum e s t i m a t i o n  tends t o  be a r a t h e r  s p e c i a l i z e d  f i e l d ,  and many experimen- 

t e r s  do n o t  a v a i l  themselves of these techniques. 

Another,  more r e c e n t  technique i s  t h e  f i t t i n g  o f  p a r t i c u l a r  models (ARIMA models) t o  
t h e  da ta  [12]. 

one has immediate ly  a means of  s i m u l a t i n g  t h e  da ta  on a computer, o p t i m a l l y  p r e d i c t i n g  

f u t u r e  values, and e s t i m a t i n g  t h e  power s p e c t r a l  d e n s i t y .  

however, t h e  a n a l y s i s  techniques tend t o  be s p e c i a l i z e d ,  and n o t  many exper imenters make 

use of t h i s  technique.  Of  course, t h i s  may change i n  t h e  f u t u r e ,  b u t  so f a r  i t  i s  l i t t l e  

used f o r  f r e q u e n c y - s t a b i l i t y  measurements. 

i s  t h e  use o f  t h e  two-sample var iance,  O;(T), and t h e  use of t a b l e s  as i n  Ref. [4] t o  i n f e r  t h e  

assoc ia ted  s p e c t r a l  d e n s i t y .  Th is  common use o f  u$C-r) probab ly  a r i s e s  f rom (1)  t h e  r e l a -  
t i v e  s i m p l i c i t y  o f  i t s  e s t i m a t i o n  from exper imenta l  d a t a  and (2 )  t h e  common occurrence o f  

power-law-type s p e c t r a l  d e n s i t i e s  f o r  t h e  observed i n s t a b i l i t i e s .  I n  a c e r t a i n  p r a c t i c a l  

I n  use today t h e r e  a r e  t h r e e  means 

Y 

For shor t - te rm s t a b i l i t y  measurements 

For longer  term data  ( f  < 1 Hz) one c o u l d  make use of d i g i t a l  computers and 

Unfor tunate ly ,  t h e  

Th is  has t h e  v e r y  p r a c t i c a l  advantage t h a t  when t h i s  process i s  completed, 

L i k e  d i r e c t  spectrum es t imat ion ,  

Perhaps t h e  most common means o f  a n a l y z i n g  f requency i n s t a b i l i t i e s  of o s c i l l a t o r s  

2 



sense u:(~) a l lows a v e r y  r a p i d  e s t i m a t i o n  o f  t h e  s p e c t r a l  d e n s i t y  S ( f ) .  
o b t a i n i n g  t h e  b e s t  conf idence i n  t h e  r e s u l t ,  t h e  spectrum est imated i n  t h i s  way probab ly  

does n o t  represent  t h e  most e f f i c i e n t  use o f  t h e  data,  b u t  i t  i s  a quick-and-easy method. 
S ince t h e r e  e x i s t  t h r e e  e s s e n t i a l l y  e q b i v a l e n t  methods o f  d e s c r i b i n g  a g iven o s c i l l a -  

I n  t h e  sense of  
Y 

t o r ’ s  i n s t a b i l i t i e s ,  i t  i s  o f  va lue  t o  be a b l e  t o  t r a n s l a t e  t h e o r e t i c a l l y  between these 

d i f f e r e n t  cases. Table 4.1 p rov ides  a t r a n s l a t i o n  between a,(r) and S y ( f )  f o r  those few 

s p e c i a l  cases g iven ( i .e . ,  power-law s p e c t r a l  d e n s i t i e s ) .  Whi le i t  i s  t r u e  t h a t  t h e  cases 

g iven i n  Table 4.1 a r e  very  commonly encountered i n  p r a c t i c e ,  they  do n o t  s u f f i c e  f o r  t h e  

general problem. C u t l e r  [4] has prov ided an equat ion f o r  t r a n s l a t i n g  f rom t h e  (one-s ided)  

power s p e c t r a l  d e n s i t y  t o  t h e  two-sample var iance ( a l s o  see Ref. [13] ) :  

2 

- i 2 ~ r p f  -i 2 1 ~ f  - i 4 n f  

4 s i n  nf.r u$(T) = 2 P Y  d f  S ( f )  * m 2  

2 

0 

r c J Eq. (4 .2)  Eq. (4 .1)  
i 
F r 3 

A R I M A  Sy( f )  
Table (4 .1)  Node1 - -  -+ -  - - - - - + - - -  

A t  p resent  no simple,  c losed form o f  t h e  i n v e r s e  o f  t h i s  r e l a t i o n  i s  known t o  t h e  au thor ;  

however, L indsey and Chie [6] have shown t h a t  S y ( f )  can be g iven i n  terms o f  t h e  M e l l i n  
t ransforms o f  t h e  Kolmogorov s t r u c t u r e  f u n c t i o n s  [6,14], which i n  t u r n  a r e  c l o s e l y  r e l a t e d  

t o  t h e  two-sample var iance.  
I n  c o n t r a s t ,  if one knows t h e  parameters ( m i ,  ej}, ‘a f o r  an ARIMA model [12], then 

one can immediate ly  es t imate  t h e  spectrum by t h e  r e l a t i o n  [12]: 

2 

u p )  2 

Now, however, t h e  i n f e r e n c e  o f  t h e  $ I s  and 0 ’ s  f rom S y ( f )  i s  n o t  so s imple.  

F igure  2.1 p rov ides  a map f o r  t h e  t r a n s l a t i o n s  d iscussed above. 

There have been o t h e r  suggested measures o f  f requency i n s t a b i l i t y  a lso ,  b u t  these a r e  

Appendix B 
prov ides a means o f  e s t i m a t i n g  t h e  ARIMA parameters from S y ( f )  by a g r a p h i c a l  technique.  

n o t  i n  common use. 

t i o n s  [6], and o t h e r s  [5,7,16]. 

They i n c l u d e  t h e  Hadamard Var iance [15], t h e  Kolmogorov s t r u c t u r e  func-  

F ig .  2.1 Model T r a n s l a t i o n s  

2.3 Model elements 

I n  genera l ,  t h e  elements o f  a model f o r  t h e  i n s t a b i l i t i e s  o f  an o s c i l l a t o r  can 
d i v i d e d  i n t o  those caused by v a r i a t i o n s  i n  t h e  environment (e.g., temperature,  acce 

3 

be 

e r a t  on, 



magnet ic f i e l d ,  e t c . )  and those i n t r i n s i c  t o  t h e  o s c i l l a t o r .  

dependent elements a r e  very i m p o r t a n t  ( i n  some cases t h e  most i m p o r t a n t  elements),  t h i s  

paper w i l l  t r e a t  o n l y  t h e  i n t r i n s i c  e lements- - the elements p resent  f o r  o s c i l l a t o r s  i n  

n e a r l y  i d e a l  environments.  

A l though t h e  env i ronmenta l l y  

2.3a D e t e r m i n i s t i c  elements 

D e t e r m i n i s t i c  elements a r e  elements o f  t h e  model which, i n  p r i n c i p a l ,  can be 

known w i t h  p e r f e c t  conf idence.  For example, q u a r t z  c r y s t a l  o s c i l l a t o r s  o f t e n  d i s p l a y  

a very  s t a b l e ,  cont inuous, l i n e a r  d r i f t  o f  f requency. The d e t e r m i n i s t i c  elements f o r  

most o s c i l l a t o r s  i n c l u d e :  

P e r i o d i c  terms, 

Phase ( t i m e )  o f f s e t ,  

Frequency o f f s e t ,  and 

L i n e a r  f requency d r i f t .  

Whi le  o t h e r  d e t e r m i n i s t i c  elements a re  p o s s i b l e ,  these a r e  t h e  more common ones. There 

a r e  problems concern ing how one est imates these q u a n t i t i e s  [4].  

2.3b Gaussian n o i s e  elements 

The t y p i c a l  models [4] used f o r  t h e  n o i s e  observed on o s c i l l a t o r s  can be expressed 

as a s p e c i f i c  f u n c t i o n a l  form f o r  t h e  power s p e c t r a l  d e n s i t y  o f  t h e  f r a c t i o n a l  frequency 

f l u c t u a t i o n s ,  y ( t ) .  An o f t e n  used f u n c t i o n a l  form f o r  t h e  power s p e c t r a l  d e n s i t y  i s  a 

power-1 aw model : 

Sy( f )  = h-21f1-2 + h - l l f l - l  + ho + h l l f (  1 + h 2 1 f l  2 

f o r  

Whi le  o t h e r  f u n c t i o n a l  forms c o u l d  c e r t a i n l y  be t r e a t e d  w i t h i n  t h e  model framework, 

(2 .1)  i s  t h e  most common form. 
even i f  one does n o t  assume a power-law dependence as i n  (2 .1 ) .  

h a s n ' t  been measured. 

F o u r i e r  f requencies,  which ought t o  conform t o  t h e  r e g i o n  o f  d i r e c t  observa t ion .  
t h i s  range one i s  f r e e  t o  choose s u i t a b l y  convergent forms f o r  t h e  spectrum. Whi le  i t  

i s  t r u e  t h a t  one must assume some form f o r  t h e  spectrum o u t s i d e  o f  t h i s  range, one 

might  j u s t  as w e l l  choose a convenient  form which does n o t  compl ica te  l i f e  t o o  much. 

2 . 3 ~  Sporadic elements 

suddenly takes on a new and permanent average va lue  [17]. These changes have 

l i m i t e d  documentat ion,  and i t  i s  n o t  c l e a r  whether these f requency s teps a r e  d i s -  

t i n c t  and a d d i t i o n a l  t o  t h e  o t h e r  p a r t s  o f  t h e  model o r  j u s t  an unsuspected v i s u a l  

aspect  o f  t h e  data.  A t h i r d  p o s s i b i l i t y  i s  t h a t  t h e  " f l i c k e r  p a r t ' '  o f  t h e  model 

man i fes ts  i t s e l f  as sudden changes i n  f requency [18]. S t i l l ,  i t s  spectrum c o u l d  

be p r o p o r t i o n a l  t o  lf1-l. 
by Mandelbrot  [19]. Table 2.1 summarizes t h e  model elements. 

t h a t  o f  F ig .  2.2. 

To date,  a lmost  a l l  models have been Gaussian i n  nature,  

T y p i c a l l y ,  t h e  behav io r  o u t s i d e  o f  t h e  i n t e r v a l  ( f R ,  f h )  i s  u n s p e c i f i e d  because i t  

One should no te  t h i s  e x p l i c i t  statement on t h e  l i m i t s  o f  t h e  

Beyond 

There have been suggest ions t h a t ,  on occasion, t h e  f requency o f  an o s c i l l a t o r  

One p o s s i b l e  model i s  sporad ic  f l i c k e r  n o i s e  as p o s t u l a t e d  

I n  terms o f  these model elements, t h e  a n a l y s i s  scheme i n  genera l  should f o l l o w  
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2.4 F l i c k e r  no ise  models 

Dur ing  t h e  same p e r i o d  o f  t i m e  considered above, var ious  models o f  f l i c k e r  no ise  have 

a. 

i t s  use was v e r y  i n e f f i c i e n t .  

response was taken as p r o p o r t i o n a l  t o  T - ~ / ~ . )  

b. 

1971 [21 1. Al though done independent ly  o f  Ref. [ l Z ] ,  these models a r e  c l e a r l y  ARIMA 
models and d i r e c t l y  amenable t o  t h e  t rea tments  o f  Ref. [12]. 
d i f fe rence between Refs. [12] and [21] i n  t h e  sense t h a t  [21] i s  s y n t h e t i c  i n  i t s  

t rea tment  where [121 i s  a n a l y t i c .  

s i z i n g  a (ARIMA) model which approximates a g iven power s p e c t r a l  d e n s i t y .  

t r a s t ,  Ref. [12] analyzes a s p e c i f i c  no ise  sample by f i t t i n g  ARIMA models t o  i t .  

can then es t imate  t h e  power s p e c t r a l  d e n s i t y  o f  t h e  sample no ise  by means o f  t h e  

ARIMA parameters. 

s t u d i e s  [22,23]. 

c . Independent ly  and n e a r l y  c o n c u r r e n t l y  t o  Ref. [21], Mandel b r o t  [24] developed 

an e f f i c i e n t  Gaussian n o i s e  genera tor  which produces numbers which approximate a 

f l i c k e r  process. Th is  model i s  ob ta ined by superposing severa l  band l im i ted ,  indepen- 

dent  w h i t e  no ises i n  j u s t  such a way as t o  o b t a i n  an a r b i t r a r i l y  good approx imat ion t o  

a f l i c k e r  no ise  over  a f i n i t e  s p e c t r a l  reg ion .  

t o  Ref. [21], t h e  model o f  Ref. [24] i s  n o t  as u s e f u l  i n  t h a t  i t  does n o t  have a s imple 

i n v e r s e  and t h e  methods o f  Ref. [12] a r e  n o t  p a r t i c u l a r l y  u s e f u l  f o r  t h i s  model. Th is  

i s  t r u e  even though t h e  b a n d - l i m i t i n g  f i l t e r s  used a r e  o f  t h e  Auto Regressive (AR) form. 

d .  

no ise.  
i s  t h e  p h y s i c a l  analog o f  A b e l ' s  [27] h a l f - o r d e r  i n t e g r a l .  

e .  

g i v e  r i s e  t o  f l i c k e r  no ise .  

n o i s e  samples a r e  n o t  n e a r l y  as easy t o  generate as t h e  models g iven i n  Refs. [21] 

and [24]. 

f .  

Gaussian noises.  Unique among a l l  o f  t h e  models p r e s e n t l y  known t o  s i m u l a t e  f l i c k e r  

n o i s e  i s  t h e  sporad ic  model presented by Mandelbrot  [19], which i s  non Gaussian, a t  

l e a s t  i n  o rders  h i g h e r  than t h e  f i r s t .  A s i m i l a r  model has been presented by Rutman 

and Ubersfe ld  [18]. The p o s s i b l e  a p p l i c a b i l i t y  o f  t h i s  sporadic  model t o  r e a l  o s c i l -  

l a t o r s  appears v e r y  i n t e r e s t i n g  i n  v iew of r e c e n t  r e s u l t s  i n  severa l  l a b o r a t o r i e s .  

An example o f  a sporadic  f l i c k e r  model i s  presented i n  Appendix C. 

a1 so been devel oped. 

A t r a n s f e r  f u n c t i o n  model was proposed [20], which generated f l i c k e r  no ise ,  b u t  

(The d i s c r e t e  model was s imp ly  i n  e r r o r  when t h e  impulse 

E f f i c i e n t  analog and numer ica l  approx imat ions t o  f l i c k e r  no ise  were presented i n  

There i s  an i m p o r t a n t  

That i s ,  Ref. [21] cons iders t h e  problem o f  synthe- 

I n  con- 

One 

The n o i s e  model o f  Ref. [21] i s  t h e  t y p i c a l  model used i n  c u r r e n t  s i m u l a t i o n  

Al though t h e r e  a r e  many s i m i l a r i t i e s  

I t  has been p o i n t e d  o u t  t h a t  d i f f u s i o n  processes [25] can g i v e  r i s e  t o  f l i c k e r  

Th is  i s  based on t h e  r e c o g n i t i o n  t h a t  H e a v i s i d e ' s  [26] s e m i - i n f i n i t e  d i f f u s e r  

H a l f o r d  [28] showed t h a t  t h e r e  i s  a broad c l a s s  of Poisson processes which 

From t h e  computer s i m u l a t i o n  p o i n t  o f  view, these Poisson 

The models presented above a r e  a l l  s i m i l a r  i n  t h e  sense t h a t  they  u s u a l l y  generate 
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3. flodel Patho log ies  

Over t he  past  many years people have become p r o g r e s s i v e l y  more i n t e r e s t e d  i n  t h e  mea- 

The documentat ion o f  such o u t -  
surement o f  f requency s t a b i l i t y .  

o n l y  a few p a r t s  i n  1015 from one measurement t o  t h e  nex t .  
s tand ing  performance i n  exac t  q u a n t i t a t i v e  terms i s  indeed o f  i n t e r e s t .  

I t  i s  s i g -  

n i f i c a n t  t o  no te  t h a t  these data always have an upper f requency l i m i t  

I f  one were t o  cons ider  t h e  F o u r i e r  t r a n s f o r m  o f  these data,  i t  i s  c l e a r  t h a t  o n l y  a f i n i t e  

range o f  F o u r i e r  f requenc ies  c o u l d  be reso lved,  which does not i n c l u d e  zero  F o u r i e r  f r e -  

quency. I f  t h e  measurement data spanned a d u r a t i o n  T i n  t ime and had an upper f requency 

l i m i t  fhy then i t  i s  c l e a r  t h a t  t h e  F o u r i e r  t rans form i s  meaningfu l  f o r  F o u r i e r  f requenc ies  

i n  t h e  range f rom 1/T t o  fh. 

I t  i s  perhaps s u r p r i s i n g  ( b u t  t r u e )  t h a t  most model pa tho log ies  a r i s e  o u t  o f  t h e  

s imple e r r o r  o f  e x t r a p o l a t i n g  exper imenta l  r e s u l t s  beyond t h e i r  range o f  a p p l i c a b i l i t y  and 

d i r e c t  observa t ion .  

p a t h o l o g i c ,  n o t  t h e  dev ice  o r  data ( f a c e t  A) which were in tended t o  be modeled. 

s i d e r e d  a r i s e s  f rom e x t r a p o l a t i n g  behav io r  t o o  h i g h  i n  f requency. 

t h e  " u l t r a v i o l e t  catast rophe.  I' 

low i n  f requency and i s  c a l l e d  t h e  " i n f r a r e d  ca tas t rophe. "  

t a n t  o f  t h e  i n f r a r e d  ca tas t rophe i s  t h e  " n o n - s t a t i o n a r i t y  bugaboo." 

t h a t  a l l  o s c i l l a t o r s  must o f  n e c e s s i t y  be ' ' s t a t i o n a r y "  i n  t h e i r  performance; I o n l y  mean 

t h a t t h e  b l i n d  e x t r a p o l a t i o n  o f  r e s u l t s  t o  zero  F o u r i e r  f requency should not be used as an 

i n d i c t m e n t  a g a i n s t  t h e  usefulness o f  s t a t i o n a r y  models. 

3 .1 The u l t r a v i o l e t  ca tas t rophe 

instantaneous frequency o f  t h e  o s c i l l a t o r  over  some s i g n i f i c a n t  range o f  F o u r i e r  f requen-  

c i e s  [29]. 

Today, o s c i l l a t o r s  e x i s t  whose f requencies m i g h t  change 

The process o f  t h i s  documentat ion always i n v o l v e s  t h e  a c q u i s i t i o n  o f  data.  
and a f i n i t e  d u r a t i o n .  

By "model pathology"  I s p e c i f i c a l l y  mean t h a t  t h e  model ( f a c e t  B) i s  

These model pa tho log ies  f a l l  n a t u r a l l y  i n t o  two ca tegor ies :  t h e  f i r s t  pa tho logy  con- 

The o t h e r  pathology a r i s e s  f rom e x t r a p o l a t i n g  behav io r  t o o  

I n  model pathology,  a concomi- 

I d o n ' t  mean t o  imp ly  

Th is  pathology i s  c a l l e d  

Many models o f  o s c i l l a t o r s  recognize t h e  ex is tence o f  " w h i t e  no ise"  p e r t u r b i n g  t h e  

I n  l o n g  term t h i s  g ives  r i s e  t o  a "Brownian Mot ion"  o f  t h e  phase f l u c t u a t i o n s .  

Now if one f o r g e t s  about a l l  o f  t h e  b a n d - l i m i t i n g  e f f e c t s  i n  t h e  r e a l  o s c i l l a t o r ,  

a m p l i f i e r s ,  e t c .  , one can become concerned w i t h  t h e  mathemat ica l l y  i d e a l  Brownian Mot ion.  

Th is  Brownian Mot ion i s  c h a r a c t e r i z e d  as hav ing independent increments;  t h a t  i s ,  i f  @ ( t )  

i s  t h e  Brownian Mot ion o f  phase, then 

i s  independent ( i . e .  , random, u n c o r r e l a t e d )  of  A @ ( t ' )  p rov ided t h e  two i n t e r v a l s  do n o t  

over lap .  
That i s ,  one cannot even speak o f  an instantaneous frequency d e f i n e d  by t h e  r e l a t i o n  [4]. 

The r e s u l t  i s  t h a t  t h e  l i m i t  as AT -f 0 o f  t h e  q u a n t i t y  w. does n o t  e x i s t  [30]. 

O f  course, t h e  problem a r i s e s  from t h e  assumption t h a t  t h e  d i f f e r e n c e s ,  A $ ( t ) ,  a re  

sec. I f  one looks  a t  independent f o r  all non-over lapping AT > 0, even, say, AT = 
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r e a l  e l e c t r o n i c s ,  one knows t h a t  t r a n s i s t o r s  and even t h e  w i r e s  and connectors have very sub- 

s t a n t i a l  f r e q o e n c y - l i m i t i n g  e f f e c t s .  

o rders  o f  d i f f e r e n t i a t i o n  can be assumed t o  e x i s t  w i t h  complete s a f e t y  [l]. One j u s t  does 

n o t  have t o  be concerned w i t h  t h e  i d e a  t h a t  coherent  x- rays o r  y - r a y s  migh t  be coming o u t  of 

t h e  o u t p u t  connector !  (One should n o t e  t h a t  i f  t h e  spectrum o f  t h e  s i g n a l  i s  band l i m i t e d , *  

then t h e  spectrum o f  t h e  f requency f l u c t u a t i o n s  i s  s i m i l a r l y  band l i m i t e d . )  Thus, t h i s  i s  a 

pathology o f  t h e  model and n o t  o f  t h e  dev ice.  

3.2 

The n e t  r e s u l t  i s  t h a t  i n  r e a l  e l e c t r o n i c  c i r c u i t s  

The i n f r a r e d  ca tas t rophe and s t a t i o n a r i t y  

Many exper iments on o s c i l l a t o r s  r e v e a l  est imates o f  t h e  power s p e c t r a l  d e n s i t y  o f  t h e  

f requency f l u c t u a t i o n s  v a r y i n g  as l f la f o r  CY 
t h e  F o u r i e r  f requenc ies  [29,31,32,33,34,35]. ( T h i s  i s  normal ly  c a l l e d  " F l i c k e r  Noise" f r e -  

quency modulat ion. )  I f  one now cons iders  t h e  " i d e a l "  model o f  f l i c k e r  n o i s e  w i t h  an assumed 

s p e c t r a l  d e n s i t y  v a r y i n g  as 1fl-l f o r  all f, then some s i g n i f i c a n t  problems a r i s e .  

-1 over  a s i g n i f i c a n t  b u t  l i m i t e d  range of 

F i r s t ,  i t  i s  obvious t h a t  t h e  i n t e g r a l  

( 3 . 3 )  

so one has problems w i t h  t h e  " u l t r a v i o l e t  ca tas t rophe. "  
pa tho logy  has been adequate ly  handled above. 

I assume t h a t  t h i s  aspect  of model 
Also, however, one has 

ffl 

I (3 .4)  

0 

which imples an i n f i n i t e  amount o f  power i n  t h e  very low f requencies-- i .e . ,  an " i n f r a r e d  

ca tas t rophe. "  

u l t r a v i o l e t  ca tas t rophe i t s e l f ,  they  p o i n t  o u t  t h a t  F1 i c k e r  n o i s e  i m p l i e s  a non-s ta t ionary  

model [5,36], and hence one i s  hard  p u t  t o  even speak o f  a power s p e c t r a l  d e n s i t y  a t  a l l .  

Thus, t h e  assumption o f  a power s p e c t r a l  d e n s i t y  v a r y i n g  as I f la f o r  a 2-1 and f o r  a l l  f i s  

n o t  even se l f -cons i  s t e n t .  

T h i s  problem i s  s l i g h t l y  more s u b t l e  than t h e  u l t r a v i o l e t  ca tas t rophe and perhaps 

e x p l a i n s  why many peop le  become hung up on t h i s  i ssue.  I n  o r d e r  t o  p u t  t h i s  problem i n t o  

perspec t ive ,  i t  i s  o f  i n t e r e s t  t o  cons ider  a s p e c i f i c  thought  exper iment.  

L e t  us suppose t h a t  we have a r a t h e r  l a r g e  s e t  o f  exper imenta l  da ta  i n  t h e  form o f  a 

s i n g l e  t ime s e r i e s ,  xi f o r  1 5 i L N. 
a t  r e g u l a r  i n t e r v a l s  T and t h a t  we have a l ready  c a r r i e d  o u t  many exper iments on t h i s  data 

se t .  I n  p a r t i c u l a r ,  I assume t h a t  I have looked a t  t h e  t ime s e r i e s  

Whi le  some authors  a r e  n o t  t o o  bothered w i t h  e i t h e r  t h e  i n f r a r e d  o r  t h e  

I assume t h a t  t h e  X i  a r e  t h e  r e s u l t  o f  measurements 

* See Ref [ l ]  f o r  a d i s c u s s i o n  o f  band l i m i t s .  
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(3.5) 

and d iscovered t h a t  t h e  A x i  a re  c o n s i s t e n t  with a model of random, u n c o r r e l a t e d  ( i . e .  

"wh i te '?  numbers w i t h ,  say, zero  mean, a Gaussian d i s t r i b u t i o n ,  and f i n i t e  var iance,  
02, j u s t  t o  be s p e c i f i c .  

I n  a loose use o f  t h e  words, one might  say t h a t  an acceptable model f o r  t h e  xi 
i s  a Brownian Mot ion,  b u t  one s h o u l d n ' t  g e t  t rapped i n t o  e i t h e r  t h e  u l t r a v i o l e t  o r  i n f r a r e d  

ca tas t rophe too  e a s i l y .  

xi, s i n c e  a Brownian N o t i o n  i s  n o n s t a t i o n a r y  [5,36]. 

v a t i o n s .  I w i l l  i n t r o d u c e  t h i s  one model i n  two d i f f e r e n t  b u t  e q u i v a l e n t  forms. F i r s t ,  

cons ider  t h e  apparatus o f  F i g .  3.1. 

One might ,  however, g e t  concerned about t h e  s t a t i o n a r i t y  of t h e  

A t  t h i s  p o i n t  i t  i s  o f  va lue  t o  i n t r o d u c e  another  model which can a l s o  f i t  t h e  obser-  

meter  
I no ise  

genera t o r  

F ig .  3.1. Poss ib le  Model 

< <  I f  one reads t h e  meter  a t  i n t e r v a l s  T ,  one can o b t a i n  a t ime s e r i e s  y i  f o r  1 - i - N 

Now, i f  one s e l e c t s  t h e  f i l t e r  t ime cons tan t ,  RC, such t h a t  

t h a t  

6) 
t h e  yi would have e s s e n t i a l l y  t h e  same s t a t i s t i c a l  p r o p e r t i e s  as t h e  xi. 
a l s o  be modeled w e l l  by a Brownian Mot ion.  

An e q u i v a l e n t  mathematical  model would be t o  l e t  [12] 

Indeed, yi c o u l d  

Y i  - @ Y i - l  = al (3.7) 

where t h e  ai a r e  random, normal dev ia tes  w i t h  var iance 02, and @ i s  a cons tan t  chosen such 

The p o i n t  

f rom Fig.  1, s 

t i o n a r y  no ise .  

of s i g n i f i c a n c e  i s  t h a t  t h e  y-model - i s  s t a t i o n a r y  [12]. Th is  i s  

nee t h e  yi a r e  t h e  o u t p u t  o f  a l i n e a r ,  r e a l i z a b l e  f i l t e r  process 

Thus, t h e  y-process has a s p e c t r a l  d e n s i t y ,  and i t  v a r i e s  as 

easy t o  see 

ng a s t a -  

Sy(f) Î 

(3.9) 
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Now t h e  q u e s t i o n  cif s i g n i f i c a n c e  i s  which model-- the y-model o r  t h e  Brownian Mot ion  

model - - is  t h e  b e s t  model f o r  t h e  x i ?  
cannot y i e l d  an answer t o  t h i s  ques t ion !  

model i s  every b i t  as good as t h e  o t h e r  as f a r  as o b j e c t i v e  t e s t s  a re  concerned. 

ment ion t h a t  t h e  same statements c o u l d  have been made f o r  f l i c k e r  no ises r a t h e r  than 

Brownian Mot ions, b u t  t h e  d e t a i l s  a r e  j u s t  a b i t  more invo lved.  

X-process s t a t i o n a r y ?  The c o r o l l a r y  t o  t h i s  i s  t o  no te  t h a t  even i f  t h e  xi were non- 

s t a t i o n a r y  ( i . e .  , a Brownian Mot ion) ,  t h e  x i  c o u l d  be w e l l  modeled by a s t a t i o n a r y  process 

( y i )  over  a f i n i t e  range (1,N) .  (S ince  t h e  average f requency o f  an o s c i l l a t o r  i s  normal ly  

s e t  by t h e  manufacturer  and even c a l i b r a t e d  l a t e r ,  average va lues are  o f  l i t t l e  consequence.) 

The t r i v i a l  n a t u r e  o f  t h i s  s t a t i o n a r i t y  i s s u e  i s  f u r t h e r  emphasized by t h e  example i n  

Appendix B. 
On t h e  b a s i s  o f  a e s t h e t i c s  ( o r  "parsimony" [12]) one can o b j e c t  t o  t h e  i n t r o d u c t i o n  

o f  parameters l i k e  RC o r  4 ,  s ince ,  by c o n s t r u c t i o n ,  they  a r e  n o t  observable.  Indeed, i f  

one p r e d i c t s  t h a t  a s p e c i f i c  measurement depends upon one o f  these parameters i n  an 

impor tan t  way, then he would conclude t h a t  t h e  measurement r e q u i r e s  more da ta  than i s  

a v a i l a b l e  [l]. 
quency s t a b  i 1 i ty . 

a c t u a l  c u t o f f  f requency, even though t o  measure i t  r e q u i r e s  more da ta  than i s  c u r r e n t l y  

a v a i l a b l e .  One notes t h a t  t h e  f requency o f  most q u a r t z  c r y s t a l  o s c i l l a t o r s  i s  per tu rbed 

by a f l i c k e r  no ise  ( I f l - ' ) ,  a t  l e a s t  over  a f i n i t e  range o f  F o u r i e r  f requencies,  n o t  

i n c l u d i n g  zero f requency. I f  i t  d i d ,  i n  f a c t ,  i n c l u d e  zero  F o u r i e r  f requency, then i t s  

c u t p u t  frequency now would a lmost  s u r e l y  be i n f i n i t e  ( a t  l e a s t  i f  one t h i n k s  o f  t h e  

c r y s t a l  as i n f i n i t e l y  o l d ) .  

w i t h i n  s p e c i f i c a t i o n s  manual ly.  

m a l f u n c t i o n i n g  ( o u t p u t  frequency o u t s i d e  o f  s p e c i f i c a t i o n s ) ,  I would n o t  take  data on i t  

i n  t h e  f i r s t  p lace .  One c o u l d  go f u r t h e r  t o  t h e  r i d i c u l o u s  and ask i f  t h e  f i n i t e  a9e o f  

t h e  un iverse  d o e s n ' t  i t s e l f  p rec lude t h e  ex is tence o f  low-frequency d i v e r g e n t  F o u r i e r  f r e -  

quency components down t o  zero  f requency. 

e i t h e r  s t a t i o n a r y ,  convergent  models o r  non-s ta t ionary ,  d i v e r g e n t  ones. 

observa t ion ,  n e i t h e r  model i s  more c o r r e c t  nor  i n c o r r e c t  than t h e  o t h e r .  Which one a 

person chooses t o  use i s  a m a t t e r  o f  convenience and s imple p r e j u d i c e .  
frequency s t a b i l i t y  p r e f e r  t h e  use o f  s t a t i o n a r y  s t a t i s t i c s  and t h e  i n t u i t i v e l y  f a m i l i a r  

concepts l i k e  power s p e c t r a l  d e n s i t i e s .  
wrong, b u t  they  a r e  d e a l i n g  w i t h  a l e s s  f a m i l i a r  branch of s t a t i s t i c s ;  and, based on exper i -  

ence, they  seem t o  be prone t o  e x t r a p o l a t i n g  r e s u l t s  beyond t h e  range o f  d i r e c t  observa t ion  

w i t h  i t s  a t t e n d a n t  problems. 

n o n - s t a t i o n a r i t y  besides low-frequency divergences. 

I t h i n k  t h a t  i t  i s  c l e a r  t h a t  t h e  d a t a  themselves 

One m i g h t  have a e s t h e t i c  preferences,  b u t  one 

I should 

There i s  another  q u e s t i o n  which i s  not answerable f rom t h e  data:  I s  t h e  u n d e r l y i n g  

Thus, one i s  l e d  t o  b u i l d i n g  " c u t o f f  independent"  [37] measures o f  f r e -  

On t h e  o t h e r  hand, one can make a p l a u s i b i l i t y  argument f o r  t h e  ex is tence o f  an 

A c t u a l l y ,  one would j u s t  be unable t o  b r i n g  i t s  f requency 

But, s i n c e  I would conclude t h a t  such an o s c i l l a t o r  were 

The p o i n t  i s  t h a t  da ta  l i k e  t h e  xi s e r i e s  ( f a c e t  A) can be w e l l  modeled ( f a c e t  B) by 
I n  terms o f  

Most papers on 

Those who do n o t  p r e f e r  t h i s  approach may n o t  be 

I n  t h e  i n t e r e s t s  of completeness, I should n o t e  t h a t  t h e r e  a r e  o t h e r  types of 

The conclus ions presented here 
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a r e  e x p l i c i t l y  r e s t r i c t e d  t o  apparent low-frequency divergences only and not t o  other  
types of non-stationarity.  

In sho r t ,  the  infrared catastrophe i s  unobservable because of f i n i t e  time l i m i t s ,  
and the u l t r a v i o l e t  catastrophe i s  not real  because of f i n i t e  pass bands of a l l  real  
e l ec t ron ic s .  
these points rather t h a n  t o  be caught up in to  the mathematical complexities o f  unreal 
models which ignore the real  constraints  of the equipment and the data-acquisit ion 
process which were intended t o  be modeled. 

" the noise has a I f ] - *  spectral  density," f o r  example. This does not mean t o  imply tha t  
t h i s  spectral  form continues t o  e i t h e r  zero o r  i n f i n i t e  frequency. What i t  does mean i s  
t h a t  there  a re  many s t a t iona ry  and convergent models which a re  consis tent  with the  ava i l -  
able data and which exhibi t  a predominantly I f \ - '  spectral  character over the per t inent  
range of Fourier frequencies. 

I t  i s  t rue  t h a t  many calculated quan t i t i e s  might depend on the de t a i l ed  assumptions 
of the spectral  density of the model outside of the range of meaningful Fourier frequencies--  
t h a t  i s ,  outside of the range of d i r e c t  observation. 
the model b u t  ra ther  serves t o  remind the theoret ic ian t h a t  he i s  extrapolating beyond the 
range of r e l i a b l e  data .  

Consider a function X ( t )  which experimentaily appears 
t o  "have a power spectral  densi ty ."  What one concludes from t h i s  i s  t h a t  the converi- 
t i ona l ly  defined variance of x will  depend c r i t i c a l l y  on the low frequency l i m i t  of the 
l f l - '  behavior. 
any estimate of t h i s  variance i s  questionable a t  best .  
Clearly,  the assumption tha t  there  i s  no lower cutoff frequency ( i . e ,  zero Fourier f r e -  

quency) i s  as unfounded as any other assumption. Also, even i f  i t  were knowr, (by v i r tue  
of other information) t h a t  x was " rea l ly"  a Brownian Motion, i t  would s t i l l  be possible t o  
model x a r b i t r a r i l y  well over any f i n i t e  spectral  range ( n o t  including zero Fourier ireq1uenc.y) 
with a s t a t iona ry  process which "has a 1f l -2  spectral  densi ty ."  

s t a b i l i t y  measurements o f  real  o s c i l l a t o r s .  
s ta t ionary and/or divergent models a ids  the r ea l i za t ion  of t h a t  goal , one should support 
t he  development. To the extent t h a t  i t  i s  merely a mathematical exercise ,  i t  can be 
appreciated f o r  t h a t ,  a l so .  
divergences a re  counterproductive i n  t h a t  they r a i s e  f a l s e  issues ( e . g . ,  the  detai led 
behavior a t  unobservably small Fourier frequencies).  Ref. [ l ]  i s  qu i t e  germane t o  the 
discussions above. 

The challenge i s  t o  develop useful ,  consis tent  models which r e f l e c t  

I n  what follows, i t  will  often be convenient t o  use an expression of the form,  

This,  however, i s  = a weakness in  

A simple example i s  worthwhile. 

Indeed, i f  experiment has ! I  revealed t h i s  low-frequency c u t o f f ,  then 
(This i s  in contrast  t o  R e f .  L i S ! , )  

As noted above, the goal i s  t o  develop good and useful models fo r  the in t e rp re t a t ion  gf  

To the extent  t h a t  the  development o f  norl- 

Otherwise, much of the discussions of  non-stat ionari ty  and 

I t  i s  probably t rue  t h a t  several authors have erred in n o t  being adequately e x p l i c i t  
and precise in t h e i r  treatment of the infrared and u l t r a v i o l e t  catastrophes,  although 
t h e i r  r e s u l t s  seem t o  work. 
and rigorously pursued these catastrophes t o  t h e i r  i l l o g i c a l  conclusions. 

On the other hand, there  have been authors who have careful ly  
The purpose of 
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t h i s  paper i s  to be a b i t  more careful and e x p l i c i t  regarding model assumptions and t o  
come t o  the accepted conclusions with (hopefully) some improvement in be l i evab i l i t y .  
r e s u l t s  themselves a r e  not new. 

The 

4 .  Some Stationary a n d  Convergent Models 

I t  i s  worthwhile t o  provide a spec i f i c  example of a s t a t iona ry ,  convergent model with 
The model presented a l so  has application t o  some real a l l  orders of der ivat ives  ex i s t ing .  

o s c i l l a t o r s .  The object ive i s  t o  develop a mathematical model for an o s c i l l a t o r  whose 
frequency i s  t h o u g h t  t o  be perturbed by a (band l imited)  white noise.  

and convergent. 
between the Fourier frequencies o f ,  say,  one cycle per one hundred years (-3 x 10-l' Hz) 
and a few kilohertz--a range of about 14  decades. The upper frequency cuoff,  of course, has 
an obvious physical basis in bandwidths of narrow-band amplifiers and various processing 
equipment. 
than any manufacturer might be expected t o  invest igate .  

Spec i f i ca l ly ,  a model f o r  the phase f luctuat ions will  be developed which i s  s ta t ionary 
I n  p a r t i c u l a r ,  we will  require the model t o  be a reasonable f i t  t o  the data 

The low-frequency l i m i t  involves times which a re  reasonably longer in duration 

The model power spectral  density of the phase i s  taken t o  be 

where h o  i s  a constant,  vo i s  the nominal frequency of the o s c i l l a t o r ,  f L  i s  the lower 
cutoff frequency ( f a  - 3 x 10-l' Hz) ,  c1 i s  a time constant associated with the upper 
cutoff frequency (a - 10- 
of Ref. [4], t he  power spectral  density of the fract ional  frequency f luc tua t ions ,  

5 s e c . ) ,  and f i s  the Fourier frequency. Making use o f  Equation (8)  

f o r  t he  model i s  j u s t  

(4.2) 

(4 .3 )  
h f o r  f L e  f <  ;. 1 

0 

A plot  o f  (4 .3)  i s  shown in F i g .  4 . 1 ,  which indeed shows the "white" character of the f r e -  
quency f luctuat ions over the r equ i s i t e  band of frequencies.  
again t h a t  t he  detai led behavior o f  the actual o s c i l l a t o r  may d i f f e r  subs t an t i a l ly  from 
the model outside o f  the specif ied range. However, meaningful measurements cannot reason- 
ably depend on non-observables. Thus, our i n t e r e s t  i s  t o  develop measures o f  frequency 
s t a b i l i t y  which do n o t  depend c r i t i c a l l y  on these non-observables. Indeed, we will  see 
tha t  one can def ine a measure of frequency s t a b i l i t y  which i s  qu i t e  i n sens i t i ve  t o  f L .  

I t  i s  probably worth noting 

1 2  
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Since,  f o r  the model, $ ( t )  i s  s t a t iona ry  and has a power spectral  density given by (4 .1) ,  

we can obtain the  autocorrelat ion function o f  the  phase, R+(T). 
l a t i on  can be found in Appendix A .  

The d e t a i l s  of this calcu- 
For the case where 

one obtains 

rrv2 h 
0 0  R+(O) z -- 

2f R 
and i f  7 7> a - 3 x lom6 sec . ,  one obtains 

(4 .4)  

(4 .5)  

We a r e  now i n  a posit ion t o  ca l cu la t e  the mean square of the change in average f r e -  

quency over an interval  T f o r  the model. Spec i f i ca l ly ,  one makes use of (4.2) t o  note tha t  

Thus, t h e  "two-sample variance," defined by the r e l a t ion  

becomes 

- 2 + ( t k + T )  + @ ( t k d 2 >  

where the brackets denote i n f i n i t e  time average. 

terms of the autocovariance functions,  R + ( T )  , noting t h a t  

Equation (4.8) can be expressed in  

(4.7) 

(4.9) 
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The r e s u l t  i s  

(4.10) 

Subst i tut ion of ( 4 . 4 )  and (4.5)  into (4.10) y i e lds  

However, by assumption 

tha t  i s ,  a l l  measurements involve averages of duration T ,  which a re  qu i t e  small com- 
pared t o  one hundred years ,  - . Thus, 

ff. 

( 4 . 1 1 )  

(4 .12)  

in complete agreement with other r e s u l t s  [4,29,31,32]. 

dens i t i e s .  
This same treatment can be extended t o  other power-law types o f  power spectral  

In pa r t i cu la r ,  one can assume a s t a t iona ry  model f o r  t he  phase such t h a t  

(4.13) 

For t h i s  development one makes use of pa i r  569 in  Campbell and Foster [38] instead of 
444. The mathematics i s  a b i t  more involved than f o r  white noise,  b u t  e s s e n t i a l l y  the 
same out l ine can be followed. The detai led calculat ions will  not be performed here, 
b u t  the  r e s u l t s  a r e  provided in  Table 4.1 
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Spectral Density" Spectral Density" Two-Sampl e Variance 

frequency f 1 u c t u  a t i on 
Noise of f r ac t iona l  of phase f luctuat ions 
Type 2 

S y ( f )  s p  U y ( d  

h ]  I f 1  F1 icker 
phase 

White 
frequency ho 

Flicker -1 
frequency '-1 I f 1  

Random 
walk -2  
frequency '-2 I f /  

2 
h l  wo 
-IT 

2 

l f I 2  
2 

h-lvo 

i f i 3  
2 

h-2Vo 

i f i 4  

Y = 0.577 . . . 
hO 

VT 

h . 2 1 n 2  -1 

Table 4.1 

I t  i s  perhaps worth emphasizing t h a t  f o r  white frequency noise the re  i s  no problem 
For t he  phase, however, a'konvergence with s t a t i o n a r i t y  of t he  frequency f luc tua t ions .  

1 f ac to r , "  -= , was used t o  obtain a s t a t iona ry  model f o r  both phase and frequency. By 
f ,+ f  q r l  x L L  

, we avoided a l l  problems of i n f i n i t e  e x p l i c i t l y  displaying a high-frequency cu to f f ,  e 
variances and the non-existence of ce r t a in  der ivat ives  (e .g .  , frequency). 
high-frequency cutoff of the model has i t s  physically observable counterpart  in r e a l i t y  in  
the form of numerous band-limiting devices. 

-a f 

Of course, the 

I t  i s  a l s o  worthwhile making one other  observation: The technique followed above i s  

Thus, i t  i s  not surpr is ing t h a t  calculat ions based on the use of generalized func- 
very close t o  the development of generalized functions [39] or  t he  theory of d i s t r ibu t ions  

[40]. 
t ions have yielded the same r e s u l t s  [31,32]. 

"Assumes t h a t  spectral  density i s  valid between l i m i t s  0 < f < f < fh < 

t a n t  f o r  some noises and skould be measured. 
t h a t  fLT << 1 ,  and t h a t  f T >> 1 .  The high-frequency c u t o f f , - f h , i s  impor- 
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5. The Adequacy of  Present Models 

5.1 Frequency s teps and sporad ic  no i se  
I f  a h i g h - q u a l i t y  o s c i l l a t o r  were d i s t u r b e d ,  i t  would n o t  be s u r p r i s i n g  t o  n o t e  a 

sudden change i n  i t s  o u t p u t  frequency. However, people have suggested [17], f rom t i m e  t o  
t ime,  t h a t  even t h e  bes t  c l o c k s  and o s c i l l a t o r s  d i s p l a y  these sudden changes i n  f requency 

even though they  a r e  i n  a n e a r l y  i d e a l  environment. 
documentation of these frequency s teps  ( "F-s teps" )  i n  t h e  open l i t e r a t u r e  [41,42], people 

i n  t h e  f i e l d  o f t e n  d iscuss  t h e i r  occurrences. 

A t  t h e  present  t i m e  t h e r e  appear t o  be t h r e e  p o s s i b l e  p o s i t i o n s  one m i g h t  assume 

r e l a t i v e  t o  these F-steps: 

( i . e . ,  F l i c k e r  FM), which cause t h e  f l u c t u a t i o n s  t o  appear t o  undergo sudden s teps  i n  

frequency, b u t  t h e  Gaussian n o i s e  models a r e  adequate t o  e x p l a i n  t h e  appearance; ( 2 )  t h e  
Gaussian n o i s e  models used t o  e x p l a i n  f requency and phase f l u c t u a t i o n s  need t o  be augmented 

t o  i n c l u d e  F-steps; and ( 3 )  t h e r e  a r e  apparent (non-Gaussian) F-steps, b u t  they  a r e  a 

consequence of sporad ic  n o i s e  [19] , and t h i s  sporad ic  n o i s e  s imu l taneous ly  e x p l a i n s  b o t h  

F-steps atid f l i c k e r  FM--these a r e  two f a c e t s  o f  t h e  same process. 

Al though t h e r e  i s  l i m i t e d  o b j e c t i v e  

( 1 )  I t  i s  a c h a r a c t e r i s t i c  of t h e  Gaussian n o i s e  processes 

These t h r e e  p o s s i b i l i t i e s  a r e  considered s e p a r a t e l y  below: 

( 1 )  No F-steps. F igure  5.1 i s  t h e  p l o t  o f  t h e  s imu la ted  phase o f  an o s c i l l a t o r  
which i s  p e r t u r b e d  by a pure  (Gaussian) f l i c k e r  no ise .  

t h e  use o f  an ARIMA model as discussed i n  Ref. [21]. S ince  t h i s  i s  a computer- 

s imu la ted  noise,  i t  i s  known t h a t  no s p e c i a l ,  ad hoc, a d d i t i o n s  t o  t h e  model 
a r e  needed t o  e x p l a i n  t h e  changes i n  s lope (e.g. ,  a t  p o i n t  A). Indeed, t h e  

appearance o f  t h i s  p l o t  shou ld  be t y p i c a l  o f  t h e  phase p l o t s  o f  any o s c i l l a t o r  

per tu rbed by f i c k e r  FM. The i m p l i c a t i o n  i s  t h a t  F-steps may j u s t  be a consequence 
o f  t h e  v i s u a l  appearance o f  t h e  da ta .  

T h i s  hypothes is ,  however, can be t e s t e d  by o b j e c t i v e  means and has been 

Th is  p l o t  was ob ta ined by 

t e s t e d  t o  some e x t e n t  [41 ,421. 

o f  d e t e c t i n g  a " s i g n a l "  (an  F-step)  i n  t h e  presence o f  "no ise"  ( a l l  o f  t h e  Gaussian 

noises p e r t u r b i n g  t h e  o s c i l l a t o r ) .  

r a t i o  sense) i s  j u s t  a low-pass f i l t e r  p rocess ing  t h e  f i r s t  d e r i v a t i v e  o f  t h e  f r e -  

quency. D e t e c t i o n  occurs i f  t h e  o u t p u t  o f  t h e  f i l t e r  exceeds some p r e s e t  con- 

d i t i o n  of a c c e p t a b i l i t y .  

on a c t u a l  c l o c k  data.  

B a s i c a l l y ,  one can d e f i n e  t h e  problem t o  be one 

The optimum d e t e c t o r  ( i n  a s i g n a l - t o - n o i s e  

F i g u r e  5 . 2  shows t h e  r e s u l t  o f  t h e  use o f  such a d e t e c t o r  

S ince  one has assumed t h a t  t h e  "no ise"  p a r t  i s  Gaussian, i t  i s  a s imp le  

m a t t e r  t o  c a l c u l a t e  t h e  r a t e  o f  f a l s e  d e t e c t i o n  and compare t h i s  t o  t h e  observed 

r a t e  of  d e t e c t i o n .  I n  t h e  t e s t  runs made t o  d a t e  on r e a l  o s c i l l a t o r s  ( t o t a l i n g  
t e n  r u n s ) ,  one shou ld  have de tec ted  two f a l s e  s teps .  I n  a c t u a l i t y ,  12 t o  15 

F-steps were detected,  which r a i s e s  severe ques t ions  concerning t h e  "no F-step"  

o p t i o n ;  t h a t  i s ,  t h e  pure  Gaussian model ( w i t h o u t  s teps)  seems inadequate t o  

e x p l a i n  t h e  observed r e s u l t s .  Th is  i s  c o n s i s t e n t  w i t h  o t h e r  observa t ions .  
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( 2 )  Gaussian no ise  and F-steps. 

accord ing  t o  t h e  assumptions t h a t  t h i s  model was c o r r e c t ;  and i n  f a c t ,  F-steps were 

de tec ted .  The observa t ions  a re  c o n s i s t e n t  w i t h  t h i s  model. 

The F-step d e t e c t o r  discussed above was designed 

The ad hoc a d d i t i o n  o f  F-steps t o  the  Gaussian n o i s e  models appears adequate, 

b u t  s t i l l  l e f t  unreso lved a r e  t h e  very  d i f f i c u l t  ques t ions  o f  r a t e s  o f  occurrences 

o f  F-steps, amp1 i t u d e  d i s t r i b u t i o n s  , and c o r r e l a t i o n s .  Th is  model has numerous 

parameters, o n l y  a few o f  which have been reso lved  by exper iment.  I n  the  sense 

o f  Ref. [12], t h i s  does n o t  seem t o  be a "parsimonious" m o d e l - - i t  may, however, be 

a good model. 

( 3 )  Sporadic models f o r  f l i c k e r  FM. Ref. [19] p resents  a c l a s s  o f  non-Gaussian 

models which a re  capable o f  genera t i ng  f l i c k e r  no ise .  

a re  sub jec ted  t o  t y p i c a l  t e s t s  (e.g. , t h e  de te rm ina t ion  o f  two-sample var iances) ,  t h e  

r e s u l t s  a r e  t o t a l l y  c o n s i s t e n t  w i t h  t h e  f l i c k e r  assumption. 

t h i s  sporad ic  n o i s e  s a t i s f y  t h e  f l i c k e r  d iagnos t i cs ,  b u t  t h e  p r o b a b i l i t y  o f  d e t e c t i n g  

"F-steps" w i t h  t h e  s tep  d e t e c t o r  descr ibed above can be made s i m i l a r  t o  t h e  a c t u a l  
o s c i l l a t o r  r e s u l t s .  

That i s ,  when no ise  samples 

Not o n l y  do samples o f  

Thus, a t  l e a s t  s u p e r f i c i a l l y ,  one has two v i a b l e  models f o r  t h e  d e s c r i p t i o n  o f  

o s c i l l a t o r  performance. There remain two s i g n i f i c a n t  ques t ions :  ( a )  i s  t h e r e  any 

r e a l  d i f f e r e n c e  i n  the  two models; and (b ) ,  i f  t h e r e  i s ,  which model i s  t he  b e s t  

model? The f i r s t  o f  these ques t ions  i s  discussed i n  t h e  nex t  s e c t i o n .  

I n  t h e  prev ious  sec t i on ,  t h r e e  models o f  o s c i l l a t o r  no i se  were proposed: 

1. No F-steps, j u s t  Gaussian no ise ,  

2. Gaussian no ise  and F-steps, 

3. 

For t h e  sake o f  argument, l e t ' s  suppose t h a t  model 3 above represents  " r e a l i t y , "  and 

It i s  impor tan t  t o  no te  t h a t  t h e  apparent F-steps i n  model 3 a re  e v e n t u a l l y  self- 

5.2 Model i m p l i c a t i o n s  

Gaussian n o i s e  ( sho r t - te rm)  and sporad ic  no ise .  

t h a t ,  i n c o r r e c t l y ,  one has chosen model 2 f o r  use i n  des ign ing  a c l o c k  system. 

c o r r e c t i n g ;  no adjustments should be made i n  l ong  term. There would be o t h e r  c o r r e c t i o n s  

which m igh t  be used t o  advantage i f  model 3 were accepted. 

S ince  F-steps (model 2 )  a re  de tec tab le  w i t h  reasonable p r o b a b i l i t y ,  one can des ign  a 

system t o  d e t e c t  and "remove" these s teps .  However, e r r o r s  o f  d e t e c t i o n  and e r r o r s  i n  

q u a n t i f y i n g  t h e  s i z e s  o f  t he  steps w i l l  n a t u r a l l y  occur .  S ince  these e r r o r s  w i l l  tend t o  

be random and unco r re la ted ,  t he  r e s u l t i n g  c l o c k  system w i l l  become per tu rbed by a random 

walk o f  f requency. 

Whi le i t  i s  p o s s i b l e  t h a t  model 3 ( " r e a l i t y " )  was n o t  as d i ve rgen t  i n  l ong  te rm as a 

random walk o f  f requency, t h e  a c t  of " c o r r e c t i n g "  t h e  F-steps guarantees t h a t  t h e  r e s u l t i n g  

system w i l l  have random walk o f  f requency p e r t u r b a t i o n s .  Thus, t h e  use o f  model 2 c o u l d  

l e a d  t o  an o v e r a l l  d e t e r i o r a t i o n  o f  t he  long- te rm s t a b i l i t y  o f  such a c l o c k  system 

r e l a t i v e  t o  a much s imp le r  use o f  t h e  c l o c k  da ta  based on model 3 .  

i f  t h i s  s t a t e  o f  a f f a i r s  i s  n o t  a r e a l i t y  i n  some major t ime sca les  c u r r e n t l y  i n  wide- 

spread use. 

Indeed, one can ask 
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While there  may well be other implications t o  the use of models 2 and 3 ,  t he  above 
example a t  l e a s t  shows t h a t  the differences a r e  n o t  t r i v i a l .  

applied t o  the "correction" of F-steps in  actual clock systems [43] so i t  i s  a very real  
p r o  b 1 em. 

A l s o ,  model 2 has been 

6.  Conclusion 
I n  a l l  theoret ical  developments of o s c i l l a t o r  s t a t i s t i c s ,  models a re  used. Typical 

o s c i l l a t o r  models assume a power-law dependence on the Fourier frequency f o r  the power spec- 
t r a l  density ( e . g . ,  Sy!f) = h - l f - l )  over a range of Fourier frequencies. 
experimental basis f o r  these models involves only a f i n i t e  range fo r  the Fourier frequency 
components not including zero or i n f i n i t y ,  some authors extrapolate  these models beyond the 
range of observation. The e r r o r  committed by extrapolating a non-integrable spectrum toward 
the high-frequency end i s  cal led the " u l t r a v i o l e t  catastrophe" and toward the low end i s  
cal led the " infrared catastrophe." A concomitant of the " infrared catastrophe" i s  the "non- 
s t a t i o n a r i t y  bugaboo." These a re  problems of o s c i l l a t o r  models, n o t  of actual o s c i l l a -  
t o r s  [ l ] .  

One can show t h a t  a properly constructed,  s t a t iona ry  model with a (very,  very) low- 
frequency cutoff cannot p rac t i ca l ly  be distinguished from a model with an  " infrared 
catastrophe." This i s  t r u e  provided ( 1 )  t ha t  average values a re  n o t  important, and 
( 2 )  t h a t  one i s  n o t  wi l l ing t o  perform experiments which require  hundreds or thousands o r  
even more years f o r  the answer. Both of  these conditions a re  t rue  fo r  o s c i l l a t o r  models, 
s ince ( 1 )  the absolute phase i s  only observable modulo 2.rr f o r  phase noise models, and  the 
frequency of  the o s c i l l a t o r  i s  conditioned by the manufacturer t o  be within specif icat ions 
and hence average frequency i s  n o t  important f o r  frequency models; and ( 2 )  pract ical  uses 
of t he  s t a b i l i t y  measurements preclude extended experiments. 

important quan t i t i e s  ( l i k e  some variances) depend c r i t i c a l l y  on the exact cutoff f r e -  
quency. However, the important point t o  note i s  t ha t  i f  a quantity depends c r i t i c a l l y  on 
the power in spectral  components which have not been measured, then one i s  on shaky ground  
a t  best  t o  estimate such a quantity a t  a l l .  
an experiment suggests t h a t  a substant ia l  f r ac t ion  of t he  t o t a l  noise power might l i e  i n  
Fourier components below the reciprocal data length,  then the experimenter can make no 
believable estimate of quan t i t i e s  which depend c r i t i c a l l y  on the t o t a l  noise power. 
i s  n o t  a f a u l t  of models; i t  i s  a real problem caused by l imited d a t a .  
object t o  s ta t ionary models with low-frequency cutoffs  only on aes the t i c  grounds or  t h e i r  
f a i l u r e  t o  model other aspects (not  low-frequency dependent) o f  o s c i l l a t o r  behavior. 

A l t h o u g h  the 

Some authors have objected t o  the use o f  models with low-frequency cutoffs  because 

For example, i f  i t  happens t o  be t rue  t h a t  

T h i s  
Thus, one can 

As fg r  the " u l t r a v i o l e t  catastrophe,"  a l l  real e lectronic  devices have very f i n i t e  
frequency l imi t s .  I n  f a c t ,  one can safely assume tha t  a l l  orders o f  d i f f e ren t i a t ion  of 
the phase e x i s t  as well. Thus, the  "u l t r av io l e t  catastrophe" has i t s  resolution in the 
very r e a l ,  measurable band l imi t s  of the o s c i l l a t o r  c i r c u i t r y .  

While one can construct s t a t iona ry ,  convergent Gaussian models f o r  t he  noise 

observed on real o s c i l l a t o r s ,  there  i s  growing evidence t h a t  these models might be 
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inadequate. 

t h e  p o s s i b i l i t y  o f  sudden s teps  i n  t h e  ins tan taneous frequency o f  t he  o s c i l l a t o r .  

than t h i s  ad hoc approach, i t  migh t  be p o s s i b l e  t o  model bo th  t h e  f l i c k e r  no i se  and t h e  

s teps  w i t h  t h e  sporad ic  no i se  models o f  Mandelbrot .  I t  i s  n o t  y e t  known which, i f  any, 

o f  these models suggested above i s  bes t .  

I t  has been suggested t h a t  one m igh t  have t o  add t o  t h e  t y p i c a l  no i se  models 

Rather 
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Appendix A. A S t a t i o n a r y ,  Convergent Model 

Consider t h e  two f u n c t i o n s  

and 

2 2  -a f B ( f )  = e (A-2) 

The F o u r i e r  t rans forms a r e  

and 

(A-4 

r e s p e c t i v e l y ,  where use has been made of t r a n s f o r m  p a i r s  444 and 710, r e s p e c t i v e l y ,  f rom Campbell 

and Fos ter  [38]. 

I f  we now assume t h a t  t h e  (one-s ided)  power s p e c t r a l  d e n s i t y  of t h e  phase i s  

S 4 ( f )  = v i  ho A ( f ) B ( f ) ,  (A-5) 

i t  i s  p o s s i b l e  t o  c a l c u l a t e  t h e  autocovar iance f u n c t i o n ,  R ( t ) ,  as t h e  F o u r i e r  t r a n s f o r m  o f  (A-5). 

O r ,  more s imp ly ,  R ( t )  can be c a l c u l a t e d  f rom t h e  c o n v o l u t i o n  o f  a ( t )  w i t h  b ( t ) .  
4 

That  i s ,  + 

R ( t )  = - v’ho [* a( t -u )b(u)du ,  
-m @ 2 

o r ,  e x p l i c i t l y ,  

(A-6) 

(A-7) 
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(The f ac to r  o f  1 / 2  a r i s e s  from the assumption tha t  S $ ( f )  i s  a one-sided dens i ty ) .  
changing variables in the in t eg ra l s  i n  ( A - 7 ) ,  R @ ( t )  can be wri t ten in the form 

By 

where 

as in Ref. [14]. 

For f, - 3 x Hz and ct - s e c . ,  then f p  - 3 x << 1 

Thus, 
2 

*voho 
2 f t  

R4(0) - , 

and 

( A - 9 )  

( A - 1 0 )  

( A - 1 1 )  

fo r  << T << l / f  
Tr R '  

f o r  pos i t i ve ,  non-zero values of f R  one can have a s t a t iona ry  and convergent model with 
a l l  der ivat ives  defined. 

As noted in the t e x t ,  R @ ( t )  diverges as f g  approaches zero; however, 
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Appendix B .  Building a n  ARIMA Model t o  F i t  a Given Spectrum 

In general, ARIMA models can approximate a wide range of spectral  shapes. This 
appendix, however, wil l  consider only a ra ther  r e s t r i c t ed  s e t  of these models. Also, 
t h e  object ive of t h i s  appendix i s  t o  provide a means of building an ARIMA model t o  f i t  
a prescribed spectrum. Other techniques [12] emphasize the b u i l d i n g  of ARIMA models t o  

f i t  a par t icu lar  d a t a  s e t  regardless of i t s  spectrum. 

[21] .  The treatment here will be a graphical approach using Bode p lo ts .  
One method of simulating a f l i c k e r  noise with ARIMA models has already been published 

Consider a random, uncorrelated,  Gaussianly d i s t r ibu ted ,  d i sc re t e  time s e r i e s ,  a t ,  
2 with mean zero and variance oa .  

the equation 
Also consider a time s e r i e s  ut deduced from the  a t  by 

where the @ j ' s  and  e i ' s  a re  constants .  

by the r e l a t ion  

We can def ine the index-lowering operator ,  B ,  

B X t  Xt-1. 

This allows ( B - 1 )  t o  be rewri t ten in the form 

(8-3) 

The expression in parentheses on the l e f t  s ide  of ( B - 3 )  i s  cal led the Auto Regressive ( A R )  
operator of order p .  
order q .  

( 1  - Q I B  - b2B 2 - ... - SPBp) ut = ( 1  - @ . B  - $2B 2 - . . .  - drqBq)at 
1 

That on the r igh t  i s  cal led the Moving Average ( M A )  operator of 

We can fur ther  def ine another time s e r i e s ,  Z t  by the r e l a t ion  

A d z t  = u t ,  (B-4) 

where AZ, E ( 1 - B ) Z  = Z - Z t - l .  That i s ,  Zt  i s  the d-fold ( f i n i t e )  integral  of u t .  Thus, 
Z t  i s  an Auto Regressive, Integrated,  Moving Average process defined by the @ i l s , B i ' s ,  aa ,  

and the d differences of (B-4) .  

and e ' s  [121.  
following two processes 

2 t -  t 

I n  par t icu lar  i t  i s  an ARIMA (p ,d ,q )  process .  

However, fo r  the present discussions i t  wi l l  su f f i ce  t o  consider only the 
In order for  ut t o  be s ta t ionary  and i n v e r t i b l e ,  there  a re  r e s t r i c t i o n s  on the g ' s  

ut = ( 1  - BB)at (B-5) 

For t h i s  case i t  i s  s u f f i c i e n t  t h a t  -1 < e < 1 and -1 < 4 < 1 .  
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I n  these equat ions one sees t h a t  i f  one s e t s  $ = 0 and y t  = ut, then one ob ta ins  

xt  = at. 
then (B-5) and (B-6) a r e  i n v e r s e  f i l t e r s  f o r  each o t h e r  when $ = e ,  
m a t t e r  t o  extend any understanding one ga ins  about one f i l t e r  t o  t h e  o the r .  

I t  i s  o f  va lue  t o  cons ider  t h e  e f fec t  o f  a s i n g l e  MA f i l t e r  o f  t he  form (B-5) when 

That i s ,  i f  one cons iders  (8-5) and (B-6) t o  d e f i n e  two d i g i t a l  f i l t e r s ,  
Thus, i t  i s  a s imp le  

e i s  f u r t h e r  r e s t r i c t e d  t o  t h e  i n t e r v a l  0 - < e < 1. F igu re  (6 -1)  shows the  general  behavior 

o f  t h e  t r a n s f e r  f u n c t i o n  

mat ions t o  t h i s  t r a n s f e r  
fc which i s  r e l a t e d  t o  e 

(magni tude Squared) of  Such a f i 1 t e r  and t h e  s t r a i  gh t -1  i ne approx i  - 
f u n c t i o n .  The "knee" i n  t h e  approx imat ion  occurs a t  a f requency 
by the  e m p i r i c a l  r e l a t i o n s h i p  

1 -nf 
C O % l + a f c '  (B-7) 

which w i l l  n o t  be d e r i v e d  here.  

S i m i l a r l y ,  F ig .  (B-2) i s  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  AR f i l t e r  w i t h  $ = e = 0.728 as 

i n  F ig .  (B-1).  Hence, a l so ,  

1 -nf 

1 + n f  
C 0 %  ___ 

We can now c o n s t r u c t  an approx imat ion  t o  a process which i s  a m i x t u r e  o f  f l i c k e r  n o i s e  

and w h i t e  no ise .  F igu re  (B-3) shows t h e  Bode p l o t  o f  the des i red  f i l t e r  t r a n s f e r  f u n c t i o n .  

The frequency a x i s  o f  F ig .  (B-3) i s  i n  terms o f  cyc les  p e r  da ta  spacing. Thus, t h e  Nyqu is t  

f requency i s  j u s t  1 /2.  For t h e  sake o f  t h e  example, we w i l l  assume t h a t  i t  i s  s u f f i c i e n t  

t o  approximate t h e  spectrum t o  a lower  f requency o f  .002 ( cyc les  pe r  da ta  spac ing) .  

spectrum o f  F ig .  (8 -3 ) .  

t h e  a p p r o p r i a t e  $ o r  '3 f o r  a f i l t e r  t o  be cascaded i n  s e r i e s .  

Thus, f rom "knees" a t  t h e  f requenc ies  o f  .0233 and 
AR f i l t e r s  (eq. B-6) o f  .8636 and .9795, r e s p e c t i v e l y .  These numbers have been c a l c u l a t e d  

from eq. (B-8).  S i m i l a r l y ,  f rom t h e  "knees" a t  t h e  f requenc ies  o f  .062 and .0087, one 

ob ta ins  0 values o f  .6740 and .9468, r e s p e c t i v e l y ,  f o r  t h e  MA f i l t e r s .  One decides t o  

use an AR f i l t e r  i f  t h e  f u n c t i o n  t u r n s  downward i n  response w i t h  i nc reas ing  frequency as 

i n  F ig .  (B-2 ) .  
i n  F ig .  (B-1).  

The f i n a l  f i l t e r  can be ob ta ined by cascading the  ou tpu t  o f  one f i l t e r  t o  t h e  i n p u t  

o f  t h e  nex t  i n  t h e  form 

F igu re  (B-4) superimposes t h e  Bode p l o t  o f  t h e  f i l t e r  which w i l l  be used on to  t h e  

From each o f  t he  "knees" i n  the  approx imat ion  one can determine 

.0033, one ob ta ins  $ I s  f o r  t h e  

Correspondingly,  one chooses a MA f i l t e r  when t h e  f u n c t i o n  t u r n s  upward as 

= ( 1  - .6740B)at 

( 1  - .8636B) xt = ut 
(B-9) 

= ( 1  - .9468B)xt 
Y t  

( 1  - .9795B) zt  = yt 
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where a t  i s  the i n p u t  t o  the cascade and z t  is  the o u t p u t .  
and yt and write an equivalent expression i n  the form 

One can eliminate ut ,  Xt  

(B-1 0 )  
2 2 ( 1  - q B  - $2B ) z t  = (1 - elB - B2B ) a t ,  

where 

= 1.8431, = 1.6208 

$2 = -.8459, 82 = -.6381 . 
(B-11) 

Making use of equation (4 .2)  one can obtain the  spectrum corresponding t o  (B-10). 
Figure (B-5) i s  a p lo t  of the  spectrum superimposed on the Bode p lo t  of Figure (B-3). 
The parameter o2 = 0.319 was se lec ted  t o  make the spectrum f i t  the Bode p lo t  i n  ampli- 
tude. 

c l e a r l y  s ta t ionary  [12]. 

a 

In t h i s  example, one could l e t  z t  model the frequency of an o s c i l l a t o r ,  and i t  i s  
To model the phase, one could def ine  a parameter v t  by the 

r e l a t ion  
t ( 1  - $'B)Vt = Z (B-12) 

where __ i s  la rge  compared t o  any data sample t o  be t e s t ed .  l - + O  
In the current example fll was taken a s  .002. 

By se lec t ing  $ '  = .99999 one obtains a s t a t iona ry  model f o r  vt i f  one so des i r e s .  

T h u s ,  one could s e l e c t  $ '  z .99999 
t o  be qu i t e  adequate. 

Of course, f o r  ac tua l ly  generating a data set  one could use 4' = 1 ,  s ince  no observa- 
t ional d i f fe rence  in the  simulated data would resu l t - - tha t  i s  why @ I  was chosen a s  
c lose  t o  unity as i t  was. T h u s ,  the entire d i f fe rence  between a s ta t ionary  and a 
nonstationary model (v t )  f o r  the phase i s  centered i n  whether one chooses .99999 o r  
unityfor @ I .  

Note t h a t  vt i s  a l so  s t a t iona ry .  

Further, t h i s  choice i s  t o t a l l y  unobservable f o r  sho r t  data sets  
( N  - l / f k  = 500). 

Clearly,  these techniques could be used t o  develop an ARIMA model t o  simulate 
data over a much broader range of frequencies than done here. In any event,  equations 
(B-10) and (8-12) allow one t o  simulate a s t a t iona ry  noise w i t h  the desired spectrum. 
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Appendix C .  An Example of a Sporadic Noise with f- lspectral  Density 

Consider the iden t i ca l ly  d i s t r ibu ted ,  independent, random variables fdk with Gaussian 
d i s t r ibu t ion ,  zero mean, and uni t  variance. Also consider the independent, random va r i -  
ables r n ,  with a rectangular d i s t r ibu t ion  in the range E < rn 5 1 ,  where 0 - < E < 1 .  
That i s ,  the  d i s t r ibu t ions  a re  as indicated in Figure ( C - 1 ) .  

- 

Next define m n  = - r ‘  n 
Since the rn a re  rectangularly d i s t r ibu ted ,  

( 0 otherwise, 

then the  d i s t r ibu t ion  of m n  i s  given by 

p ’ (m)dm = p ( r ) d r  = l - ~  ’ I d ( 9 l .  

Thus, as shown in F i g .  ( C - 2 ) ,  

0 , otherwise. 

One can obtain a sporadic noise,  [19], x n ,  whose spectral  density i s  approximately 
f - l  ( f l i c k e r  noise) over the range E < f < 1 / 2 ,  by following the procedure below: 
Define : 

w l ,  f o r  m l  < n 2 ml + m2 

u2, f o r  m1 + m2 < n 2 m l  + m2 + m 3  
(C-4) 

where tk = tk-l + mk.  An example of such a noise i s  presented in F i g .  (C-3). 
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