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THE MEASUREMENT OF FREOUENCY AND FREQUENCY STABILITY 
OF PRECISION OSCILLATORS 

David W. Allan 

The specification and performance of precision oscillators is a very 
important topic to the owners and users of these oscillators. 
paper presents at the tutorial level some convenient methods of 
measuring the frequencies and/or the frequency stabilities of precision 
oscillators--giving advantages and disadvantages of these methods. 

Conducting such measurements, of course, gives additional understanding 
into the performance of the given pair of oscillators involved. 
it is shown that by processing the data from the frequency measurements 
in certain ways, one may be able to state more general characteristics 
of the oscillators being measured. The goal in this regard is to allow 
the comparisons of different manufacturers’ specifications and more 
importantly to help assess whether these oscillators will meet the 
standard of performance the user may have in a particular application. 

This 

Further 

The methods employed for measuring frequency are designed for state-of- 
the-art oscillators, and an effort has been made to allow for fairly 
simple, inexpensive, and/or commonly available components to be used in 
the measurement systems. The method for measuring frequency stability 
is basically that recommended by the IEEE subcommittee on Frequency 
Stability of the Technical Committee on Frequency and Time of the IEEE 
Group on Instrumentation & Measurement. 

Keywords: Accurate frequency measurement; Accurate time measurement; 
Frequency; Frequency stability; Frequency stability analysis; 
Models of frequency stability; Picosecond time difference 
measurements. 

1. INTRODUCTION 

Precision oscillators play an important role, in high speed communications, navigation, 
space tracking, deep space probes and in numerous other important applications. 
paper I will review some precision methods of measuring the frequency and frequency stabil- 
ity of precision oscillators. The paper will be tutorial in nature and will concentrate on 
fairly well established methods; 
useful method. 
later on and then discuss four different ways of measuring frequency and frequency stability. 
Finally, I will discuss briefly some useful methods of analyzing the results--to more nearly 
maximize the information that may be deduced from the data. 

In this 

however, it will present one apparently unexploited and 
I will first define some terms and some basic concepts that will be useful 

The typical precision oscillator, of course, has a very stable sinusoidal voltage out- 

The goal is to measure the frequency and/or 

The voltage out of the oscillator 

put with a frequency V and a period of oscillation T, which is the reciprocal of the 
frequency, V = l / ~ ,  as illustrated in figure 1. 
the frequency stability of the sinusoid. 
confusion it is often called stability in the literature. 
may be modeled by equation 1: 

Instability is actually measured, but with little 

v1 = V sin (2mlt). 
P 

Of course, one sees that the period of this oscillation is the number of seconds per 
cycle or the inverse of the frequency in cycles per second. Naturally, fluctuations in 
frequency correspond to fluctuations in the period. Almost all frequency measurements, 
with very few exceptions, are measurements of phase or of the period fluctuations in an 
oscillator, not of frequency, even though the frequency may be the readout. 
most frequency counters sense the zero (or near zero) crossing of the sinusoidal voltage, 
which is the point at which the voltage is the most sensitive to phase fluctuations. 

A s  an example, 

One must also realize that any frequency measurement always involves two oscillators. 



I n  some i n s t a n c e s ,  t h e  o s c i l l a t o r  is  i n  t h e  c o u n t e r .  O n e  can never  measure p u r e l y  only  one 
o s c i l l a t o r .  I n  some i n s t a n c e s  one o s c i l l a t o r  may be  enough b e t t e r  than  t h e  o t h e r  t h a t  t h e  
f l u c t u a t i o n s  measured may b e  cons idered  e s s e n t i a l l y  those  of t h e  l a t t e r .  However, i n  gen- 
e ra l  because  frequency measurements are always d u a l ,  i t  is u s e f u l  t o  d e f i n e :  

v -v 

v 
y ( t )  = 1 0 

0 

as t h e  f r a c t i o n a l  f requency d e v i a t i o n  of s a y  o s c L l l a t o r  one w i t h  r e s p e c t  t o  a r e f e r e n c e  
o s c i l l a t o r  V 
and u s e f u l  i n  d e s c r i b i n g  o s c i l l a t o r  and c l o c k  performance; 
x ( t ) ,  of a n  o s c i l l a t o r  over  a p e r i o d  of t i m e  t ,  are s imply g iven  by: 

d i v i d e d  by t h e  nominal f requency v0. Now, y ( t )  i s  a d imens ionless  q u a n t i t y  
0 e .g .  t h e  t i m e  f l u c t u a t i o n s ,  

S i n c e  i t  is  imposs ib le  t o  measure i n s t a n t a n e o u s  frequency,  any frequency o r  f r a c t i o n a l  f r e -  
quency measurement always i n v o l v e s  some sample t i m e ,  T--some t i m e  window through which t h e  
o s c i l l a t o r s  are observed;  whether  i t ’ s  a picosecond,  a second, o r  a day, t h e r e  i s  always 
some sample t i m e .  So when de termining  a f r a c t i o n a l  f requency,  y ( t ) ,  i n  f a c t  what happens 
i n  t h e  d e v i c e  i s  t h a t  t h e  t i m e  f l u c t u a t i o n  i s  be ing  measured s a y  s t a r t i n g  a t  some t i m e  t 
and a g a i n  a t  a la ter  t i m e ,  t + T. The d i f f e r e n c e  i n  t h e s e  two t i m e  f l u c t u a t i o n s ,  d i v i d e d  
by ‘r g i v e s  t h e  average  f r a c t i o n a l  f requency over  t h a t  p e r i o d  T:  

Y ( t ,  T )  = x ( t  + t) - x ( t )  ( 4 )  
T 

Tau, T ,  may b e  c a l l e d  t h e  sample t i m e  o r  averaging  t i m e ;  e . g .  i t  may be  determined by t h e  
g a t e  t i m e  of  a c o u n t e r .  

What happens i n  many cases i s  t h a t  one samples a number of c y c l e s  of an o s c i l l a t i o n  
d u r i n g  t h e  p r e s e t  g a t e  t i m e  of a c o u n t e r ;  a f t e r  t h e  g a t e  t i m e  h a s  e l a p s e d  t h e  counter  
l a t c h e s  t h e  v a l u e  of t h e  number of c y c l e s  so t h a t  i t  can be read o u t ,  p r i n t e d  o r  s t o r e d  i n  
some o t h e r  way, and t h e n  t h e r e  is  a d e l a y  t i m e  f o r  such p r o c e s s i n g  of t h e  d a t a  b e f o r e  t h e  
counter  arms and starts a g a i n  on t h e  n e x t  c y c l e  of t h e  o s c i l l a t i o n .  During t h e  de lay  t i m e  
o r  p r o c e s s  t i m e ,  i n f o r m a t i o n  i s  l o s t .  We have chosen t o  c a l l  i t  dead t i m e  and i n  some 
i n s t a n c e s  i t  becomes a problem. Unfor tuna te ly  f o r  t h e  d a t a  p r o c e s s i n g  i n  t y p i c a l  
o s c i l l a t o r s  t h e  e f f e c t s  of dead t i m e  h u r t  t h e  most when it i s  t h e  h a r d e s t  t o  avoid .  I n  
o t h e r  words, f o r  t i m e s  t h a t  are s h o r t  compared t o  a second, when it is  very  d i f f i c u l t  t o  
avoid dead t i m e ,  t h a t  is  u s u a l l y  where dead t i m e  makes a d i f f e r e n c e  i n  t h e  d a t a .  
f o r  common o s c i l l a t o r s ,  i f  t h e  sample t i m e  is  long  compared t o  a second,  t h e  dead t i m e  
makes l i t t l e  d i f f e r e n c e  i n  t h e  d a t a  a n a l y s i s ,  u n l e s s  it i s ’ e x c e s s i v e  131. 

T y p i c a l l y  

2 .  SOME METHODS OF MEASUREMENT 

I n  r e a l i t y  of c o u r s e ,  t h e  s i n u s o i d a l  ou tput  of an o s c i l l a t o r  is  n o t  pure ;  b u t  i t  con- 
t a i n s  n o i s e  f l u c t u a t i o n s  as w e l l .  This  s e c t i o n  d e a l s  w i t h  t h e  measurement of t h e s e  f l u c t u a -  
t i o n s  t o  de te rmine  t h e  q u a l i t y  of a p r e c i s i o n  s i g n a l  source .  

I w i l l  d e s c r i b e  f o u r  d i f f e r e n t  methods of  measuring t h e  frequency f l u c t u a t i o n s  i n  
p r e c i s i o n  o s c i l l a t o r s .  

2 



2 . 1  Loose Phase Lock Loop Method 

The  f i r s t  i s  i l l u s t r a t e d  i n  f i g u r e  2 .  The  s i g n a l  from an o s c i l l a t o r  under  t es t  i s  fed 
The s i g n a l  from a r e f e r e n c e  o s c i l l a t o r  i s  f e d  i n t o  t h e  o t h e r  p o r t  i n t o  one p o r t  of a mixer.  

of  t h i s  mixer .  The s i g n a l s  are i n  q u a d r a t u r e ,  t h a t  i s ,  t h e y  a r e  90 degrees  o u t  o f  phase so 
t h a t  t h e  average v o l t a g e  o u t  of t h e  mixer i s  nominal ly  z e r o ,  and t h e  i n s t a n t a n e o u s  v o l t a g e  
f l u c t u a t i o n  cor responds  t o  phase f l u c t u a t i o n s  r a t h e r  than  t o  t h e  ampli tude f l u c t u a t i o n s  between 
t h e  two s i g n a l s .  The mixer i s  a key element i n  t h e  system. The advent  of  t h e  Schot tky  barrier 
diode was a s i g n i f i c a n t  breakthrough i n  making low n o i s e  p r e c i s i o n  s t a b i l i t y  measurements 
and i n  a l l  f o u r  measurement methods d e s c r i b e d  below a double  balanced Schot tky  barrier d iode  
mixer i s  employed. The o u t p u t  o f  t h i s  mixer i s  f e d  through a low p a s s  f i l t e r  and then  ampli-  
f i e d  i n  a feedback loop ,  caus ing  t h e  v o l t a g e  c o n t r o l l e d  o s c i l l a t o r  ( r e f e r e n c e )  t o  be phase 
locked t o  t h e  t es t  o s c i l l a t o r .  The a t t a c k  t ime o f  t h e  loop  i s  a d j u s t e d  such t h a t  a very  
l o o s e  phase lock c o n d i t i o n  e x i s t s .  

The a t t a c k  t i m e  i s  t h e  t i m e  i t  t a k e s  t h e  servo  system t o  make 70% of i t s  u l t i m a t e  cor-  
r e c t i o n  a f te r  be ing  s l i g h t l y  d i s t u r b e d .  The a t t a c k  t i m e  is  e q u a l  t o  t h e  i n v e r s e  of TT t i m e s  
t h e  s e r v o  bandwidth. I f  t h e  a t t a c k  of t h e  loop is  about  a second then  t h e  v o l t a g e  f l u c t u a -  
t i o n  w i l l  be  p r o p o r t i o n a l  t o  t h e  phase f l u c t u a t i o n  f o r  sample t i m e s  s h o r t e r  than  t h e  a t t a c k  
t i m e  o r  f o r  F o u r i e r  f r e q u e n c i e s  g r e a t e r  t h a n  about  1 Hz. Depending on t h e  c o e f f i c i e n t  o f  t h e  
tun ing  c a p i c i t o r  and t h e  q u a l i t y  of  t h e  o s c i l l a t o r s  involved ,  t h e  a m p l i f i c a t i o n  used may vary  
s i g n i f i c a n t l y  b u t  may t y p i c a l l y  range from 40 t o  80 dB v i a  a good low n o i s e  a m p l i f i e r .  I n  
t u r n  t h i s  s i g n a l  can be f e d  t o  a spectrum a n a l y z e r  t o  measure t h e  F o u r i e r  components of  t h e  
phase f l u c t u a t i o n s .  This  system of  frequency-domain a n a l y s i s  has  been w e l l  documented i n  t h e  
l i t e r a t u r e  [ l ,  2 ,  31 and has  proven very  u s e f u l  a t  NBS; s p e c i f i c a l l y ,  it i s  o f  u s e  f o r  sample 
t i m e s  s h o r t e r  than  one second f o r  F o u r i e r  f r e q u e n c i e s  g r e a t e r  than  1 Hz i n  a n a l y z i n g  t h e  
c h a r a c t e r i s t i c s  of  an o s i c l l a t o r .  I t  i s  a l s o  s p e c i f i c a l l y  very  u s e f u l  i f  you have d i s c r e t e  
s i d e  bands such as 60Hz or d e t a i l e d  s t r u c t u r e  i n  t h e  spectrum. 

2 . 2  T i g h t  Phase Lock Loop Method 

The second system (shown i n  f i g .  3 )  i s  e s s e n t i a l l y  t h e  s a m e  as i n  f i g u r e  2 except  t h a t  
i n  t h i s  c a s e  t h e  loop  is  i n  a t i g h t  phase l o c k  c o n d i t i o n ;  i . e .  t h e  a t t a c k  t i m e  of t h e  loop 
should be  of t h e  o r d e r  of a few m i l l i s e c o n d s .  I n  such a case, t h e  phase f l u c t u a t i o n s  are 
be ing  i n t e g r a t e d  s o  t h a t  t h e  v o l t a g e  o u t p u t  is  p r o p o r t i o n a l  t o  t h e  frequency f l u c t u a t i o n s  
between t h e  two o s c i l l a t o r s  and is no longer  p r o p o r t i o n a l  t o  t h e  phase f l u c t u a t i o n s  f o r  
sample t i m e s  longer  than  t h e  a t t a c k  t i m e  of t h e  loop.  The b i a s  box i s  used t o  a d j u s t  t h e  
v o l t a g e  on t h e  v a r i c a p  t o  a tun ing  p o i n t  t h a t  i s  f a i r l y  l i n e a r  and of a r e a s o n a b l e  v a l u e .  
T y p i c a l l y ,  t h e  o s c i l l a t o r s  w e  have used a t  NBS are about  1 p a r t  i n  10 p e r  v o l t .  The v o l t a g e  
f l u c t u a t i o n s  p r i o r  t o  t h e  b i a s  box (b iased  s l i g h t l y  away from zero)  are f e d  t o  a v o l t a g e  t o  
f requency c o n v e r t e r  which i n  t u r n  i s  f e d  t o  a f requency counter  where one may read o u t  t h e  
frequency f l u c t u a t i o n s  wi th  g r e a t  a m p l i f i c a t i o n  of t h e  i n s t a b i l i t i e s  between t h i s  p a i r  of 
o s c i l l a t o r s .  The frequency counter  d a t a  are logged wi th  a p r i n t e r  o r  some o t h e r  d a t a  logging  
device .  The c o e f f i c i e n t  of t h e  v a r i c a p  and t h e  c o e f f i c i e n t  of t h e  v o l t a g e  t o  f requency 
c o n v e r t e r  are used t o  de te rmine  t h g h f r a c t i o n a l  f requency f l u c t u a t i o n s ,  yi ,  between t h e  
o s c i l l a t o r s ,  where i denotes  t h e  i measurement as shown i n  f i g u r e  3 .  I t  i s  not d i f f i c u l t  t o  
achieve  a s e n s i t i v i t y  o f  a p a r t  i n  l O I 4  p e r  H z  r e s o l u t i o n  o f  t h e  frequency c o u n t e r ,  so one 
has e x c e l l e n t  p r e c i s i o n  c a p a b i l i t i e s  w i t h  t h i s  system. 

9 

The advantages and d isadvantages  of t h i s  type  of t i g h t  phase l o c k  system are as fo l lows:  

ADVANTAGES: The component c o s t  is about  two hundred d o l l a r s  u n l e s s  one does n o t  have 

Most people  involved w i t h  t i m e  and frequency measurements a l r e a d y  have 
a v o l t a g e  c o n t r o l l a b l e  o s c i l l a t o r .  Voltage t o  f requency c o n v e r t e r s  can now b e  purchased 
f o r  about  $150.00. 
c o u n t e r s  and o s c i l l a t o r s  and s o  I have n o t  e n t e r e d  t h e s e  a s  expenses .  I n  a d d i t i o n ,  good 
bandwidth c o n t r o l  i s  o b t a i n a b l e  w i t h  t h i s  system and t h e  p r e c i s i o n  is adequate  t o  measure 
e s s e n t i a l l y  any of t h e  s t a t e - o f - t h e - a r t  o s c i l l a t o r s .  The sample t i m e  can b e  of t h e  o r d e r  
of a second o r  longer ;  i t  is d i f f i c u l t  t o  go s h o r t e r  than  one second o r  a n  i n t e r a c t i o n  
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w i l l  occur  w i t h  t h e  a t t a c k  t i m e  of t h e  t i g h t  phase l o c k  loop .  
i n  f a c t ,  i f  one h a s  a v e r y  f a s t  c o u n t e r ,  ( a  counter  which can s c a n  t h e  d a t a  more q u i c k l y  
than  t h e  a t t a c k  t i m e  of  t h e  loop)  t h e  dead t i m e  w i l l  be  n e g l i g i b l e .  

The dead t i m e  can b e  small; 

DISADVANTAGES: An o s c i l l a t o r  t h a t  is  c o n t r o l l a b l e  i s  necessary .  For t h e  p r i c e  of 
i n c r e a s e d  p r e c i s i o n ,  one has  i n c r e a s e d  complexi ty  over  s imply measuring w i t h  a d i r e c t  f r e -  
quency c o u n t e r .  The v a r i c a p  tun ing  c u r v e  is  n o n l i n e a r ;  f o r  t h a t  reason  and some o t h e r  
reasons  t h i s  method is  n o t  u s e f u l  i n  measuring t h e  a b s o l u t e  f requency d i f f e r e n c e  between 
t h e  p a i r  of o s c i l l a t o r s  involved i n  t h e  measurement. Of course  t h i s  tun ing  curve  can b e  
c a l i b r a t e d  w i t h  some e f f o r t .  This  method is b a s i c a l l y  conducive t o  measuring frequency 
s t a b i l i t y .  

2 . 3 .  Beat Frequency Method 

The t h i r d  system is  c a l l e d  a he terodyne  frequency measuring method o r  b e a t  f requency 
method. The s i g n a l  from two independent  o s c i l l a t o r s  are f e d  i n t o  t h e  two p o r t s  of a 
double  balanced mixer as i l l u s t r a t e d  i n  f i g u r e  4. The d i f f e r e n c e  frequency o r  t h e  b e a t  
f requency,  Vb, i s  o b t a i n e d  as  t h e  o u t p u t  o f  a l o w  p a s s  f i l t e r  which f o l l o w s  t h e  mixer .  
This  b e a t  f requency is t h e n  ampl i f ied  and f e d  t o  a frequency counter  and p r i n t e r  o r  some 
r e c o r d i n g  device .  The f r a c t i o n a l  f requency is obta ined  by d i v i d i n g  V by t h e  nominal 
c a r r i e r  f requency v . b 

0 

ADVANTAGES: This  system has  e x c e l l e n t  p r e c i s i o n ;  one can measure e s s e n t i a l l y  a l l  
s t a t e - o f - t h e - a r t  o s c i l l a t o r s .  The component c o s t  is a few hundred d o l l a r s .  

DISADVANTAGES: The sample t i m e  must b e  equal  t o  o r  g r e a t e r  than  t h e  b e a t  p e r i o d ,  and 
f o r  good t u n a b l e  q u a r t z  o s c i l l a t o r s  t h i s  w i l l  b e  of  t h e  o r d e r  of a few seconds;  i . e .  
t y p i c a l l y ,  i t  is  d i f f i c u l t  t o  have a sample t i m e  s h o r t e r  than  a few seconds.  The dead t i m e  
f o r  t h i s  measurement system w i l l  be  e q u a l  t o  o r  g r e a t e r  t h a n  t h e  b e a t  p e r i o d  u n l e s s ,  f o r  
example, one uses  a second counter  which s tar ts  when t h e  f i r s t  one s t o p s .  Observing t h e  
b e a t  f requency only  i s  i n s u f f i c i e n t  in format ion  t o  t e l l  whether one o s c i l l a t o r  i s  h igh  o r  
low i n  frequency w i t h  r e s p e c t  t o  t h e  o t h e r  one--a s i g n i f i c a n t  d i sadvantage  f o r  making ab- 
s o l u t e  f requency measurements. However, i t  is  o f t e n  n o t  d i f f i c u l t  t o  g a i n  t h i s  a d d i t i o n a l  
in format ion  t o  de te rmine  t h e  s i g n  (+ o r  -) of t h e  b e a t  f requency.  The f r e q u e n c i e s  of t h e  
two o s c i l l a t o r s  must b e  d i f f e r e n t .  

2.4. Dual Mixer T i m e  D i f f e r e n c e  System 

The f o u r t h  and las t  system which shows some s i g n i f i c a n t  promise is  one t h a t  has  n o t  
o f t e n  been e x p l o i t e d .  
mentioned t h a t  i f  t h e  t i m e  o r  t h e  t i m e  f l u c t u a t i o n s  can be  measured d i r e c t l y  a n  advantage 
i s  o b t a i n e d  over  j u s t  measuring t h e  frequency.  
f requency from t h e  t i m e  wi thout  dead t i m e  as w e l l  as know t h e  t i m e  behavior .  The reason ,  
i n  t h e  p a s t ,  t h a t  f requency h a s  n o t  been i n f e r r e d  from t h e  t i m e ,  f o r  sample t i m e s  of t h e  
o r d e r  of s e v e r a l  seconds and s h o r t e r ,  is t h a t  t h e  t i m e  d i f f e r e n c e  between a p a i r  of 
o s c i l l a t o r s  o p e r a t i n g  as c l o c k s  “fild n o t  b e  measured w i t h  s u f f i c i e n t  p r e c i s i o n  (commercially 
t h e  b e s t  t h a t  i s  a v a i l a b l e  ‘ s  10 seconds) .  The system d e s c r i b e d  i n  t h i  s e c t i o n  demon- 
s t r a t e d  a p r e c i s i o n  of 10-l’ seconds w i t h  t h e  p o t e n t i a l  of do ing  about  10 
a p r e c i s i o n  opens t h e  door  t o  making t i m e  measurements as w e l l  as frequency and frequency 
s t a b i l i t y  measurements f o r  sample t i m e s  as s h o r t  as a few m i l l i s e c o n d s  as w e l l  as f o r  longer  
sample t i m e s  and a l l  wi thout  dead t i m e .  I n  f i g u r e  5 ,  o s c i l l a t o r  1 could b e  cons idered  under 
tes t  and o s c i l l a t o r  2 could b e  cons idered  t h e  r e f e r e n c e  o s c i l l a t o r .  These s i g n a l s  go t o  t h e  
p o r t s  of a p a i r  of double  ba lanced  mixers .  
b u f f e r e d  o u t p u t s  is  fed  t o  t h e  remaining o t h e r  two p o r t s  of t h e  p a i r  of double  balanced 
mixers .  
o s c i l l a t o r s .  I n  which c a s e  two d i f f e r e n t  b e a t  f r e q u e n c i e s  come o u t  of t h e  two mixers  as 
shown. These two b e a t  f r e q u e n c i e s  w i l l  be  o u t  of  phase by a n  amount p r o p o r t i o n a l  t o  t h e  
t i m e  d i f f e r e n c e  between o s c i l l a t o r  1 and 2--excluding t h e  d i f f e r e n t i a l  phase s h i f t  t h a t  may 
b e  i n s e r t e d ;  
between o s c i l l a t o r s  1 and 2.  

A b lock  diagram is  shown i n  f i g u r e  5. I n  p r e f a c e  i t  should be  

The reason  being t h a t  one can c a l c u l a t e  t h e  

-74 seconds.  Such 

Another o s c i l l a t o r  w i t h  s e p a r a t e  symmetric 

This  common o s c i l l a t o r ’ s  f requency i s  o f f s e t  by a d e s i r e d  amount from t h e  o t h e r  two 

and w i l l  d i f f e r  i n  f requency by a n  amount e q u a l  t o  t h e  frequency d i f f e r e n c e  
Now t h i s  system i s  a l s o  v e r y  u s e f u l  i n  t h e  s i t u a t i o n  where 
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one has  o s c i l l a t o r  1 and osci l la tor  2 on t h e  same frequency.  The heterodyne or beat fre- 
quency method, i n  c o n t r a s t ,  cannot  b e  used i f  b o t h  o s c i l l a t o r s  are on t h e  s a m e  f requency .  
Q u i t e  o f t e n  i t  is t h e  c a s e  w i t h  atomic s t a n d a r d s  (cesium, rubidium, and hydrogen frequency 
s t a n d a r d s )  t h a t  o s c i l l a t o r s  1 and 2 w i l l  nominal ly  be  on t h e  same frequency.  

I l l u s t r a t e d  a t  t h e  bottom of f i g u r e  5 is what might be  represented  as t h e  b e a t  f r e -  
quencies  o u t  of t h e  two mixers .  A phase s h i f t e r  may be  i n s e r t e d  as i l l u s t r a t e d  t o  a d j u s t  
t h e  phase s o  t h a t  t h e  two b e a t  rates are nominal ly  i n  phase;  t h i s  adjustment  sets up t h e  
n i c e  c o n d i t i o n  t h a t  t h e  n o i s e  of t h e  common o s c i l l a t o r  tends  t o  c a n c e l  ( f o r  c e r t a i n  t y p e s  
of n o i s e )  when t h e  t i m e  d i f f e r e n c e  is  determined i n  t h e  next  s t e p .  
b e a t  s i g n a l s ,  t h e  s ta r t  p o r t  of a t i m e  i n t e r v a l  counter  is t r i g g e r e d  w i t h  t h e  zero  c r o s s i n g  
of one b e a t  and t h e  s t o p  p o r t  w i t h  t h e  zero  c r o s s i n g  of t h e  o t h e r  b e a t .  By t a k i n g  t h e  t i m e  
d i f f e r e n c e  between t h e  zero c r o s s i n g s  of t h e s e  b e a t  f r e q u e n c i e s ,  what e f f e c t i v e l y  i s  be ing  
measured i s  t h e  t i m e  d i f f e r e n c e  between o s c i l l a t o r  1 and o s c i l l a t o r  2 ,  b u t  w i t h  a p r e c i s i o n  
which has  been ampl i f ied  by t h e  r a t i o  of t h e  carrier frequency t o  t h e  b e a t  f requency over  
t h a t  normtkly a c h i e v a b l e  w i t h  t h i s  same t i m e  i n t e r v a l  c o u n t e r .  
f o r  t h e  i 

A f t e r  ampl i fy ing  t h e s e  

The t i m e  d i f f e r e n c e  x ( i )  
measurement between o s c i l l a t o r s  1 and 2 i s  given by e q u a t i o n  5: 

x ( i )  = A t ( i )  - A + g 
TV 2TV v 

where A t ( i )  i s  t h e  ith t i m e  d i f f e r e n c e  as read on t h e  c o u n t e r ,  T i s  t h e  
t h e  nominal carrier f requency ,  @ i s  t h e  phase d e l a y  i n  r a d i a n s  added t o  

(5) 

bea t  p e r i o d ,  v i s  
t h e  s i g n a l  of 

o s c i l l a t o r  1, and n i s  an i n t e g e r  t o  be  determined- i n  o r d e r  t o  remove t h e  c y c l e  ambigui ty .  
It is only  important  t o  know n i f  t h e  a b s o l u t e  t i m e  d i f f e r e n c e  is d e s i r e d ;  f o r  f requency 
and frequency s t a b i l i t y  measurements and f o r  t i m e  f l u c t u a t i o n  measurements, n may be  assumed 
zero u n l e s s  one goes through a c y c l e  d u r i n g  a set  of measurements. The f r a c t i o n a l  f requency 
can be  der ived  i n  t h e  normal way from t h e  t i m e  f l u c t u a t i o n s .  

v l ( i ,  T)  - v ( i ,  T )  2 
V 

Y1,2(i, = x ( i  + 1) - x ( i )  
T 

A t ( i  + 1 )  - A t ( i )  
2 

T V  

I n  equat ions  (5) and ( 6 ) ,  t h e  assumptions are made t h a t  t h e  t r a n s f e r  o r  common o s c i l l a t o r  i s  
set  a t  a lower frequency than  o s c i l l a t o r s  1 and 2 ,  and t h a t  t h e  v o l t a g e  zero  c r o s s i n g  of t h e  
b e a t  v - V starts and t h a t  i f  V - V s t o p s  t h e  t i m e  i n t e r v a l  c o u n t e r .  The f r a c t i o n a l  
f requency 1 2  d i f f e r e n c e  may be averaged 2 0  over  any i n t e g e r  m u l t i p l e  of T :  

y, , , ( i ,  m T )  = x ( i  + m) - x ( i )  
mT 

(7 )  

where m is  any p o s i t i v e  i n t e g e r .  
l a r g e  b e a t  f r e q u e n c i e s .  I n  t h e  system set up a t  NBS,  t h e  common o r  t r a n s f e r  o s c i l l a t o r  w a s  
rep laced  w i t h  a low phase-noise f requency s y n t h e s i z e r ,  which der ived  i t s  b a s i c  r e f e r e n c e  
frequency from o s c i l l a t o r  2 .  I n  t h i s  set-up t h e  nominal b e a t  f r e q u e n c i e s  are s imply given 
by t h e  amount t h e  output  f requency of  t h e  s y n t h e s i z e r  is  o f f e s t  from v2 .  
s h o r t  as a few m i l l i s e c o n d s  were e a s i l y  obta ined .  
a problem wi thout  s p e c i a l  equipment,  e .g .  magnet ic  t a p e .  

I f  needed, T can be  made t o  b e  v e r y  s m a l l  by having v e r y  

Sample t i m e s  as 
Logging t h e  d a t a  a t  such a ra te  can b e  

I n  t h e  NBS set-up,  a computing 
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counter  w a s  used w i t h  a p r o c e s s i n g  t i m e  of about  1 .5  m s ,  and sample t i m e  s t a b i l i t i e s  were 
observed f o r  2 m s  and longer  ( s e e  appendix f o r  a computing counter  program p o s s i b i l i t y ) .  

ADVANTAGES: If t h e  o s c i l l a t o r s ,  i n c l u d i n g  t h e  t r a n s f e r  o s c i l l a t o r ,  and a t i m e  i n t e r v a l  
counter  are a v a i l a b l e ,  t h e  component c o s t  is  f a i r l y  inexpens ive  ($500, most of which i s  t h e  
c o s t  of t h e  phase s h i f t e r ) .  The measurement system bandwidth i s  e a s i l y  c o n t r o l l e d  ( n o t e  
t h a t  t h i s  should b e  done i n  tandem w i t h  b o t h  low pass  f i l t e r s  be ing  symmetr ica l ) .  The 
measurement p r e c i s i o n  is  such t h a t  one c a n  measure e s s e n t i a l l y  a l l  s t a t e - o f - t h e - a r t  o s c i l -  
l a t o r s .  For example, i f  t h e  o s c i l l a t o r s  are a t  5 MHz, t h e  b e a t  f r e q u e n c i e s  are 0.5 Hz, and 
t h e  t i m e  i n t e r v a I 4 c o u n t e r  employed h a s  a p r e c i s i o n  of 0 . 1  us, then  t h e  p o t e n t i a l  measurement 
p r e c i s i o n  i s  10 s (10 femto seconds)  f o r  T = 2 s ;  o t h e r  t h i n g s  w i l l  l i m i t  t h e  p r e c i s i o n  
such as n o i s e  i n  t h e  a m p l i f i e r s .  A s  has  been s t a t e d  above, t h e r e  is no dead t i m e  which i s  
q u i t e  convenient  f o r  v e r y  s h o r t  sample times (of t h e  o r d e r  of m i l l i s e c o n d s ) .  With o t h e r  
methods, dead t i m e  problems are d i f f i c u l t  t o  avoid i n  t h i s  r e g i o n  of sample t i m e .  The 
sample t i m e ,  which i s  t h e  nominal per iod  ( o r  an i n t e g e r  m u l t i p l e  of t h e  nominal p e r i o d )  of 
t h e  b e a t  f requency between t h e  common o s c i l l a t o r  and o s c i l l a t o r  1 o r  2 ,  i s  convenient ly  
s e t a b l e  t o  any v a l u e  d e s i r e d  w i t h i n  t h e  dynamic range  of  t h e  equipment by a d j u s t i n g  t h e  
frequency of t h e  common o s c i l l a t o r .  I f  t h e  common o s c i l l a t o r  is a frequency s y n t h e s i z e r  
t h e n  t h e  b e a t  p e r i o d  may b e  s e l e c t e d  v e r y  convenient ly .  The s y n t h e s i z e r  should have f a i r l y  
low phase n o i s e  t o  o b t a i n  t h e  maximum p r e c i s i o n  from t h e  system. The system measures t i m e  
d i f f e r e n c e  r a t h e r  than  frequency and hence h a s  t h a t  advantage.  One may c a l c u l a t e  from t h e  
d a t a  b o t h  t h e  magnitude and t h e  s i g n  of t h e  frequency d i f f e r e n c e .  This  system, t h e r e f o r e ,  
a l l o w s  t h e  measurement of  t i m e  f l u c t u a t i o n s  as w e l l  as t i m e  d i f f e r e n c e ,  and t h e  c a l c u l a t i o n  
of f requency f l u c t u a t i o n s  as w e l l  as a b s o l u t e  f requency d i f f e r e n c e s  between t h e  two o s c i l -  
l a t o r s  i n  q u e s t i o n .  
f e e d i n g  a s i g n a l  from one o s c i l l a t o r  symmetr ical ly  s p l i t  two ways t o  r e p l a c e  o s c i l l a t o r s  1 
and 2. 

The system may be  c a l i b r a t e d  and t h e  system n o i s e  b e  measured by simply 

DISADVANTAGES: The system i s  somewhat more complex than  t h e  o t h e r s .  Because of t h e  
low frequency b e a t s  involved ,  p r e c a u t i o n s  must b e  taken  t o  avoid ground loop  problems; 
t h e r e  are some s t r a i g h t f o r w a r d  s o l u t i o n s ;  
fol lowed by a d i f f e r e n t i a t o r  and i s o l a t i o n  t ransformer  worked very  w e l l  i n  avoid ing  ground 
loops .  Buffer  a m p l i f i e r s  are needed because t h e  mixers  p r e s e n t  a dynamic load t o  t h e  
o s c i l l a t o r - - a l l o w i n g  t h e  p o s s i b i l i t y  of c r o s s - t a l k .  The t i m e  d i f f e r e n c e  reading  i s  modulo 
t h e  b e a t  p e r i o d .  For example, a t  5 MHz t h e r e  i s  a 200 nanosecond per  c y c l e  ambigui ty  t h a t  
must b e  r e s o l v e d  i f  t h e  a b s o l u t e  t i m e  d i f f e r e n c e  is  d e s i r e d ;  t h i s  ambigui ty  is  u s u a l l y  a 
minor problem t o  r e s o l v e  f o r  p r e c i s i o n  o s c i l l a t o r s .  

e .g .  i n  t h e  NBS system a s a t u r a t e d  a m p l i f i e r  

A s  a n  example of  t h e  sys tem's  u s e ,  f i g u r e  6 i l l u s t r a t e s  a p l o t  of a s t r i p  c h a r t  re- 
cord ing  of a d i g i t a l  t o  ana log  o u t p u t  of t h e  s i g n i f i c a n t  d i g i t s  from t h e  t i m e  i n t e r v a l  
counter  between a q u a r t z  o s c i l l a t o r  and a h igh  performance commercial cesium o s c i l l a t o r .  
I n  o t h e r  words t h i s  i s  a p l o t  of t h e  t i m e  f l u c t u a t i o n s  between t h e s e  two o s c i l l a t o r s  as a 
f u n c t i o n  of t i m e .  
probably be  t h o s e  between t h e  q u a r t z  o s c i l l a t o r  and t h e  q u a r t z  o s c i l l a t o r  i n  t h e  cesium 
s e r v o  system. 
induced by t h e  cesium s e r v o  i n  i t s  e f f o r t  t o  move t h e  frequency of i t s  q u a r t z  o s c i l l a t o r  
t o  t h e  n a t u r a l  resonance of t h e  cesium atom--causing a random walk of t h e  t i m e  f l u c t u a t i o n s  
f o r  sample t i m e s  l o n g e r  than  t h e  s e r v o  a t t a c k  t i m e .  

The h igh  frequency f l u c t u a t i o n s  (over  f r a c t i o n s  of a second) would most 

The low frequency f l u c t u a t i o n s  (over  seconds)  would most probably be  t h o s e  

3 .  SOME METHODS OF DATA ANALYSIS 

Given a set of d a t a  of t h e  f r a c t i o n a l  f requency o r  t i m e  f l u c t u a t i o n s  between a p a i r  of 
o s c i l l a t o r s ,  i t  i s  u s e f u l  t o  c h a r a c t e r i z e  t h e s e  f l u c t u a t i o n s  w i t h  reasonable  and t r a c t a b l e  
models of performance. I n  s o  doing  f o r  many k inds  of o s c i l l a t o r s  i t  is  u s e f u l  to c o n s i d e r  
t h e  f l u c t u a t i o n s  as t h o s e  t h a t  are random (may only  b e  p r e d i c t e d  s t a t i s t i c a l l y )  and t h o s e  
t h a t  are non-random (e .g .  sys temat ics - - those  t h a t  are environmental ly  induced o r  t h o s e  t h a t  
have a c a u s a l  e f f e c t  t h a t  can b e  determined and i n  many c a s e s  can be  p r e d i c t e d ) .  
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3.1.  Non-random F l u c t u a t i o n s  

Non-random f l u c t u a t i o n s  are u s u a l l y  t h e  main cause  of d e p a r t u r e  from " t rue"  t i m e  o r  
" t rue"  frequency. 

I f  f o r  example one h a s  t h e  v a l u e s  of t h e  frequency over a pe r iod  of t i m e  and a frequency 
o f f s e t  from nominal i s  observed, one may c a l c u l a t e  d i r e c t l y  t h a t  t h e  t i m e  f l u c t u a t i o n s  w i l l  
d e p a r t  as a ramp ( s e e  f i g .  7 ) .  I f  t h e  frequency v a l u e s  show some l i n e a r  d r i f t  t hen  t h e  t i m e  
f l u c t u a t i o n s  w i l l  d e p a r t  as a q u a d r a t i c .  In a l m o s t  a l l  osc i l la tors  t h e  above 
s y s t e m a t i c s ,  as they  are sometimes c a l l e d ,  are t h e  primary cause  of t i m e  and/or  frequency 
d e p a r t u r e .  A u s e f u l  approach t o  de te rmine  t h e  v a l u e  of t h e  frequency o f f s e t  i s  t o  c a l c u l a t e  
t h e  s imple  mean of t h e  se t ,  o r  f o r  de te rmining  t h e  v a l u e  of t h e  frequency d r i f t  by ca l cu la -  
t i n g  a l i n e a r  least squa res  f i t  t o  t h e  frequency. A least  squa resquadra t i c  f i t  t o  t h e  
phase o r  t i m e  d e p a r t u r e  i s  n o t  as e f f i c i e n t  an  e s t i m a t o r  of t h e  frequency d r i f t  f o r  most 
o s c i l l a t o r s .  

3.2. Random F l u c t u a t i o n s  

A f t e r  c a l c u l a t i n g  o r  e s t i m a t i n g  t h e  s y s t e m a t i c  o r  non-random e f f e c t s  of a d a t a  se t ,  
t h e s e  may be  s u b t r a c t e d  from t h e  d a t a  l e a v i n g  t h e  r e s i d u a l  random f l u c t u a t i o n s .  These can 
u s u a l l y  b e  b e s t  c h a r a c t e r i z e d  s t a t i s t i c a l l y .  It i s  o f t e n  t h e  c a s e  f o r  p r e c i s i o n  o s c i l l a t o r s  
t h a t  t h e s e  random f l u c t u a t i o n s  may b e  w e l l  modeled wi th  power l a w  s p e c t r a l  d e n s i t i e s  [ 4 ,  5,  
6 ,  7 1 :  

S ( f )  = hafa ,  
Y 

where S ( f )  i s  t h e  one-sided s p e c t r a l  d e n s i t y  of t h e  f r a c t i o n a l  frequency f l u c t u a t i o n s ,  f 
i s  t h e  g o u r i e r  frequency a t  which t h e  d e n s i t y  i s  t aken ,  h 
and a i s  a number modeling t h e  most a p p r o p r i a t e  power law f o r  t h e  d a t a .  It has  been shown 
[ 3 ,  4 ,  5, 81 t h a t  i n  t h e  t i m e  domain one can n i c e l y  r e p r e s e n t  a power l a w  s p e c t r a l  d e n s i t y  
process  us ing  a w e l l  de f ined  time-domain s t a b i l i t y  measure, CI ( T ) ,  t o  be expla ined  
la ter .  For example, if one observes  f r o m  a 109 0 4 T )  v e r s u s  ? diagram a p a r t i c u l a r  
s lope - -ca l l  i t  U--over c e r t a i n  rbgions  of sample t i m e ,  T ,  t h i s  s l o p e  has  a correspondence 
t o  a power l a w  s p e c t r a l  d e n s i t y  o r  a set of t h e  same wi th  some ampl i tude  c o e f f i c i e n t  h 
i . e .  1-1 = -a -1 f o r  -3 < a 4 1  and 1-1 -2  f o r  1'~. F u r t h e r ,  a correspondence e x i s t s  
between h and t h e  c o e f f i c i e n t  f o r  0 (T). These c o e f f i c i e n t s  and r e l a t i o n s h i p s  have been 
c a l c u l a t e 8  and appear  i n  t h e  l i teratere  [2, 3, 4 1 .  The t r ans fo rma t ions  f o r  some of t h e  
more common power l a w  s p e c t r a l  d e n s i t i e s  have been t a b u l a t e d  [2, 3, 4 1 ,  making i t  q u i t e  
easy  t o  t ransform t h e  frequency s t a b i l i t y  which may have been modeled i n  t h e  time-domain 
over t o  t h e  frequency domain and v i c e  v e r s a .  Some examples of some power-law s p e c t r a  t h a t  
have been s imula ted  by computer are shown i n  f i g u r e  8. I n  descending o r d e r  t h e s e  have been 
named whi t e  n o i s e ,  f l i c k e r  n o i s e ,  random walk, and f l i c k e r  walk ( t h e  w i n  f i g .  8 is  angu la r  
Four i e r  f requency ,  w = 2 ~ r f ) .  I n  f i g u r e  9 are p l o t t e d  t h e  a c t u a l  d a t a  of t h e  Atomic T i m e  
S c a l e  of t h e  Na t iona l  Bureau of S tandards  ve r sus  I n t e r n a t i o n a l  Atomic T i m e  (TAI) ove r  a 
fou r  yea r  pe r iod .  A least squa res  f i t  t o  t h e  frequency d r i f t  has  been s u b t r a c t e d  from t h e s e  
d a t a .  The p l o t  shows t h e  t i m e  f l u c t u a t i o n s  of t h e  AT (NBS) s c a l e  w i t h  r e s p e c t  t o  T A I .  There 
i s  a peak-to-peak d e v i a t i o n  of about  6 microseconds.  F igu re  10 shows a p l o t  of t h e  same 
t h i n g  f o r  t h e  United States Naval Observatory Atomic Time Scale v e r s u s  T A I  over t h e  same 
four  yea r  pe r iod ,  and aga in  a least  squa res  f i t  t o  t h e  frequency d r i f t  has  been s u b t r a c t e d  
from t h e  d a t a .  The peak-to-peak f l u c t u a t i o n s  are aga in  about 6 microseconds. F igu re  11 
is a p l o t  of t h e  r e s i d u a l  t i m e  f l u c t u a t i o n s  between a h igh  performance cesium s t anda rd  and 
our  primary frequency s t a n d a r d ,  NBS-5, over about one-half day. The peak-to-peak f l u c t u a -  
t i o n s  i n  t h i s  case are less than  a nanosecond. J u s t  by v i s u a l  comparison of f i g u r e s  9 ,  10,  
and 11 w i t h  t h e  s imula ted  n o i s e s  shown i n  f i g u r e  8 i n d i c a t e s  t h a t  t h e s e  random processes  
are no t  w h i t e  noise--hence t h e  need f o r  b e t t e r  frequency s t a b i l i t y  c h a r a c t e r i z a t i o n .  

i s  t h e  i n t e n s i t y  c o e f f i c i e n t ,  a 

a' 

Suppose now t h a t  one is g iven  t h e  t i m e  o r  frequency f l u c t u a t i o n s  between a pa i r  of  
p r e c i s i o n  o s c i l l a t o r s  measured, f o r  example, by one of t h e  techniques  o u t l i n e d  above, and 
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and a s t a b i l i t y  a n a l y s i s  is d e s i r e d .  
The minimum sample t i m e  is  determined by t h e  measurement system. I f  t h e  t i m e  d i f f e r e n c e  o r  
t h e  t i m e  f l u c t u a t i o n s  are a v a i l a b l e  then  t h e  frequency o r  t h e  f r a c t i o n a l  f requency f l u c t u a -  
t i o n s  may be  c a l c u l a t e d  from one p e r i o d  of sampling t o  t h e  n e x t  over  t h e  d a t a  l e n g t h  as in-  
d i c a t e d  i n  f i g u r e  12 .  Suppose f u r t h e r  t h e r e  are M v a l u e s  of t h e  f r a c t i o n a l  f requency y . .  
Now t h e r e  are many ways t o  a n a l y z e  t h e s e  d a t a .  
t h e  s t a n d a r d  d e v i a t i o n  equat ion  shown i n  f i g u r e  12 ,  5 ( T ) ,  where y is  t h e  average  dev f r a c t i o n a l  f requency over  t h e  d a t a  set  and is  subtrac?L$'from'each v a l u e  of y .  b e f o r e  
s q u a r i n g ,  summing and d i v i d i n g  by t h e  number of v a l u e s  minus one, (M-1), and t a k i n g  t h e  
s q u a r e  r o o t  t o  g e t  t h e  s t a n d a r d  d e v i a t i o n .  A t  NBS, w e  have s t u d i e d  what happens t o  t h e  
s t a n d a r d  d e v i a t i o n  when t h e  d a t a  se t  may be  c h a r a c t e r i z e d  by power l a w  s p e c t r a  which are 
more d i s p e r s i v e  t h a n  classical  w h i t e  n o i s e  f requency f l u c t u a t i o n s .  I n  o t h e r  words,  i f  t h e  
f l u c t u a t i o n s  are c h a r a c t e r i z e d  by f l i c k e r  n o i s e  o r  any o t h e r  non-white-noise f requency 
d e v i a t i o n s ,  what happens t o  t h e  s t a n d a r d  d e v i a t i o n  f o r  t h a t  d a t a  s e t ?  I n  f a c t ,  one can 
show t h a t  t h e  s t a n d a r d  d e v i a t i o n  i s  a f u n c t i o n  of t h e  number of d a t a  p o i n t s  i n  t h e  set ,  i t ' s  
a f u n c t i o n  of t h e  dead t i m e ,  and of  t h e  measurement system bandwidth [ 5 ,  91. For example, 
u s i n g  as a model, f l i c k e r  n o i s e  f requency modulat ion,  as t h e  number of d a t a  p o i n t s  i n c r e a s e ,  
t h e  s t a n d a r d  d e v i a t i o n  monotonical ly  increases wi thout  l i m i t .  Some s t a t i s t i c a l  measures 
have been developed which do n o t  depend upon t h e  d a t a  l e n g t h  and which are r e a d i l y  u s a b l e  
f o r  c h a r a c t e r i z i n g  t h e  random f l u c t u a t i o n s  i n  p r e c i s i o n  o s c i l l a t o r s  [2-5, 91. An IEEE 
subcommittee on frequency s t a b i l i t y  has  recommended a p a r t i c u l a r  v a r i a n c e  taken  from t h e  
set  of u s e f u l  v a r i a n c e s  developed,  and an exper imenta l  e s t i m a t i o n  of t h e  s q u a r e  r o o t  of 
t h i s  p a r t i c u l a r  v a r i a n c e  i s  shown as t h e  bottom r i g h t  e q u a t i o n  i n  f i g u r e  1 2 .  This  e q u a t i o n  
is  v e r y  easy  t o  implement exper imenta l ly  as one s imply a d d s  up t h e  s q u a r e s  of  t h e  d i f f e r e n c e  , 
between a d j a c e n t  v a l u e s  of y d i v i d e  by t h e  number of them and by two, t a k e  t h e  s q u a r e  
rO0t;and one then  has  t h e  q u a n t i t y  which t h e  IEEE subcommittee has recommended f o r  s p e c i -  
f i c a t i o n  of s t a b i l i t y  i n  t h e  t i m e  domain--denoted by 5 ( T ) .  

Le t  t h i s  comparison be d e p i c t e d  by f i g u r e  1 2 .  

H i s t o r i c a l l y ,  people  have- typica l ly  usea  

i' 

Y 
One would l i k e  t o  know how 5 (T)  v a r i e s  w i t h  t h e  sample t i m e ,  T .  A s imple  t r i c k  t h a t  

one can u s e  t h a t  is  v e r y  u s e f u l  i? t h e r e  is no dead t i m e ,  i s  t o  average  t h e  prev ious  
v a l u e s  f o r  y1 and y and c a l l  t h a t  a new y 
v i o u s  v a l u e s  f o r  y 2and y and c a l l  t h a t  a new y2 averaged over  2.r e t c . ,  and f i n a l l y  apply 
t h e  same e q u a t i o n  as b e f o r e  t o  g e t  5 ( 2 ~ ) .  
i n t e g e r  m u l t i p l e s  of T and from t h e  game d a t a  set be  a b l e  t o  g e n e r a t e  v a l u e s  f o r  U (m-c) as 
a f u n c t i o n  of mT from which one may b e  a b l e  t o  i n f e r  a model f o r  t h e  process  t h a t  1 s  
c h a r a c t e r i s t i c  of t h i s  p a i r  of o s c i l l a t o r s .  I f  one has  dead t i m e  i n  t h e  measurements 
a d j a c e n t  p a i r s  cannot  b e  averaged i n  an unambiguous way t o  simply i n c r e a s e  t h e  sample t i m e .  
One has  t o  r e t a k e  t h e  d a t a  f o r  each new sample t ime--often a very  t i m e  consuming t a s k .  
This  i s  a n o t h e r  i n s t a n c e  where dead t i m e  can be  a problem. 

averaged over  2 ~ ,  s i m i l a r l y  average  t h e  pre-  

One can r e p e a t  t h i s  process  f o r  o t h e r  d e s i r e d  

1 
3 4 

How t h e  c l a s s i c a l  v a r i a n c e  ( s tandard  d e v i a t i o n  squared)  depends on t h e  number of 
samples is  shown i n  f i g u r e  13.  P l o t t e d  i s  t h e  r a t i o  of t h e  s t a n d a r d  d e v i a t i o n  squared f o r  
N samples t o  t h e  s t a n d a r d  d e v i a t i o n  squared f o r  2 s a m p l e s ; < ( S 2 ( 2 , ~ ) >  is  t h e  same as D ( T I .  
One can see t h e  dependence of t h e  s t a n d a r d  d e v i a t i o n  upon t h e  number of samples f o r  
v a r i o u s  k inds  of  power l a w  s p e c t r a l  d e n s i t i e s  commonly encountered as reasonable  models 
f o r  many impor tan t  p r e c i s i o n  o s c i l l a t o r s .  Note, 5' (T) has t h e  same v a l u e  as t h e  classical  
v a r i a n c e  f o r  t h e  c l a s s i c a l  n o i s e  c a s e  (whi te  n o i s e  hi). One main p o i n t  of f i g u r e  1 3  is 
simply t o  show t h a t  w i t h  t h e  i n c r e a s i n g  d a t a  l e n g t h  t h e  s t a n d a r d  d e v i a t i o n  of t h e  common 
classical  v a r i a n c e  i s  n o t  w e l l  behaved f o r  t h e  k i n d s  of n o i s e  p r o c e s s e s  t h a t  are very  o f t e n  
encountered i n  most of t h e  p r e c i s i o n  o s c i l l a t o r s  of i n t e r e s t .  

2 

F i g u r e  14 is  an a c t u a l  5 (T) v e r s u s  T p l o t  f o r  a rubidium standay$,$hat w a s  analyzed a t  
t h e  Bureau. 
n o i s e  f requency modulat ion,  T O ;  and some random walk FM f o r  sample t i m e s  of t h e  o r d e r  of 
a t e n t h  of a day and longer .  Having t h i s  time-domain a n a l y s i s ,  one can  use  t h e  e q u a t i o n s  
and t h e  t a b l e s  mentioned b e f o r e  t o  t ransform t o  t h e  frequency domain, S ( f )  v e r s u s  F o u r i e r  
f requency f ,  and t h i s  t r a n s f o r m a t i o n  is  p l o t t e d  i n  f i g u r e  15 .  
d i r e c t l y  t h e  mapping f o r  a model t h a t  is  o f t e n  used f o r  cesium d e v i c e s  f o r  sample times 
longer  t h a n  1 second is  given by t h e  f o l l o w i n g  p a i r  of e q u a t i o n s :  

One observes  appxrent  w h i t e  n o i s e  FM w i t h  t h e  s l o p e  of T and then  f l i c k e r  

An equatyon which shows 
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S ( f )  = ho + h f-' 
Y -1 

The h, t e r m  i n  each c a s e  i s  due t o  t h e  whi te  n o i s e  l?M fundamental ly  induced by t h e  s h o t  
n o i s e  i n  t h e  cesium beam and i t s  a s s o c i a t e d  e l e c t r o n i c s .  The second term i s  f l i c k e r  n o i s e  
FM ( f l i c k e r  f l o o r )  t h a t  seems t o  always appear  as a reasonable  model f o r  cesium as w e l l  as 
o t h e r  s t a n d a r d s .  
and (lo), suppose from a 0 ( T )  v e r s u s  T p l o t  w e  determined t h a t  

I t  does  n o t  have a w e l l  understood cause.  A s  a n  example o f  e q u a t i o n s  (9) 

Y 

and 

-14 4 2  h ( 2 )  - h-l = 1 x 1 0  

as f o r  one compar3Zon made between the-gl)S primary frequency s t a n d a r d s ,  NBS-4 and NBS-5, 
then  ho = 4 x 10- and h-l = 7 . 2  x 10  . 

I f  t h e  f requency d r i f t  i s  n o t  q y b t r a c t e d  from t h e  d a t a  then  t h e  0 (T)  v e r s u s  T p l o t  
as shown i n  f i g u r e  16  t a k e s  on a T 
o s c i l l a t o r s .  The equat ion  r e l a t i n g  5 ( T )  and t h e  d r i f t ,  D ,  i s  a s  f o l l o w s :  

behavior .  Often such i s  t h e  c a s 2  w i t h  q u a r t z  c r y s t a l  

Y 

where D has  t h e  dimensions o i 0 f r a c t i o n a l  f requency per  u n i t  of T ,  i . e .  i f  T is  i n  days then  
D could be ,  f o r  example, 10- per  day. Suppose a l s o  t h a t  t h e  d a t a  c o n t a i n  d i s c r e t e  s i d e  
bands such as 60 Hz then  t h e 5  (T)  v e r s u s  T diagram may appear  as shown i n  f i g u r e  1 7 .  The 
model f o r  t h i s  f i g u r e ,  c a l c u l x t e d  by Sam S t e i n ,  w a s  f o r  t h e  s i t u a t i o n  where t h e  w h i t e  phase 
n o i s e  power i n  a 1 kHz bandwidth w a s  equa l  t o  t h e  power i n  t h e  60 Hz s i d e  bands.  

I n  f i g u r e  18 t h e  d u a l  mixer t i m e  d i f f e r e n c e  measuring system has  been used i n  o r d e r  t o  
observe t h e  a (T)  v e r s u s  T behavior  f o r  a h igh  performance cesium s t a n d a r d  v e r s u s  a q u a r t z  
c r y s t a l  o s c i l Y a t o r .  The p l o t  c o n t a i n s  a l o t  of in format ion .  The measurement n o i s e  of t h e  
d u a l  mixer system i s  i n d i c a t e d .  One can see t h e  s h o r t  term s t a b i l i t y  performance of t h e  
q u a r t z  o s c i l l a t o r  (Diana) .  
humps a t  112 and 312 of T = 1/60  Hz. One observes  t h e  a t t a c k  time of t h e  s e r v o  i n  t h e  
cesium e l e c t r o n i c s  p e r t u r b i n g  t h e  s h o r t  term s t a b i l i t y  of t h e  q u a r t z  o s c i l l a t o r  and de- 
grad ing  i t  t o  t h e  l e v e l  of t h e  s h o t  n o i s e  of t h e  cesium resonance.  The w h i t e  n o i s e  f r e -  
quency modul_aiS2n c h a r a c t e r i s t i c  then  becomes t h e  predominant power l a w  caus ing  o (T)  t o  
improve as T 
case 6 p a r t s  i n  10 , becomes t h e  predominant n o i s e  source .  Thus u s i n g  t h i s  p a r t i c u l a r  
measurement system t h e  s t a b i l i t i e s  of t h i s  p a i r  of p r e c i s i o n  frequency s t a n d a r d s  were w e l l -  
c h a r a c t e r i z e d  f o r  sample t i m e s  of a f e w  m i l l i s e c o n d s  a l l  t h e  way o u t  t o  1000 seconds.  
Longer sample t i m e s  a r e  of course  e a s i l y  achievable .  

One can see a l i t t l e  b i t  of 60 Hz p r e s e n t  as i n d i c a t e d  by t h e  

u p g i l  t h e  f l i c k e r  f l o o r  of t h e  q u a r t z  c r y s t a l  o s c i l l a t o r  (Diane): i n  t h i s  

4. CONCLUSIONS 

Some inexpens ive  ( l e s s  than  $1000) methods of p r e c i s e l y  measuring t h e  t i m e  d i f f e r e n c e ,  

9 



t i m e  f l u c t u a t i o n s ,  f requency d i f f e r e n c e ,  and frequency f l u c t u a t i o n s  between a p a i r  of s t a t e -  
o f - the -a r t  t i m e  and /o r  f requency s t a n d a r d s  have been reviewed o r  i n t roduced .  One n o v e l  
method in t roduced  demonstrated t h e  c a p a b i l i t y  of measuring a l l  f o u r  of t h e  above, p l u s  b e i n g  
a b l e  t o  cover  a n  impress ive  segment of sample t i m e s  (r 2 few m i l l i s e c o n d s )  w i t h  a t i m e  
d i f f e r e n c e  p r e c i s i o n  of b e t t e r  t h a n  one picosecond.  
t o  t h  
i n  10'6 f o r  0 ( T  2 2 x 10 s ) .  

F r a c t i o n a l  f requency i n s t a b i l i t i e s  due 
n o i s e  i n  t h i s  novek measurement method were demonstrated t o  b e  less t h a n  one p a r t  

Y 

Also reviewed w e r e  some e f f i c i e n t  methods o f  d a t a  analysis--which a l l o w  one t o  g a i n  i n -  
s i g h t  i n t o  models t h a t  would c h a r a c t e r i z e  b o t h  t h e  random and non-random d e v i a t i o n  between 
a p a i r  of f requency s t a n d a r d s .  A s p e c i f i c  example w a s  shown demonstrat ing t h e  t i m e  domain 
f r a c t i o n a l  f requency s t a b i l i t y ,  0 (r), between two s t a t e -o f - the -a r t  commercial s t  nda rds ,  
i . e .  a q u a r t z  o s c i l l a t o r  and a h igh  performance cesium s t a n d a r d  f o r  2 m s  5 T 5 10 
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APPENDIX: COMPUTING COUNTER PROGRAM 

The fo l lowing  program may be  used i n  a computing coun te r ,  i s  u s e f u l  i n  de te rmining  
t h e  f r a c t i o n a l  frequency s t a b i l i t y ,  a ( T ) ,  and is unique  as compared wi th  o t h e r  s i m i l a r  
t ypes  of programs t o  de te rmine  s t a b i l y t y  i n  t h a t  i t  does s o  w i t h  no dead t i m e .  
fo l lowing  program a c t u a l l y  de te rmines  t h e  root-mean-square second d i f f e r e n c e ,  ( A 2  (At ) )  r m s ,  
of t h e  t i m e  d i f f e r e n c e  r ead ings  between a p a i r  of c locks  o r  o s c i l l a t o r s ,  and t h e r e f o r e  
complements ve ry  n i c e l y  t h e  d u a l  mixer time d i f f e r e n c e  measurement system desc r ibed  i n  t h e  
t e x t .  The f r a c t i o n a l  frequency s t a b i l i t y  may b e  c a l c u l a t e d  from computer program r e s u l t s  
a s  fo l lows :  

The 

I f  a d d i t i o n a l  programing s t e p s  w e r e  a v a i l a b l e ,  of cour se  one could program t h e  
computing coun te r  t o  c a l c u l a t e  a n  estimate of a (T)  d i r e c t l y .  Following i s  t h e  program 
procedure  t o  gene ra t e  (A2(At)) : Y 

r m s  

1. 

2 .  

3 .  

4 .  

5. 

6 .  

7 .  

8. 

9 .  

10 .  

11. 

1 2 .  

1 3 .  

1 4 .  

15. 

c l e a r  x 

N 

"CS" 
Plug- i n  

T'r 
a ux 
Plug-in 

a-x 
W 

a x y  
d 

- ( s u b t r a c t )  

n b x  
ry 

Xfer Program 

Plug-in 

a x  

a x y  

- ( s u b t r a c t )  

- 
Iv - 

1 6 .  

1 7 .  

18. 

1 9 .  

20 .  

21 .  

22 .  

23 .  

24. 

25 .  

26 .  

27 .  

28 .  

29 .  

30 .  

- ( s u b t r a c t  

XY 
2 

x (mul t ip ly )  

+ (add) 

n 
'WX 
Repeat 

Xfer Program 

/5/ 
C ux 

5 (d iv ide )  

J X  

Disp lay  x 

Pause 

The conf idence  of t h e  estimate w i l l  improve approximate ly  as t h e  squa re  r o o t  of t h e  
number of t i m e s  (N) t h e  sub loop i s  r epea ted  as p r e s e t  by t h e  programmer [ l o ] .  
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PERIOD OF AN OSCILLATOR 

O S C I L L A T O R  

FIGURF 1, DEPICTION OF THE SINUSOIDAL VOLTAGE OUTPUT FROM A PRECISION OSCILLATOR E , G ,  
U S I N G  QUARTZ, RUBIDIUM,  C E S I U M  OR HYDROGEN AS THE FREQUENCY D E T E R M I N I N G  ELEMENT, fF THE 
FREQUENCY OUT I S  "1,THEN THE P E R I O D  OF O S C I L L A T I O N  IS = 1/'J1* 

O U T P U T  O F  
P L L  F I L T E R  

B 

FIGURF 2,  A PHASE (OR TIME) FLUCTUATION MEASUREMENT SYSTEM, THE REFERENCE OSCILLATOR 
IS LOOSELY PHASE-LOCKED TO THE TEST OSCILLATOR--ATTACK TIME IS ABOUT 1 SECOND, THE 
REFERENCE AND TEST OSCILLATORS ARE FED INTO THE TWO PORTS OF A SCHOTTKY BARRIER DIODE 

PLIFIER, A BATTERY BIAS BOX AND TO THE VARICAP OF THE REFERENCE OSCILLATOR, THE 
DOUBLE BALANCED M I X E R  WHOSE OUTPUT IS F E D  THROUGH A LOW PASS F I L T E R  AND LOW N O I S E  AM- 

INSTANTANEOUS OUTPUT VOLTAGE OF THE PHASE LOCKED LOOP 
A M P L I F I E R  WILL B E  PROPORTIONAL TO THE PHASE OR T I M E  FLUCTUATIONS BETWEEN THE TWO 
O S C I L L A T O R S ,  

(PLL> FOLLOWING THE LOW N O I S E  

1 2  



2 M I X E R  O S C I L L A T O R  
UNDER T E S T  

, m 

I IGHT PHASE-LOCK LOOP 
METHOD O F  MEASURING 
f f l  E 0 U EN CY STAB I L I TY 

PHASED-LOCKED 
O S C I L L A T O R  

TO V A R I C A P  ,-, +, LOW PASS FILTER 

1 

I 
I 

VOLTAGE TO 
F RE Q UE NCY COEF C 

b 

K 
P R I N T E R  x F = q  

FREQUENCY 
COUNTER 

FIGURF 3, THE ATTACK TIME OF THE PHASE- 

LOCK LOOP IN THIS CASE IS MUCH LESS THAN A SECOND, THE AMPLIFIER (AMP) OUTPUT VOLTAGE 

A FREQUENCY FLUCTUATION MEASUREMENT SYSTEM, 

FLUCTUATIONS FOR SAMPLE T I M E S  S I G N I F I C A N T L Y  LARGER THAN THE SERVO LOOP ATTACK T I M E  W I L L  

BE PROPORTIONAL TO THE FREQUENCY FLUCTUATIONS BETWEEN THE OSCILLATORS,  

13 



vo ' R E F E R E N C E  
M I X E R  O S C I L L A T O R  

O S C I L L A T O R  "1  
U N O E R  T E S T  

b 

H I 1  E H O D Y N E  FREQUENCY 
MEASUREMENT METHOD 

P R I N T E R  
F R E Q U E N C Y  

C O U N T E R  
+ 

+ vo = yi 

1 

FIGURF 4 ,  

PERIOD (OR MULTIPLE PERIOD) OF THE BEAT (DIFFERENCE) FREQUENCY COULD EQUIVALENTLY BE 

A FREQUENCY AND FREQUENCY FLUCTUATION MEASUREMENT SYSTEM I THE DIFFERENCE 

FREQUENCY, - v2 I IS MEASURED W I T H  A FREQUENCY COUNTER, A COUNTER MEASURING THE 

IJSED 
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DUAL MIXER TIME DIFFERENCE SYSTEM 

, * 

osc  v O  X F C R  - - V 2  o s c  
a 1  os c e 2  

2 

T I M E  I N T E R V A L  
C O U N T E R  
h t (  i )  

+ 

f 
Aw = v 2  - V ,  3 0 Iq - uo l  I v 2  - J o l  

= ~ t ( i )  - A T I M E  D I F F E R E N C E :  x ( i )  = t 2  - t l  
T V  2nv 

Av(i) C t ( i t 1 )  - ~ , t ( i )  
FRACTIONAL FREQUENCY: y ( i )  = 

V 2 
T V  

FIGURE 5 ,  A TIME DIFFERENCE AND TIME FLUCTUATION MEASUREMENT SYSTEM, THE LOW PASS 

F I L T E R S  (LPF) DETERMINE THE MEASUREMENT SYSTEM BANDWIDTH AND MUST PASS THE DIFFERENCE 

FREQUENCIES WHICH ARE DEPICTED BY THE S O L I D - L I N E  AND DASHED-L INE S I N U S O I D S  AT THE BOT- 

TOM OF THE F IGURE,  THE P O S I T I V E  GOING ZERO VOLTS CROSSING OF THESE DIFFERENCE (BEAT)  

FREQUENCIES ARE USED TO START AND STOP A T I M E  I N T E R V A L  COUNTER AFTER S U I T A B L E  LOW N O I S E  

AMPLIFICATION, THE TIME DIFFERENCE BETWEEN OSCILLATOR 1 AND 2 I S  THE T(I) READING 

NOMINAL CARRIER FREQUENCY, THE FREQUENCY DIFFERENCE IS STRAIGHT FORWARDLY CALCULATED 

OF THE COUNTER D I V I D E D  BY T V  AND PLUS ANY PHASE S H I F T  ADDED, 4 ,  WHERE V V i e  ' J p  I S  THE 

FROM THE T I M E  DIFFERENCE VALUES, 
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- F 

t \ 

l o p s  

OSC (DIANA) vs CESIUM 601 

URF 6,  A COPY OF A S T R I P  CHART RECORDING OF THE T I M E  FLUCTUATIONS VERSUS RUNN IG 

TIME USING THE DUAL MIXER TIME DIFFERENCE MEASUREMENT SYSTEM, THE OSCILLATORS INVOLVED 

OSCILLATOR, THE COMMON OSCILLATOR EMPLOYED WAS A LOW NOISE SYNTHESIZER, THE MEASURE- 

WERE A H I G H  PERFORMANCE COMMERCIAL CESIUM STANDARD AND A H I G H  Q U A L I T Y  QUARTZ CRYSTAL 

MENT SYSTEM N O I S E  WAS ABOUT 0 , 1  PICOSECONq, 
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FRACTIONAL FREQUENCY ERROR vs TIME 

TIE ERROR vs TIME 

+ F R E Q U E N C Y  OFFSET- 

S Y N C H R O N I Z A T I O N  E’ X ( 0 ) m  E R R O R  

X ( t ’  it N E G A T I V E  F R E Q U E N C V  D R I F T  

\ 
FIGURF 7, DEPICTION OF SOME COMMONLY ENCOUNTERED NON-RANDOM FREQUENCY AND TIME 

DEVIAT IONS;  I , E ,  A FREQUENCY OFFSET ERROR WHICH MAPS INTO A L I N E A R  T I M E  D R I F T ,  AND A 
L I N E A R  FREQUENCY D R I F T  WHICH MAPS INTO A QUADRATIC T I M E  D E V I A T I O N ,  
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POWER LAW SPECTRA 

lui’ 

lor2 4 
ICWI-’ r 

FIGURF 8 ,  
AS SIMULATED W I T H  A COMPUTER, THE WHITE N O I S E J I ~ I o ,  IS BANDWIDTH L I M I T E D ,  THE SUB- 

T I M E  FLUCTUATIONS,  

SOME SAMPLE PLOTS OF POWER LAW SPECTRAL D E N S I T I E S ,  s ( f >  = h a f a  ( m  = 2 n f ) ,  

S C R I P T  I S  L E F T  OFF OF S ( f )  AS THESE PLOTS MAY REPRESENT ANYTHING, E , G ,  FREQUENCY OR 



FIGURE 9, 
ATOMIC TIME SCALE, AT(NBS>, AND THE INTERNATIONAL ATOMIC TIME SCALE, TAI, AFTER SUB- 

TRACTING A LEAST SQUARES FIT TO THE FREQUENCY, THE VERTICAL SCALE IS IN MICROSECONDS 

AND THE ABSCISSA SHOWS 1420 DAYS FOLLOWING 8 MAY 1969, THE PEAK-TO-PEAK DEVIATION IS 

ABOUT 6 us. 

THE RESIDUAL TIME FLUCTUATIONS BETWEEN THE NATIONAL BUREAU OF STANDARDS 



1.81 

0 .94  

U 

a 
X W 

X 

& 0.08 
z 
W 3 0 

W E I. 

h 
u) -I 

,60.78 

9 
E 
0 
.I LL 

g-1.64 - 
c - 
G 
2 
f-2.51 

FIGURF 1 0, THE R E S I D U A L  T I M E  FLUCTUATIONS BETWEEN THE U N I T E D  STATES NAVAL OBSERVA- 

TORY’S  ATOMIC TIME SCALE, AT (USNO), AND THE INTERNATIONAL ATOMIC TIME SCALE, TAI, 
AFTER SUBTRACTING A LEAST SQUARES FIT TO THE FREQUENCY, THE VERTICAL SCALE IS IN 

MICROSECONDS AND THE ABSCISSA SHOWS 1540 DAYS FOLLOWING 8 JANUARY 1969, 
PEAK DEVIATION I S  LESS THAN 6 us. 

THE PEAK-TO- 
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F I G U R E  11, 
STANDARD AND ONE OF THE NBS P R I M A R Y  FREQUENCY STANDARDS, NBS-5, AFTER SUBTRACTING A 
MEAN FREQUENCY DIFFERENCE, THE VERTICAL SCALE I S  I N  UNITS OF 0,l ns, AND THE ABSCISSA 
SHOWS 41100 s DURATION (=1/2 DAY), THE PEAK-TO-PEAK D E V I A T I ON I S  ABOUT 0,9 n s ,  

THE RESIDUAL T I M E  FLUCTUATIONS BETWEEN A H I G H  PERFORMANCE COMMERCIAL CESIUM 

2 1  



xi+l-xi 
y i  = T 

FIGURE 12, 
OSCILLATORS AND OF THE CORRESPONDING FRACTIONAL FREQUENCIES CALCULATED FROM THE T I M E  

A SIMULATED PLOT OF THE T I M E  FLUCTUATIONS, X ( T )  BETWEEN A P A I R  OF 

FLUCTUATIONS EACH AVERAGED OVER A SAMPLE T I M E T ,  AT THE BOTTOM ARE THE EQUATIONS FOR 
THE STANDARD DEVIATION (LEFT) AND FOR THE TIME-DOMAIN MEASURE OF FREQUENCY STABILITY 

AS RECOMMENDED BY THE IEEE SUBCOMMITTEE ON FREQUENCY STABILITY (RIGHT), 



1 1  
10 10 * 10 

10 
1 

NUMBER OF SAMPLES (N) 

FIGURE 13 

OF THE NUMBER OF SAMPLES, N ,  
SITIES THAT COMMONLY OCCUR IN PRECISION OSCILLATORS, THE FIGURE ILLUSTRATES ONE REASON 

THE RATIO OF THE TIME AVERAGE OF THE STANDARD DEVIATION SQUARED FOR N 
SAMPLES OVER THE T I M E  AVERAGE OF A TWO SAMPLE STANDARD D E V I A T I O N  SQUARED AS A FUNCTION 

THE RATIO IS PLOTTED FOR VARIOUS POWER LAW SPECTRAL DEN- 

WHY THE STANDARD D E V I A T I O N  I S  NOT A CONVENIENT MEASURE OF FREQUENCY S T A B I L I T Y ;  I , E ,  I T  

MAY B E  VERY IMPORTANT TO S P E C I F Y  HOW MANY DATA P O I N T S  ARE I N  A DATA SET I F  YOU USE THE 
STANDARD D E V I A T I O N ,  
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RUB ID I IJM STANDARDS PERFORMANCE 

10-lO- 

10-l' 

10-l2 

1 0 - l ~  

- 
-\ 

\\ W H I T E  N O I S E  FM .. u = - 1  RANDOM WALK F M  
\\ - 

I I I I I 

.fXUd& 
COMMERCIAL R U B I D I U M  STANDARDS, 

A oy(T) VERSUS T PLOT MODELING SOME ACTUAL DATA TAKEN A T  NBS ON SOME 
NOTICE THAT I F  a Y 2 ( r )  = T u ,  THEN o y ( T )  E HENCE 

THE T - ~ / ~ S L O P E  FOR u = -1, etc. 



SPECTRAL DENS I TY vs FOUR I ER FREQUENCY 
AS TRANSLATED FROM TIME DOMAIN 

F L I C K E R  N O I S E  F M  

h - ,  = 2 . 9 ~ 1 0  - 2 5  

W H I T E  NOISE F M  

h o  = 9 . 6 ~ l O - ~ ~ / H z  

\ 

I 1 1 I I I I 

1 0 - 4  10-3 10-2 1 0 - 1  1 10 

f (Hz) 

FIGURE 15, A PLOT OF S,(f) VERSUS f A S  TRANSFORMED FROM THE TIME-DOMAIN DATA PLOTTED IN 
FIGURE 14, 

f / f CCJ OF FREQUENCY DRIFT ON Uy(7) 

1 0 - 1  

10" 

1 0 - 1  

I 
1 D A Y  

I 1 I t 1 
1 10 1 o 2  1 o 3  1 o4  1 o 5  

10'lO 

S A M P L E  T I M E ,  T ( s )  

FIG 6,  AN EXAMPLE ( T )  VERSUS PLOT OF AN OSCILLATOR WITH BOTH RANDOM F L U C T ~ ~ ~  
TIO::EOi F L I C K E R  N O I S E  Ffi AND A NON-RANDOM L I N E A R  F R A C T I O N A L  FREQUENCY D R I F T  OF 1 0  
PER DAY,  
TORS I 

A PLOT APPEARING S I M I L A R  TO T H I S  WOULD BE COMMON FOR QUARTZ CRYSTAL O S C I L L A -  
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' , $ ( f )  = 2 . 5  x [ 1 + 1 0 3  6 ( f - 6 0  Hz)] 

1 0 - l 0  

u p  10-11  

1 0 - l 2  

1 0 - l ~  

f h  = 1 k H z  

I I 1 I 

1 o - ~  1 0 - 1  1 oo 
Z ( S E C O N D S )  

FIGURF 17, A CALCUALTED ov(T) VERSUS T PLOT OF WHITE PHASE N O I S E  (a = + 2 )  W I T H  SOME 

60 Hz FM SUPERIMPOSED, THE POWER IN THE 60 Hz SIDEBANDS HAS BEEN SET EQUAL TO THE 

POWER OF THE WHITE PHASE NOISE IN A 1 KHZ BANDWIDTH, fh, NOTE: S,( f )  = ( v 2 / f 2 )  s y ( f )  
AND @(t) = 271 V * X(t). 
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QUARTZ OSCILLATOR (DIANA) VS COPUIERCIAL CESIUM (t601) 

l r ) - 9  

1 0 - l O -  

l o - ’ ’  

1 0 -  ’ ?  

1 0 - l ~  

1 0 - l ~  

1 9 - l ~  

F R E Q U E N C Y  

S T A B 1  L I T Y  

o Y ( T )  

- 

- 

- 

- 

- 

I I I I I I I 

T I M E  OF C s  S E R V O  

F L I C K E R  N O I S E  F M  
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NBS TECHNICAL 
PERIODICALS 

JOURNAL O F  RESEARCH reports National Bureau 
of Standards research and development in physics, 
mathematics, and chemistry. I t  is published in two sec- 
tions, available separately:  

Physics and Chemistry (Section A )  

Papers of interest  primarily to scientists working in 
these fields. This section covers a broad range of physi- 
cal and chemical research, with major emphasis on 
standards of physical measurement, fundamental  con- 
stants,  and properties of mat te r .  Issued six times a 
year. Annual subscription: Domestic, $17.00; Foreign, 
$21.25. 

Mathematical Sciences (Section B) 
Studies and compilations designed mainly fo r  the math- 
ematician and theoretical physicist. Topics in mathe- 
matical statistics, theory of experiment design, numeri- 
cal analysis, theoretical physics and chemistry, logical 
design and programming of computers and computer 
systems. Short  numerical tables. Issued quarterly. An- 
nual subscription: Domestic, $9.00; Foreign, $11.25. 

DIMENSIONS/NBS (formerly Technical News Bul- 
letin)-This monthly magazine i s  published to  inform 
scientists, engineers, businessmen, industry, teachers, 
students, and consumers of the  latest  advances in 
science and technology, with primary emphasis on the 
work a t  NBS. The magazine highlights and reviews such 
issues as energy research, fire protection, building tech- 
nology, metric conversion, pollution abatement, health 
and safety,  and consumer product performance. In  addi- 
tion, it reports the results of Bureau programs in 
measurement standards and techniques, properties of 
mat te r  and materials, engineering standards and serv- 
ices, instrumentation, and automatic da ta  proressing. 

Annual subscription: Domestic, $9.45; Foreign, $11.85. 

NONPERIODICALS 

Monographs-Major contributions to the technical liter- 
a ture  on various subjects related to the Bureau’s scien- 
tific and technical activities. 

Handboohs-Recommended codes of engineering and 
industrial practice (including safety codes) developed 
in cooperation with interested industries, professional 
organizations, and regulatory bodies. 

Special Publications-Include proceedings of confer- 
ences sponsored by NBS, NBS annual reports, and other 
special publications appropriate to  this grouping such 
a s  wall charts,  pocket cards, and bibliographies. 

Applied Mathematics Series-Mathematical tables, 
manuals, and studies of special interest  to physicists, 
engineers, chemists, biologists, mathematicians, com- 
puter programmers,  and others engaged in scientific 
and technical work. 

National Standard Reference Data Series-Provides 
quantitative da ta  on the physical and chemical proper- 
ties of materials, compiled from the world’s l i terature 
and critically evaluated. Developed under a world-wide 

PU BLl CAT1 ONS 
program coordinated by NBS. Program under authority 
of National Standard Data Act (Public Law 90-396). 

NOTE: At  prksent the principal publication outlet f o r  
these da ta  is the Journal of Physical and Chemical 
Reference Data (JPCRD) published quarterly fo r  NBS 
by the American Chemical Society (ACS)  and the Amer- 

and supplements available f rom ACS, 1155 Sixteenth 
St.  N. W., Wash. D. C. 20056. 

Building Science Series-Disseminates technical infor- 
mation developed at the  Bureau on building materials, 
components, systems, and whole structures.  The series 
presents research results, t es t  methods, and perform- 
ance criteria related to the  structural  and environmen- 
tal  functions and the  durability and safety character-  
istics of building elements and systems. 

Technical Notes-Studies or reports which a re  complete 
in themselves but restrictive in their  treatment of a 
subject. Analogous to  monographs but not so compre- 
hensive in scope or definitive in t rea tment  of the sub- 
jert  a rea .  Often serve a s  a vehicle for  final reports of 
work performed a t  NBS under the  sponsorship of other 
government agencies. 

Voluntary Product Standards-Developed under pro- 
cedures published by the Department of Commerce in  
Pa r t  10, Title 15, of the  Code of Federal  Regulations. 
The purpose of the  standards is to establish nationally 
recognized requirements fo r  products, and to provide 
all concerned interests with a basis fo r  common under- 
standing of the characteristics of the products. NBS 
administers this program a s  a supplement t o  the  activi- 
ties of the private sector standardizing organizations. 

Federal  Information Processing Standards Publications 
(FIPS PUBS)-Publications in this series collectively 
constitute the  Federal Information Processing Stand- 
a rds  Register. Register serves a s  the official source of 
information in the Federal Government regarding stand- 
ards  issued by NBS pursuant to the  Federal Property 
and Administrative Services Act of 1949 as amended, 
Public Law 89-306 (79 Sta t .  1127), and a s  implemented 
by Executive Order 11717 (38 FR 12315, dated May 11, 
1973) and P a r t  6 of Title 15 CFR (Code of Federal  
Regulations), 

Consumer Information Series-Practical information, 
based on NBS research and experience, covering a reas  
of interest  to t he  consumer. Easily understandable 
language and illustrations provide useful background 
knowledge for  shopping in today’s technological 
marketplace. 

NHS Interagency Reports (NHSIR)-A special series of 
interim or final reports on work performed by NBS for  
outside sponsors (both government and non-govern- 
ment ) .  In  general, initial distribution is handled by the  
sponsor; public distribution is by the National Technical 
Information Service (Springfield, Va. 22161) in paper 
copy or microfiche form. 

ican Institute of Physics ( A I P ) .  Subscriptions, reprints. 

Order NBS publications (except NBSIR’s and Biblio- 
graphic Subscription Services) f rom:  Superintendent of 
Documents, Government Printing Office, Washington, 
D.C. 20402. 

BIBLIOGRAPHIC SUBSCRIPTION SERVICES 
The following current-awareness and literature-survey survey issued quarterly. Annual subscription: $20.00. 
bibliographies a r e  issued periodically by the Bureau : Send subscription orders and remittances for  the  pre- 
(’rgogenic Data Center Current Awareness Service ceding bibliographic services to National Technical 

Information Service, Springfield, Va. 22161. 
A li terature survey issued biweekly. Annual sub- 
scription: Domestic, $20.00; foreign, $25.00. Electromagnetic- Metrology Current Awareness Service 

Issued monthly. Annual subscription: $100.00 (Spe- 
cial rates fo r  multi-subscriptions) . Send subscription 

Liquefied Natural  Gas. A literature sul’vey issued quar- 

order and remittance to Electromagnetics Division, 
Superconducting De! ices and Materials. A li terature National Bureau of Standards,  Boulder, Colo. 80302. 

terly. Annual subscliption: $20.00, 




