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TILT OBSERVATIONS USING BOREHOLE TILTMETERS 
1. ANALYSIS OF TIDAL AND SECULAR TILT 

Judah Levine, Charles Meertens,' and Robert Busby2 

Joint Institute for Laboratory Astrophysics, 
National Bureau of Standards and University of Colorado, Boulder 

Abstract. We have designed a borehole tilt- 
meter using two horizontal pendulums which have 
periods of 1 s .  We have installed the instru- 
ments at seven sites in Colorado and Wyoming to 
evaluate the secular tilt, the tides, and the 
coherence between nearby instruments. Using 28 
days of data from Boulder, Colorado, the standard 
deviations of the tidal estimates are 5% for the 
semidiurnal component M2 and 9% for the diurnal 
component 01. 
that include the body tide, the ocean load, and 
the topographic correction to better than the 
estimated uncertainty. Tidal measurements at 
Erie, Colorado, have larger, possibly nonrandom 
variability that may be caused by a coupling 
between the tides and long-period tilts. The 
coherence between nearby instruments is 20 .5  for 
frequencies ranging from 0.5  to 2 cycles per day, 
but drops to a much smaller value outside of this 
range. The secular tilt rate is quite variable 
and ranges from 0.1 to 1 prad/yr. Measurements 
at Erie, Colorado, and in Yellowstone National 
Park, Wyoming, exhibit an annual or biannual 
periodicity with an amplitude of about 1 prad, 
which is consistent with a l/f2 extrapolation of 
the diurnal noise power to longer periods. 

The estimates agree with models 

Introduction 

Measurements of tilt tides provide information 
on the elastic constants of the Earth. Tilt 
measurements can also be used to study strains in 
areas of seismic activity and might conceivably 
be useful as a method of predicting earthquakes. 

ments, the sensor must be both sensitive and 
stable and as insensitive as possible to environ- 
mental perturbations. Furthermore, the instru- 
ments must be adequately coupled to the surround- 
ing material so that the recorded tilts are rep- 
resentative of the regional tilt vector. 

One method for evaluating the success of a 
given design is to compare the tilt records 
obtained from several closely spaced independent 
instruments. Except at tidal periods, previous 
comparisons of this type have not been very 
successful, especially for instruments installed 
in shallow boreholes [Wyatt and Berger, 1980; 
Wyatt et al., 19821. The lack of coherence has 

In order to make unambiguous tilt measure- 
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been ascribed to short-wavelength tilts, perhaps 
produced by thermoelastic str;esses or to a resid- 
ual sensitivity of the instrument to various ex- 
traneous effects such as temperature, air pres- 
sure, or variations in the water table. 

Efforts to improve the performance of tilt- 
meters can be divided into two broad categories: 
increasing the length of the baseline to average 
or dilute the very local effects, and installing 
the instrument in a deeper hole to improve the 
isolation between the instrument and the spurious 
effects that are presumed to be larger near the 
surface. We have chosen the latter method: to 
try to improve tilt metrology by installing small 
sensors in relatively deep boreholes. 

accurately, then our degree of improvement would 
be measured by a decreasing sensitivity to known 
events such as heavy rainstorms or by a decrease 
in rate (or increase in smoothness) of the ob- 
served secular tilt. Indeed, we find that deeper 
instruments are better in these senses. Figure 1 
compares the response of instruments at different 
depth to rainfall. The secular tilt recorded by 
the deeper (but otherwise very similar) instru- 
ment is unaffected by several heavy rainstorms 
and is smoother overall. 

The performance of an instrument at tidal fre- 
quencies is a useful indicator of its potential 
for long-period measurements. In addition, the 
response at tidal periods is often useful in 
itself. Even if the amplitude and phase of the 
tidal admittance are not known at a particular 
site, a tidal analysis can be used to study the 
stability of the instrumental gain, the linearity 
of the sensor, and the sensitivity of the system 
to extraneous effects. 

A measurement of the Earth tides can also be 
used to study spatial or temporal variations in 
the elastic properties of the material near the 
surface. Beaumont and Berger [1974] predicted a 
spatial dependence in the amplitude and phase of 
the Earth tides near the boundary between regions 
of different seismic velocity. 
that a contrast of 10% in Vp might produce a 
change of up to 40% in the amplitude of the 
tides. This effect would be largest near the 
velocity discontinuity and would be of comparable 
magnitude for either tilt or strain observations. 
The effect on gravity tide- would be much smaller 
and would probably not be observable with exis- 
ting instrumentation. 

Measurements of strain or tilt tides near a 
fault zone might also be affected by the discon- 
tinuity in elastic properties near the fault. 
Measurements near the Hunsruck fault zone, for 
example, show that the magnitude of Mz changes by 
up to 70% along an east-west azimuth, while the 
north-south amplitude shows an even greater 
variation [Bonatz et al., 1983; Gerstenecker et 
al., 19851. 

If the goal is to measure tectonic tilts 

They estimated 
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Fig. 1. 
HP is a pair of horizontal pendulums in a 30-m borehole. 
ments to rainfall is shown. (a) Data record approximately 10 months long. (b) Shorter 
segment of the record to show the effect of rainfall more clearly. 

Tiltmeter VP is a pair of vertical pendulums in a 15-m borehole, and tiltmeter 
The response of the instru- 

In this paper we report on the design of a 
borehole tiltmeter and on the methods that we 
have developed for recording and analyzing tilt 
data. In a companion paper [Meertens et al., 
this issue], we will apply our method to a study 
of Yellowstone National Park in Wyoming. Al- 
though our instrument will respond to a wide 
spectrum of tilts, most of our efforts have been 
concentrated on the tidal portion of the spec- 
trum. 
are more likely to be contaminated by thermal 
effects and by changes in the level of the water 
table. 

Signals at both longer and shorter periods 

Borehole Design 

The boreholes are nominally 15 cm in diameter 
and 30 m deep. We have experimented with bore- 
holes of different depths, but almost all of the 
data presented here were recorded by instruments 
installed at this depth. The holes are drilled 
using conventional water well drilling equipment. 
The bottom portion of the hole must be vertical 
to within 5". A carbon steel casing, 135 mm in 
diameter with 6-mm walls, is pressed into the 
hole. 
water-tight pipe as it is inserted. The casing 

The casing is welded into a continuous, 
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Fig. 2 .  Schematic diagram of the tiltmeter 
capsule inserted into the cased borehole. All 
dimensions are nominal, and the figure is not to 
scale. 

terminates at the bottom in a stainless steel 
section used to hold the tiltmeter capsule. The 
bottom section is 2 . 4  m long and 115 mm in out- 
side diameter. It is sealed by a plate welded 
across the bottom. A hemispherical knob is 
welded to the inside of the bottom plate to sup- 
port the weight of the tiltmeter capsule. 

The casing is sealed in place by means of ce- 
ment poured down to the bottom of the hole before 
the casing is inserted and around the sides of 
the casing after it is in place. Some sites have 
a second, larger diameter casing that is used to 
keep the top portion of the borehole from col- 
lapsing after the drill is removed and before the 
primary casing can be installed. The larger 
casing is 210 nun in diameter. The casing extends 
about 1 m above the surface and is sealed by a 
removable steel cap. 

Instrument Capsule 

The instrument capsule is a 1.8-m length of 
stainless steel tubing closed at the bottom and 
having a pair of contact points and a flat spring 
welded on near its top and a second pair with a 
second flat spring near its bottom. The top of 
the capsule is sealed with a cap attached by 
screws and containing an 0 ring. 

strain coupling due to cavity effects. 
[1976] showed that there is no cavity effect if 
the side of the borehole is used as a reference 
axis for the tiltmeter and only a small effect if 
the center of the bottom is used as another ref- 
erence point. 

The capsule was designed to minimize tilt- 
Harrison 

The cables connecting the capsule with the 
surface are left slack; their weight is supported 
by a bracket fastened to the top of the casing. 
See Figure 2 .  

Capsule Orientation 

The capsule is usually not visible from the 
surface, and its orientation cannot be determined 
by direct sighting. 
rods instead. A post is welded to the top cap of 
the tiltmeter with a flat side aligned with the 
axis of one of the sensors. A rod can be fas- 
tened to the post and is held in place by means 
of a trapped ball. As the capsule is lowered, 
additional sections of rod are added. Each 
section is notched and can only be attached in 
one orientation using a small screw. After the 
orientation of the topmost notch is determined 
using a compass and a transit, the entire series 
of rods is removed from the capsule by pulling 
upward, thereby disconnecting the bottom rod from 
the post. 

This method can be used to determine the 
azimuth of the sensors to within a few degrees. 
An uncertainty of only 1" is possible if great 
care is used and under very favorable conditions. 

along two orthogonal azimuths at any site, the 
orientation of any other instrument may be de- 
termined from the tidal data alone. This is most 
easily done using M,, which is usually the larg- 
est component in the spectrum. If the amplitude 
and phase of the tilt along azimuth 81 are A1 and 
91, respectively, and if the corresponding values 
along azimuth 82 (-6'1 + 90") are A2 and 4 2 ,  then 
the amplitude and phase that would be observed 
along some other azimuth Q are given by 

We use a system of light 

Once the tilt admittance has been determined 

A(a) - ( A12cos2(a-81) + A22sin2(a-B1) 
I 

- AIAzsin 2(a-01) c0s(q5~-9,) 

where the azimuths are measured clockwise from 
north, the amplitudes are measured in nanoradians 
(or other convenient units), and the phases are 
measured with respect to a common phase origin 
such as the phase of the local tidal potential at 
some convenient epoch. 

These equations are often used to compute the 
tilt along any azimuth from the theoretical tilt 
along two coordinate directions such as north- 
south and east-west, but they are independent of 
the tidal theory and depend only on the vector 
nature of tilt and on the fact that the signals 
recorded by all of the instruments are derived 
from a common effective tilt vector at the site 
(as opposed to a local effect within a single 
borehole or a spurious instrumental effect). As 
such, they allow the azimuth of any tiltmeter to 
be determined. Since our tiltmeters consist of 
two independent orthogonal sensors, the instru- 



Levine et al.: Tilt in Colorado and Wyoming, 1 577 

ment simultaneously measures the tidal admittance 
along azimuths 01 and 01 + 90". The measured 
phase difference between the two sensors and the 
measured amplitude ratio provide two independent 
estimates of the azimuth: the first using two 
applications of (2) and the second using two 
applications of (1) .  The estimate based on the 
phase difference is independent of the calibra- 
tion factors of the pendulums and therefore 
provides a very robust estimate of the azimuth 
limited only by the uncertainty in the admittance 
estimate. 
determination of the azimuth if the calibration 
factors are known to be constant; otherwise it 
serves as a continuous check on the ratio of the 
calibration factors of the sensors. 

the ratio of the major to minor axes of the 
ellipse defined by (1) and (2). The amplitude of 
the body tide as a function of azimuth is given 

The amplitude ratio provides a second 

The sensitivity of this technique depends on 

by 

YZ A ( a )  - k sin(€#)(l - sinz(8) cos2(a) ( 3 )  

where k is a constant, 8 is the colatitude of the 
station, and a is the azimuth of the sensor. The 
body tide ellipse is thus always oriented so that 
its major and minor axes are oriented east-west 
and north-south, respectively. The ratio of the 
axes of the ellipse depends on cos(€#), so that 
ratios on the order of 1.5:1 are typical for sta- 
tions in the United States. If the amplitude of 
Mz can be measured to 1%, then this ellipticity 
implies that the azimuth can be determined with 
an uncertainty of about 1" using tidal data. The 
phase variation given by ( 2 )  yields a determina- 
tion of the same order. 

The actual ellipse at any station will be mod- 
ified by the ocean load. This correction depends 
on the distance to the ocean and on other factors 
so that it cannot be easily estimated; it is of 
the order of 10% in the middle of the United 
States, but is significantly higher near the 
coast. 
the azimuth of the tiltmeter, its presence in- 
creases the usefulness of the measured tidal 
ellipse in determining the azimuth of an instru- 
ment. 

If the ocean load is a strong function of 

Tilt Sensors 

The tilt sensors are horizontal pendulums and 
the design is shown in Figure 3 .  A mass M is 
located at the end of a rigid beam B. The beam 
is supported by three wires, W1, WZ, and US. Two 
important features of the mechanical design are 
the small springs (S) incorporated into each of 
the wires to protect the suspension from damage 
due to shock or vibration and the pantograph ar- 
rangement of the suspension which makes the peri- 
od and the mechanical sensitivity independent of 
temperature to first order. The wires are at- 
tached to the frame of the instrument at P1, Pz, 
and P3, but the diameter and stiffness of each 
wire are chosen so that displacements of the mass 
are with respect to the virtual hinge points VI, 
V p ,  and V3. These hinge points lie along a line 
offset from the vertical by a small angle i. If 
the vertical axis tilts out of the plane of the 
paper by a small angle d, the pendulum swings out 

VERTICAL SUPPORT / 

i 

p3 h.3 

Fig. 3 .  A horizontal pendulum. A mass M is 
suspended at the end of a beam B using three 
wires W1, Wz, and Us. The wires are attached to 
the vertical support at points PI, Pz, and P3. 
The pendulum rotates about three virtual pivots 
V1, Vz, and Vs which lie along a straight line 
offset from the vertical by a small angle i. The 
small springs (S) protect the suspension from 
damage due to shock or vibration. 

of the plane of the paper through an angle 6, 
where 6 - d/i. 
the mass moves a distance L6 - d(L/i). The time 
to reach the new equilibrium position is propor- 
tional to the period, which depends on (L/i)l'Z. 
In our instruments, L = 10 mm and i = 2.3'. The 
period is 1 s, the mass moves 0.24 pm/prad, and 
the displacement of the pendulum in response to a 
tilt is equivalent to a vertical pendulum that is 
240 mm long. The mechanical amplification (rela- 
tive to a simple vertical pendulum of the same 
length as the beam) is thus about 24. 

mounted so that their sensitive axes are perpen- 
dicular to each other. 
on a small plate as shown in Figure 4 and are 
protected from air currents and dust by a sealed 
cylindrical cover. The mounting arrangement 
isolates the pendulums from the flexing of the 
hermetically sealed case due to changes in baro- 
metric pressure. The case is approximately 65 mm 
high and 70 mu in diameter. 

The base plate is supported on a three-point 
mount; two of the support points are motor-driven 
screws. These motors are used to level the in- 
strument after the capsule is installed. The 
platform has a dynamic range of about 0.1 rad 
(5O), and the instruments can be zeroed to about 
0.1 prad. See Figure 5. 

Each pendulum is suspended between two plates 

If the length of the beam is L, 

Each instrument consists of two pendulums 

The pendulums are mounted 
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Fig. 4 .  Mounting plate. The pendulums are 
mounted on the raised inner plate so as to 
isolate them from the flexing of the base plate 
produced by atmospheric pressure changes acting 
on the sealed case. 

separated by about 1 mm. The plates and the 
pendulum form two arms of a capacitance bridge; 
the other two arms are formed by the center- 
tapped secondary coil of a transformer. The 
primary of the transformer is driven by an ac 
signal and the amplitude and phase of the signal 
at the center plate are measured using a phase- 
sensitive detector. The gain of the circuit is 

r 
CAPSULE 

SEALED COVER 

MOUNTING 
PLATE 

BASE PLATE 

GEARBOX 500:l 

SCALE: cm 

Fig. 5. The pendulums and the leveling system. 
The leveling screws have 4 threads/" and are 
driven by small electric motors through 500:l 
reducing gear boxes. 

adjusted to yield an overa 1 sensitivity o 
proximately 2 V/firad. The phase-sensitive 

aP - 
de - _ _  

kector and- the amplifiers are located inside the 
capsule within a few centimeters of the pendu- 
lums. 

The sensitivity of each pendulum is measured 
in our laboratory using a tilt table. 
pendulum is usually recalibrated whenever it is 
returned to Boulder. Successive calibrations 
agree to within 1% even if they are performed 
several years apart. Once the mechanical sensi- 
tivity of each pendulum has be%n determined, the 
gain of its amplifier is adjusted to yield the 
nominal overall sensitivity discussed above, and 
successive calibrations are then performed on the 
sensor-amplifier pair. 

Each 

Filters and Digitizer 

The outputs of the two phase-sensitive detec- 
tors are sent to the top of the borehole where 
they are low-pass filtered with a low-frequency 
gain of unity and using a time constant of 200 s. 
The voltages are then digitized; the least count 
of the digitizer is equivalent to a tilt of about 
2 nrad and the digitizing frequency is 10 times 
per hour. The data are transmitted to our lab- 
oratory once per day using dial-up telephone 
lines. The details of the recording and trans- 
mission system are described by Levine [1985]. 

Power Supply 

The entire tiltmeter system uses approximately 
7 W. Most of this power is used by the digiti- 
zing and recording circuits. This power is 
provided by commercial power lines with battery 
backup. Great care is necessary to isolate the 
tiltmeter from the power line ground if fluctu- 
ations in ground currents are not to be a prob- 
lem. Power line transients and large fluctua- 
tions in the input voltage are also a problem; 
these are quite common at remote sites and may be 
quite difficult to remove. 

Preliminary Data Analysis 

Almost all tilt records show significant sec- 
ular signals, and these signals must be separated 
from the tides if unbiased estimates of the 
admittances are to be obtained. Simple situa- 
tions may be dealt with using digital filters 
[Gold and Rader, 19691, but such filters are 
generally not optimum because the secular tilt 
has appreciable power at tidal periods. The tilt 
rate for a tidal component is about 1 nrad/h at a 
typical mid-latitude station. Borehole tilt- 
meters show long-term-average secular tilt rates 
only about 10 times less than this value (i.e., 5 
1 prad/yr) and secular rates of 1 nrad/h are 
quite often observed for several days at a time. 
Under these conditions the nontidal effects will 
have significant power in the tidal bands, and 
such tilts cannot be removed using frequency 
methods without at the same time either pro- 
jecting significant tidal power into the secular 
tilt channel or biasing the tidal admittance with 
residual power from nontidal sources. In either 
case, the estimated tidal amplitude will depend 
on the instantaneous secular tilt rate. 

Instead of digital filtering, we remove the 
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Fig. 6. Data recorded at Norris Geyser Basin in 
Yellowstone National Park. 

secular drift in the time domain using cubic 
splines [Forsythe et al., 19771. These are 
piecewise continuous cubic polynomials that pass 
through a series of points called knots [Ahlberg 
et al., 19671. We choose the knots graphically 
using a digitizing table. If the secular tilt 
rate changes rapidly, conventional splines often 
oscillate and do not yield a monotonic secular 
tilt even though the knots are monotonic. 
this case, we use the modified spline technique 
of Fritsch and Carlson [1979]. 

The advantage of the spline fit over digital 
filtering may be demonstrated using the data 
shown in Figure 6 ,  which shows a tilt record 
obtained at Norris Geyser Basin in Yellowstone 
National Park. 
recorded at all of our sites except for the 
significantly larger secular tilts that are 
recorded when an instrument is first installed 
and during the spring thaw. 
secular and tidal tilt rates are often compa- 
rable. 

We estimated the amplitudes and phases of the 
various tidal components using least squares as 
discussed below, and Figure 7 compares the spec- 
tra of the residuals with the power spectrum of 
the original data set when cubic splines or 
digital filters are used to remove the secular 
effects. The spline process is better able to 
cope with the vagaries of the baseline, and the 
residuals of the fit show a smooth background 
noise spectrum. (The small peak near 3 cycles 
per day is a terdiurnal tidal component that was 
purposely omitted from the fitting function.) 
The signal-to-noise ratio at 2 cycles per day is 
about 40 dB, and the formal uncertainty .of the 
least squares determination of the tidal ampli- 
tude is 1 .2%.  The digital filter removes more 
low-frequency energy than the splines, and the 
power spectrum of the residuals computed using 
this method shows less energy at very low fre- 
quencies. The residual energy in the tidal band 
is almost 10 dB higher, however, and contains 
residual tidal energy because the digital filter 
is not efficient in estimating a process that is 
not well characterized in the frequency domain. 
The signal-to-noise ratio at 2 cycles per day is 
only about 22 dB, and the tidal amplitude esti- 
mate has a formal uncertainty of 6 % .  
methods produce estimates of the amplitudes of 

In 

The record is typical of the data 

Note that the 

The two 

the semidiurnal tides that disagree by 7%, which 
is roughly the sum of their formal uncertainties. 
Note that although the 3 cycles per day component 
is still present in the spectrum obtained from 
the filtered data, it cannot be resolved against 
the higher noise background. 

Dealing with gaps in the data is also very 
important. 
estimates of the tides and the secular trend. 
The tides are estimated using the average ad- 
mittance for the data set, while the secular 
trend is approximated using an appropriate 
straight line to make the time series continuous 
at the edges of the gap. The patching process is 
usually iterative: the insertion of a patch 
changes the average admittance of the data set, 
and this in turn implies a slightly different set 
of coefficients for the patch. When the process 
has converged, the residual tidal power in the 
patch is comparable to the incoherent power at 
tidal frequencies in the remainder of the data 
set. In this way, both the time and frequency 
domain representations of the patch are smooth 
across the tidal bands. 

We bridge the gaps by inserting 

Estimating the Tidal Admittance 

Although estimating the tidal admittance when 
the noise level is low is neither a new nor a 
particularly difficult problem, methods used for 
gravity data [Levine et al., 19861 must be 
modified to obtain,robust estimates using tilt 
data because of the relatively poor signal-to- 
noise ratio of this type of measurement. 

To estimate the tidal admittance, the tidal 
record at a station is compared with a para- 
metrized version of the theoretical body tide. 
If a least squares procedure is used to fit the 
theoretical time series to the data, the fitting 
function is expanded either in spherical har- 
monics of the lunar and solar positions [Munk and 
Cartwright, 19661 or as a sum of frequencies 
[Cartwright and Tayler, 1971; Cartwright and 
Edden, 19731. The first expansion converges much 
more rapidly than the Fourier series, and many 
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Fig. 7. Comparison of the spectrum of the data 
shown in Figure 6 with the spectrum of the 
residuals of a fit of the tidal potential when 
the secular tilt is removed using digital filters 
or splines. The peak near 3 cycles per day in 
the residuals of the spline process is a 
terdiurnal tidal component that was purposely 
left out of the fitting process. 
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fewer terms are required. It is easier to 
incorporate ocean loads and thermoelastic tilts 
into frequency expansions, however, since these 
effects are usually specified as functions of 
frequency. Alternatively, the Fourier transform 
of the data may be divided by the corresponding 
transform of a theoretical time series to yield 
the admittance directly. 

If the amplitudes and phases of the components 
are estimated using ratios of Fourier transforms, 
then end effects, due to the finite length of the 
data set, must be considered. These end effects 
convolve the true spectrum with a "window" func- 
tion [Blackman and Tukey, 19581. Many different 
window functions exist; their goal is to reduce 
the admixture of frequencies removed from the 
frequency of interest (relative to what would be 
obtained using the default "boxcar" function), 
and they do so at the expense of resolution. 
That is, they do not attenuate (and may even 
increase) the influence of nearby frequencies. 
The effect of a particular window function may be 
calculated by convolving the transform of the 
window with the theoretical tidal spectrum from 
the tables of Cartwright and Edden [1973]. 

and Mz, the two components most often used in 
tidal analyses. If the amplitude of 01 is 
estimated using a Fourier transform of a data set 
that is 1 month long, then a rectangular window 
will bias the estimate by 19% due to nearby lines 
(those within 2 cycles per year of 01) and by 13% 
due to all other frequencies. If a Hamming or 
Hanning window is used [e.g., Schuller, 19771, 
the contribution due to the entire distant por- 
tion of the spectrum is reduced to less than 1%, 
while the contribution due to nearby frequencies 
is essentially unchanged. 
is similar. The contribution due to the entire 
distant spectrum is reduced from 1% to a negli- 
gible value by choosing either window, but the 
contribution due to the nearby lines is about 4% 
and is essentially unchanged because the window 
function has a negligible effect on the nearby 
frequency components. 

The influence of the distant portion of the 
spectrum decreases as the length of the data set 
increases, but the effect of the nearby lines is 
almost unaffected, even for data sets spanning a 
full year. If the site admittance is independent 
of frequency and if the incoherent power in the 
tidal bands is small, these end effects tend to 
cancel in the division of the two spectra, but 
this is not true for most of the tilt data sets 
we have obtained. 

A least squares approach will yield unbiased 
estimates of the admittances of even closely 
spaced frequencies provided that the fitting 
potential contains enough degrees of freedom to 
adequately represent the data set (including 
estimates of nontidal effects such as local 
temperature and pressure). 
estimates is primarily a function of the signal- 
to-noise ratio of the record [Munk and 
Hasselmann, 19641, and the difficulty in 
determining the amplitudes of closely spaced 
lines is that the variances of their estimates 
become too large to yield significant informa- 
tion. In practice, we combine nearby frequencies 
into groups and constrain the admittance within a 
group to be a constant value; the stability is 
improved at the expense of resolution. 

We have performed these convolutions for O 1  

The calculation for M2 

The variance of the 

The grouping of frequencies in this way has 
one important difference from the superficially 
analogous procedure of an expansion in spherical 
harmonics. We combine into one group frequencies 
that are close together even if they come from 
different spherical harmonics, whereas the spher- 
ical harmonic expansion would keep these terms 
separate. Thus the semidiurnal terms from Y32 
are combined with the nearly degenerate terms 
from Y22 in the fitting process. The semidiurnal 
terms arising from Y32 have amplitudes that are 
roughly 2% of the Y22 contributions, since they 
are scaled by the lunar parallax. The frequen- 
cies of these terms may differ from the first- 
order tides by 1 cycle per year or less. 

We use 14 groups in our least squares fits. 
Each group consists of all of the potential terms 
that differ from each other in frequency by less 
than about 1 cycle per month. There is one long- 
period group, seven nominally diurnal groups, 
five nominally semidiurnal groups, and one ter- 
diurnal group. The maximum number of terms in 
any of the groups is 15, and all of the terms 
listed in the tidal table [Cartwright and Tayler, 
1971; Cartwright and Edden, 19731 exceeding 0.1% 
of the potential are included. Each term in a 
group is multiplied by a coefficient which in- 
cludes the Love numbers, the spherical harmonic 
of the station coordinates, and the angular 
factor to convert from tidal potential to tilt 
along the azimuth of the instrument. No explicit 
windowing of the data set is used. The coeffi- 
cients of the fit are the tilt admittances, and 
the residuals provide an estimate of the nontidal 
power including the adequacy of the spline esti- 
mate of the secular tilt and the patches. 
either the spline or the patches are deemed 
inadequate (because the residuals are signifi- 
cantly nonrandom either in long term or at a 
patch), the appropriate parameters are modified, 
and the analysis is repeated. The output of the 
process is a spline-smoothed secular tilt, a set 
of tidal admittances, and a residual time series. 

Estimates of the tidal admittances should be 
normally distributed about the mean with a 
variance that can be estimated from the projec- 
tion of the nontidal portion of the power spec- 
trum of the data into the bandwidth of the anal- 
ysis. This may not be true, but the results are 
inconclusive. 
can be explained by cusps in the ocean load 
[Munk, et al., 1965; Cartwright and Amin, 19861, 
although an analogous site-specific nonlinearity 
is a possibility. 

If 

It is unlikely that our results 

Tiltmeter Sites 

We have installed tiltmeters at seven sites in 
Colorado and Wyoming. The locations of the sta- 
tions are shown in Table 1. 

The sites in Colorado were intended to test 
the instrument, to investigate the performance in 
boreholes of different depths, and to test the 
coherence among nearby instruments. The sites in 
Wyoming were all in Yellowstone National Park. 
The array was designed to investigate the spatial 
variation in the Earth tides in a region where 
the elastic parameters varied both horizontally 
and with depth. A comparison between the tidal 
results and a finite element model is presented 
by Meertens et al. [this issue]. 
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TABLE 1. Locations of Tiltmeters 

Name Location Coordinates Depths, m 

NBS Boulder, Colorado 39.993"N,105.269'W 15, 30 
ERE Erie, Colorado 40.095'N,105.045'W 30, 30 
TWR Tower Junction, Yellowstone 44.925"N,110.425"W 30, 30 
CAN Canyon Village, Yellowstone 44.738"N,110.498"W 30, 30 
MAD Madison, Junction, Yellowstone 44.652'N,110.840'W 30, 30 
LAK Yellowstone Lake 44.559"N,110.401'W 30, 30 
NOR Norris Geysers, Yellowstone 44.740aN,110.692"W 30, 30 
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Results and Discussion 

Boulder. Colorado. Site 

The site in Boulder (NBS) is located near the 
boundary between the Precambrian igneous and 
metamorphic rocks to the west and the Phanerozoic 
sediments to the east. The boreholes are located 
on a hillside; the secular tilt rate varied from 
less than 0.1 to almost 1 prad/yr. The boreholes 
are of different depth, and the shallower bore- 
holes show significant tilts correlated with 
rainfall and the seasons as discussed above. The 
deeper boreholes do not show these effects, and 
the correlation among the long-period tilt 
records is therefore small. 

tilt record obtained at the NBS site using a 
horizontal pendulum in a 30-m borehole. The 
record was 1 month long and was processed 
according to the methods described above. The 
signal-to-noise ratio in the semidiurnal band, 
measured by comparing the signal power to the 
residual power is about 35 dB or about 50:l in 

In Figure 8 we show the power spectrum of a 

amplitude. 
should then be of the order of 2%. 
to-noise ratio in the diurnal band is only 20 dB 
because of the sensitivity of the site to the 
diurnal pressure and temperature fluctuations 
acting both directly on the instrument and 
indirectly through thermoelastic effects. The 
uncertainty in the diurnal admittance should then 
be about 10%. 

Table 2 shows the results of consecutive 
monthly estimates of the admittance using the 
horizontal pendulums in the 30-m borehole. The 
data from the two pendulums are combined to yield 
tilts along the north-south and east-west direc- 
tions, and the amplitudes and phases of the tides 
are then estimated with respect to the body 
tides. The azimuthally averaged Mz amplitude is 
0.993 f 0.04 and the average phase is -4.54' f 
2.3', where a negative sign implies a phase lead. 
The difference between measurements on different 
azimuths is not significant. The results for 01, 
however, depend on the azimuth of the instrument. 
The admittance along an azimuth of 90" is 1.2 
with a phase of 4.5"; the corresponding values 

The uncertainty in the admittances 
The signal- 

Power Spectra l  Density 

I I I I I I 
1 .o 2.0 3.0 4.0 5.0 

(crcl- p.r day) 
Frequency 

Fig. 8. 
pair of horizontal pendulums in a 30-m borehole in Boulder, Colorado. 
shows the residuals of a fit to remove the diurnal and semidiurnal tides. The long- 
period and terdiumal tides were not removed, and the two spectra are therefore 
identical at these frequencies. 

The power spectrum of a data set 28 days long. The data were recorded using a 
The dotted curve 
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TABLE 2. Admittance at NBS Site for Consecutive 28-day Averages 

M2 (1.9323 cycles per day) O1 (0.9295 cycles per day) 

Period Amp 1 i tude Phase, deg Amplitude Phase, deg 

N-S E-W N-S E-W N-S E-W N-S E-W 

Oct. 1980 1.06 1.02 -0.49 -0.77 0.80 1.11 -7.7 0.0 
NOV. 1980 0.92 0.94 -7.60 -3.30 0.84 1.22 -8.7 8.8 
Dec. 1980 1.01 0.99 -3.90 -5.90 0.93 1.30 -1.4 6.3 
Jan. 1981 0.94 0.99 -4.50 -4.30 0.96 1.31 -0.9 10.0- 
Feb. 1981 1.03 1.04 -6.40 -6.35 0.96 1.08 -6.4 0.8 
March 1981 1.01 1.05 -3.10 -2.20 0.87 1.15 -0.0 3.5 
April 1981 0.92 0.97 -7.50 -7.80 0.82 1.15 -9.3 4.1 
May 1981 0.99 1.01 -4.50 -4.10 0.96 1.30 -5.6 2.2 

Average 0.985 1.00 -4.75 -4.34 0.89 1.20 -5.0 4.5 
Standard f0.05 fO.04 f2.4 k2.3 kO.07 kO.09 f3.7 f3.7 
Deviation 

Theory 0.96 0.975 -6.00 -G.OO 0.83 1.20 -15.0 5.0 
Body + Load + 
Top0 gr aphy 

The amplitude and phase are with respect to the body tilt along the 
specified axis. A negative phase is a lead. 

for the north-south direction are 0.89 and -5". 
The standard deviations of consecutive monthly 
estimates are f8% in amplitude and 24" in phase. 

effects of ocean loading and topography to the 
body tide. D. Agnew performed the ocean load 
calculations for us using Goad's [1980] inte- 
grated Green's function algorithm and T. Sasao 
used Farrell's [1972, 19731 technique. The two 
calculations yield essentially identical results. 

The sum of the Mz tide and load vectors has an 
amplitude of 0.96 with respect to the body tide 
and a phase lead of -6", and these values are 
independent of azimuth. The phase relationship 
between the ocean load and the body tide for 01 
depends significantly on azimuth; the admittances 
with respect to the body tide are 0.83 and -15" 
along the north-south direction and 1.20 and 5" 
along east-west. 

The correction for topography follows the 
almost identical calculation of Levine and 
Harrison [1976]. The contribution at M2 
increases the tidal amplitude by 1.5% in the 
east-west direction and has a negligible effect 
along the perpendicular azimuth. The result is 
an admittance with an azimuthal dependence, but 
the effect is t o o  small to be resolved in our 
data. The topographic contribution to the 01 
estimate is not significant. 

The agreement between experiment and theory is 
consistent with the uncertainty estimate based on 
the power spectrum of Figure 8 and the formal 
error of the mean of the consecutive monthly 
values. There is also no evidence for time 
dependence in either admittance. 

Erie. Colorado. Site 

These results may be evaluated by adding the 

Erie is about 25 km east of Boulder in a 
region characterized by thick sediments and flat 
topography. The site was chosen to provide a 

contrast with our Boulder site. The boreholes 
are 30 m apart and 30 m deep. The tiltmeters in 
the two boreholes have independent electronics 
and power supplies, although the data are re- 
corded and transmitted to Boulder via a common 
system. 

mately 6-8 dB higher than we measured at Boulder, 
perhaps because of the difference in the material 
properties. The secular tilt rate was quite var- 
iable and ranged from 0.2 to 1.0 prad/yr. Tilt 
rates up to 5 prad/yr were observed for periods 
of up to a month. 

Figures 9 and 10 compare the nontidal tilts 
measured in two boreholes at Erie. The nontidal 
tilt is the sum of the spline estimate of the 
baseline, which is used to model signals with 

The background noise at the site was approxi- 

N N 

T x x  x "T 

x ::;: :... . x  ...... .... . .  . 
. . . :. : x :. 

x I r r a d / d i v  
i 
S 

E R I E ,  borehole 3 

S 
E R I E ,  borehole 2 

Fig. 9. A comparison of the long-period tilt 
recorded by two instruments at Erie. The points 
are traversed in the direction shown by the 
arrow. Each cross represents a 1-month average 
composed of daily estimates, a representative set 
of which are shown by dots. The first point is 
for April 1981. The circle shows the location of 
the data plotted in Figure 10. 
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0.40 

2! 
ic 0 0.32 
V 

0.16 

N N into thirty 28-day blocks, the Fourier transform 
of each block is computed with no explicit window 
function, and the coherence at each frequency is 
computed as the average cross spectrum divided by 
the average power. The result is shown in Figure 
11. The estimates have 30 degrees of freedom, 
and the difference between the estimated and true 
coherences is less than 0.22 at the 95% confi- 
dence level [Haubrich, 19651. We find significant 
coherence for frequencies ranging from 0.5 to 2 
cycles per day even after the tides have been 
removed. The coherence decreases to a much lower 
value at both higher and lower frequencies. 

Based on the increased noise level compared to 

W E E 

3 0  nrod full scole 

S S 

ERIE. borehole 2 ERIE, borehole 3 

Fig* lo. from two at Boulder, we would have expected an increase in 
Erie starting at 0 hours on February 1, 1982 
(shown by a 
min estimates fall within the shaded 
hourly averages are plotted with an cross. The 
points are traversed in the direction shown by 

the uncertainties of the admittance estimates by 
a factor of 2, but a larger increase was in fact 
found. The standard deviation of consecutive 
monthly estimates was 15%, a factor of 3 larger, 
with some evidence that the admittance was a 

in Figure 9). Consecutive 6- 
and 

- 

- 

- 

- 

the arrow. 

periods of a few days and longer, and the re- 
siduals of the fit of the tidal potential, which 
are used to estimate the shorter-period effects. 
Each plot shows the vector sum of the nontidal 
signals recorded by the two sensors in the bore- 
hole (relative to an arbitrary origin). The 
secular tilts recorded for 30 months beginning in 
April 1981 are shown in Figure 9. Monthly aver- 
ages are plotted as crosses, and 30 daily esti- 
mates, computed from data sets like the one shown 
in Figure 10, are shown by dots. Both tiltmeters 
record a tilt to the north-east at an average 
rate of 1.0-1.2 prad/yr and both show a 2-year 
periodicity with a similar amplitude, although 
the phase is not the same in the two boreholes. 

Figure 10 shows a small segment (shown by a 
circle in Figure 9) of the same data. The 
residuals are computed every 6 min and are then 
averaged and decimated to one value per hour. 
The hourly values are plotted as crosses in 
Figure 10. The 6-min points that make up the 
first 12 averages are shown by dots. The daily 
average is shown by a square; the averages for 
the two adjacent days are also shown. 

We have computed the coherence between the two 
tiltmeters as a function of frequency using the 
hourly tidal residuals. Each data set is divided 

Per iod  
I week I day 12hr 2 hr 

0.80 1 1 4  4 
I I I I I I I I I  . .  . .  

- .  

I I I I I E - 1  I 

-2.00 -1.20 -0.40 0.40 1.20 2.00 
Loglo o f  f requency in c/doy 

Fig. 11. Coherence between two tiltmeters at 
Erie, Colorado, as a function of frequency. 

function of the low-frequency noise. 
shows monthly M2 admittances as a function of the 
average power in the data set at periods of 7 
days or longer, while Figure 13 shows the same 
admittances as a function of the power at 1.5 
cycles per day (well away from the tides). When 
plotted as a function of residual power at 1.5 
cycles per day, the admittance is independent of 
the residual power at a confidence level of 75%. 
The mean (1.06) and standard deviation (+15%) are 
shown by the dashed curves. The admittance is 
correlated with the low-frequency power, however, 
with a coefficient of 0.02 dB-'. The standard 
deviation of this estimate is 0.012 so that the 
dependence of the admittance on low-frequency 
power is nonzero at the 70% confidence level. We 
cannot explain this interaction between the tides 
and the long-period noise. 

Yellowstone National Park Sites 

Figure 12 

The Yellowstone array was designed to test the 
hypothesis that the tides would be significantly 

. 0 1.25 

x. . x x  . . 
x-. x x  x 

.- . 
'0 x..*. 

g 1.00 x,.=-X 

X I .  

Std .  dev. F 
. 4 . . 

R X  x x  ! I x x :  x x  : x x x  

0.75 I I I I I 1 I 
-100 - 9 8  -96  -94  -92  -90 

Long-period power in dB rel. to I (rod)' /Hz 

Fig. 12. M2 admittance at Erie, Colorado, as a 
function of the low-frequency noise power. The 
ordinate is in units of the body tide along the 
azimuth of the tiltmeter. The dashed curve is a 
least squares fit to the points. 
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Fig. 13. Ma admittance at Erie, Colorado, as a 
function of the power at 1.5 cycles per day. 
ordinate is in units of the body tide along the 
azimuth of the tiltmeter. The dashed curve is a 
least squares fit to the points. 

The 

modified near the boundary between two regions of 
different elastic properties [Beaumont and 
Berger, 19741. The sites were therefore chosen 
near the edges of the anomalous, partially molten 
body as defined by Eaton et al. [1975], Smith et 
al. [1982], and others. The need for telephone 
and power lines and the requirements of the 
National Park Service constrained the sit2s to be 
in service areas. 

Two holes, a few meters apart, were drilled at 
each of five sites (Table 1). The nominal depth 
of each hole was 30 m, although the actual depths 
varied somewhat due to local conditions. The 
bottom of the borehole was below the water table 
at all sites. All of the boreholes were not in 
use simultaneously, since we did not have 10 
tiltmeters, but simultaneous records from both 
boreholes were recorded at Canyon and Lake. 

experiment were first operated in Colorado for 
several months to evaluate their performance, and 
each instrument was calibrated whenever it was 
returned to Boulder. The calibration factor of 
each instrument was stable to 1%. 

The secular tilt rate at all of the sites 
varied from 0.5 to 1.0 prad/yr. In addition, 
there are large annual (and 24-month period) 
tilts that are correlated with changes in the 
water table and the snow level (Figure 14). The 
annual cycle is asymmetric, showing a gradual 
accumulation during the fall and winter followed 
by a rapid decrease in the spring. The east- 
west component of the annual cycle is a regional 
effect; tiltmeters at Madison and Lake (about 35 
km apart) show the same annual cycle, even though 
the tilts at shorter periods are quite different 
(Figure 15). There is more variability in the 
north-south component (Figure 16), and western 
stations, such as Madison, showed a much smaller 
decrease in the spring of 1985, followed by a 
larger, compensating decrease in 1986. 

All of the tiltmeters used in the Yellowstone 

We searched for, but could not find, corre- 
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Fig. 14. Secular tilt at Canyon compared with 
the height of Yellowstone Lake and approximate 
snow depth. 
year is apparently related to the change in the 
level of the lake and the changes in the water 
table that accompany the melting of the large 
snow pack. The Lake height data and the snow 
depth were provided by W. Hamilton of the 
National Park Service. (a) East-west component. 
(b) North-south component. 

The large tilt in the spring of each 

lations between the secular tilt and local 
effects such as radon emission and variations in 
hydrothermal activity. 

A detailed discussion of the Earth tide 
measurements and a comparison with the predic- 
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Fig. 15. Comparison of the east-west tilt at 
Lake and Madison. 
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Fig. 16. Comparison of the north-south tilt at 
Lake and Madison. 
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tions of a finite element model of the region are 
given by Meertens et al. [this issue]. 

Conclusions 

We have designed a borehole tiltmeter and 
associated hardware and software, and we have 
used the system to study secular and tidal tilt 
in Colorado and Yellowstone National Park, 
Wyoming. 
5 prad and a resolution of 2 nrad. The instru- 
mental response is linear to within 0.3%. 

We measured secular tilt rates that varied 
from 0.5-1.0 prad/yr, with the Yellowstone 
instruments showing larger annual signals that 
are correlated with changes in snow pack and 
groundwater level. There is significant co- 
herence between tilts at intermediate periods 
measured by closely spaced instruments, but long- 
period tilts (except for the annual cycle in 
Yellowstone) show much less correlation. 

We have found good agreement between meas- 
urements of the Earth tides in Colorado and 
values to be expected based on simple, first- 
order models; monthly estimates typically show 
formal errors of the order of 2%, but consec- 
utive, nominally identical estimates deviate by 
more than this value from the mean. Our data 
from Erie suggest a coupling between the tides 
and the noise at longer periods. 
explain these observations. 

The tiltmeters have a dynamic range of 

We cannot 
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