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MOLECULAR BEAM TUBE FREQUENCY BIASES DUE TO
DISTRIBUTED CAVITY PHASE VARIATIONS

For atomic beam frequency standards, an analysis
is described for estimating the frequency bias
due to distributed cavity phase difference over
finite beam widths, and for estimating the re-
sulting inaccuracy in power shift and beam
reversal experiments. Calculated atomic trajec-
tories and simplified rf-field distributions are
used, as well as certain assumptions about beam
tube alignment. The results are applied to one
of the present NBS primary time & frequency
standards and a shorter tube geometry.

One conclusion is that beam reversal experiments
are not necessarily much more accurate than power
shift experiments and that the use of both methods
(plus the use of pulse techniques) is desirable.

Key words: Accuracy evaluation; Atomic beam frequency
standards; Cavity phase shift.
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I. INTRODUCTION

The primary sources of error in state-of-the-art Ramsey-type
cesium beam frequency standards, which are approaching a part in 1013
accuracy, are the second-order Doppler shift (DS2) and the effect (PD)
of a phase lead & of the rf-field in the second cavity over the first.

An experimental method, based on the pulse technique [1,2,3] and
theoretical methods using measured Ramsey resonance curves at dif-
ferent power levels [4,5 ], have been reported which predict the relevant
velocity distribution p(V) of detected atoms. From p(V), it is an easy

matter to compute pseudo-velocities VD(b, VMOD) and Vp(b, VMOD)

coefficients depending on the power parameter b and the modulation
width for line -center servoing from which the biases due to D82 and PD

are:
N
R LN N G 7
\)Pl\ -7 :7_5,;7_-_ \/p(5 \)Mcﬂ))
where V is the cesium transition frequency, c the speed of

light, Lcis the cavity separation and 4 the width of each cavity. Since
VP/ZTTL is typically about 10 Hz/radian, a milliradian phase difference
6 generates a bias Vbp of 10-12 Veege Fven with careful cavity adjust-
ment before assembly, control of § to levels significantly lower than a
milliradian is not at present practical, so that the value of & obtained
in the beam machine at any particular time must be inferred by other
means. Two techniques are currently employed. In the first, the
beam tube is designed to permit both forward and reversed beam
operation., For forward operation, the bias is

where & is other sources of bias. For reversed operation, the bias is

5 R R ) s R 7R
\)@ = VYpsz t TaL \/p t /L




(We must anticipate that (VD, Vp) result from different velocity distri-

butions in the two operating modes). The difference

- o R
AFR - Vﬂ Y5

is found by comparison with a very stable source (its accuracy is

irrelevant), and thus

J - AF/Q - (Vpia?’ VDﬁ:?) - (’[7,:'»{’0)
7L \/PF i} V/,’?

from which v is easily computed for each mode. For example,

PD

VBF = A (AF/’\’ * \’Zsfg * %ﬂ)

+ (/"‘/L)(Vb/:a? * 7/:);

where
._;.'F F R ~ L
= VSt 2 S

This bias estimate is limited in accuracy by the measurement AFR/Z ,
the average DS2 bias, and the (yet) unknown bias:

L (L% £7)

2
In the second technique, two power levels are used, (bl, b ).

Yif: v - J \/t.fl:z (i:/>a>?)_

8 Dy 2 yn?er_ P 2

(The velocity distributions may be slightly different for these cases;
this must be considered in the calculation of the (VD’Vpl)’ or the two-
velocity distribution approach used) [2]. Again, measuring:



/R 3
we find:
/ 2 - 5
_5 - = — A/z - (stf.z ~ Yy ;7) - (/L ‘- 4 9
/ P
Then:

Vl = _&- (/],z o+ v’/.)-:;_;j fﬁ/vq)

R
+ -« ("/);.,2 + '/51);

where:

- VISV - )

With care in the choice of power levels and sufficiently wide velocity
distributions ,4‘, may be as small as about 3, but in any case, it will
amplify the errors in AlZ’ VDSZ’ and h', by this factor. This method
has the advantage of being applicable to any beam machine and of gen-
erating redundancy (for three or more power levels), but suffers from
the amplification factor 4. A combination of both methods (plus use of
the pulse techniques) will be the best approach towards a comprehen-
sive accuracy evaluation,

Our purpose in this paper is to estimate the amplification factor. <
and the (PV) bias 4 (b, v "), due to non-uniformity (phase variations)
of the rf-field in the portions of the cavities traversed by the atomic
beam. These effects must be expected to be the more important in
accuracy evaluations the shorter the beam tube.

The estimate involves three components. In Section II, a
ray-trace technique is described which is intended to model the beam
tube under consideration and generates velocity distribution moments
over the cavity windows. In Section III, a calculation is described
which provides an estimate of the relevant rf-magnetic field in the
microwave cavity with finitely conducting walls; only a simple



rectangular guide is considered. In Section IV, the atomic transition
probability is derived, and the total bias computed for sinusoidal or
squarewave modulation by averaging over the atomic beam.

In Section V, the application of these methods to specific
systems is discussed.



II. RAY TRACING

Referring to figure 1, let P= (Y, Zl’ YZ’ Z..) be the
parameter vector of atoms whose trajectories have coordinates
(Yl, Zl) at the center of the first cavity, (YZ’ Z_) at the second,
where P =0 is assumed to be on the line of centers of the cavity
apertures. We consider those atoms with velocity V, and assume all
trajectories make small angles with the line of centers. Let <0 be
the rf-fiz2ld angular frequency, and let P // , V, ««”) be the transition
probability for one of these atoms over iPel passage through the two
cavities and the uniform C-field region between the cavities.

Consider atoms emitted either "spin up'" (j = 1) or "spin down"
(j = 2). If transition occurs, these atoms contribute to the detector
signal the flux element:

4 (V))F /’7,“ (/f’)\/k) ,//F /’V
(('IIF = f 7,‘ (/‘Zl o 4/,2‘ p Z?)}

n
\

where p'f-:- ¢ if the path fails to pass from emitter to detector, and

otherwisé, p.” is the emitter source strength, dependent on the position

on the emitter face and the launch angles. If transition did not occur,
the contribution to the detected flux element is:

(V f\)(/ (/)W c\,'.))(‘{;//) 45\/)

- . f
where OJ has properties analogous to Py

Integrating over the cavity openings UB{/PJ and the velocity, the
total flux at the detector is:

7[) (“)) h C/(/ V PE {/P> W!;{;)/P C’\) (lc //D) /7,7 //)_ l/) <\‘)

neglecting a term independent of W, and writing

S
0 (//n_‘\/)@%(\/)p) = 27 (;‘: — rﬁ,_>>
7 :

vV



where o, (p, V)is an emitter source strength and Q>'<(V,/)o ) a beam tube

form function for unit source strength. (The Jacobian of the trans-

formation from initial to final values of (Y, Z, Y, Z) through deflecting
magnets where force is independent of X is unity.) For simplicity, we
may take p_(p, V) to be the Maxwellian emission distribution, independent

of /p.

With the intention of expanding P
the ray trace computation generates the velocity dependent moments:

7 - (V) "/—(f/p Q*/%/JJ ( )
3?(//*)

(V, w) to second order in o,
/
L)

(n= /, /d’)

Finally, defining

en (\/) = 9Ia [\/) QE(,V‘)y

we can write: 15" i
CJD(L&‘J - n)’;; f(/\/ {'n (V)f):c; (“N—‘)V>
Vo)

where f:q are the appropriate expansion coefficients of }?’P( PV



The computer program generates the qn(V) for several intervals

(m = 1, M) in the detector plane, so that the effect of detector location
may be studied.



III. THE CAVITY FIELD

The microwave structure is assumed to be a very symmetric
U-shaped rectangular wave guide shorted at the ends and driven at the
center. It propagates only the TE
complex harmonic field structure

Lc-\‘.vi‘ —— . A /L
[ i
E(//u)()/ fKL"{Z—(;‘a/gL&ﬂ/ J:(y/ }/L\)e; //{)

0 1—mode, each arm having the ideal

where /K is a unit vector in the z-direction, ¢, is the ¢avity wave

number and Yo an arbitrary phase chosen to make /£ vanish at the
short y = Yo

In beam machines, the apertures in the cavity arms which
permit the atoms to pass through are usually elaborated with features
which include transverse ""approach sections' and horizontal
(y-direction) fins to reduce field leakage in the x-direction. These
complications make calculation of the exact rf field nearly impossible
even in the case of perfectly conducting walls.

We have examined only the relatively simple case in which the
cavity apertures are absent, and the wall conductivities are very high,
dependant only on the perimeter position (independent of y). For the
magnetic field-independent transition in cesium defining the atomic
second, only the rf magnetic field parallel to the C-field, which we
shall take in the z-direction, is important in causing transitions.

We shall solve the harmonic field equations:

vV ox U x £ - é‘?Eﬁo,
/H‘=-:/ vox 1=

7 _/‘1,‘

€

subject to the wall skin depth conditions

0 ox = = jy(/ﬁ)x{mflk'}(/¢ t’)//‘/,r ,

where #? is the outward normal, 5 G u) the skin depth at the wall point
/+; (independent of y), and //L/.T_ the tangential magnetic field on the wall.
The wall condition can be written

/n)(f: = (//QJ(V/(E)T 5




where:

T (‘//‘/J)‘ = 2 ;/ ; [/f})

] >

where the real skin depth is _

J\ (;/"J) _ et \/ 0

/4{(“ < <t 7:/ f/y:})

= < (7 . - /iC_'. )
: L7 C(/c) V = <o,

For 0=5,92 x lOSOhm_lcm_l for copper, the free space cesium transition
wave length )\O = 3.264 cm, we obtain:

S = ¢oew(re) an

Wave guide dimensions are assumed to be a = 2.286 cm (0.9") and
b=1.016 cm (0.4"). (X-band).

We take the electric field to be of the form
E, () = C‘», (X)Z) el F

Lolrm) = &, (x2) cove ry
E? (//*’5 = Céj? ()(,2) A 7Y S

C"?/.(x,z) = (/+ 6,()()/ c(@[(‘g*é)z * ﬁ]:
E (2= e, (x) e [(Fvc)zsp],
c‘f’; (}(Jg) = &,(x) ain [(g, ez _ﬁ],

where the ("“; (2dare assumed to have series expansions in a mean skin
depth & , while ¢ and B are to be determined and are constants of
order §.

The important magnetic field component H3 (#) is found to within
a proportionality constant from:

H;G"/J‘: S &Y [6?2))( (x) # J"(/f é,(x))}»
v (v )z, ﬁ]



The complex propagation constant Yy = YO - 10 is determined by the
analysis.

The calculation is extremely lengthy, and requires an analysis
to second order in & to determine all the first order quantities. It will
not be reproduced here.

An end=short condition for terminal skin depth 6 is easily
applied to the result by replacing sin 8y by sind(y + y ) and applying
one of the wall conditions at y = -y , which determines y0(6e) . A
second wall condition is ignored; in fact, the skin depth distribution
must be of the correct form on the end wall to be consistent with this
single mode analysis.

The real and imaginary parts of H (Ir’) are determined from a
computer program where the primary :anut is constant values
(6., &6,, 6 & ) for the skin depths on the four walls and shorting
surface. (In %act the parametric variation of skin depth by cosine
series coefficients is included, but such effects must be expected to be
small; in any case, such coefficients are unknown).

Finally, coefficients of the real and imaginary parts of H3(/r—)
are generated for least squares best fit to the form:

f-/gﬂf)' = 7 lyz) s x v, (y2) e x" o, (y2),

. . - ,' c_/"/ ‘dt o
7, (y,2) = 7w )y ts s oo

about each cavity center #~ = 0 point on the line of centers of the cavity
apertures. The program also gives the expansion coefficients for the
remaining field components as well.

It must be emphasized that this relatively simple calculation
may not represent adequately the true field in the complicated cavity
structure near the cavity apertures, but we shall be able to determine
which are the critical coefficients in the field expansion.

10



IV, THE TRANSITION PROBABILITY

The quantum mechanical probability amplitudes Cl(t), C?_(t) for

a two-state system perturbed by a uniform magnetic field in the
z-direction and a parallel oscillating field may be written:

C E /. |[c e H,]c

t _ / e 14 2 /) 5

c, o 2| H, o llc,

where El’ E2 are the unperturbed frequencies associated with the

energy states, H_a frequency associated with the uniform field, and b
a constant proportional to the oscillating field amplitude (the '"power
The f1eld /’/ (/—’ f)in each cavity j = 1,2 is related to

parameter'’).
calculated in Section III by:

the complex field /‘/ /'/

%/2 (n f} /tL ///j /l“)%(wff /2/)* /’/S,Jfﬁ':)/awﬂ_‘f’/z;)]a

A
where Md and X are chosen so that

/’/ (rf“f)“—“// (f’)cwz(soff‘/’) (ﬂ“ /W«x(v[»‘(f)

and: /A) /(c) ' /)

\

£l )=
We can readily compute from the coefficients for the field (~/ G L/d ,V))
in Section III the repre sentat1on )
/ﬁg (&) = (C 4 C;z Z ¢ C::’d T # C‘/{E—J/ Co"w‘z-_ ' '—)
4 . —2 /7 J
C .
+ X (L——>f“(4) r x2(c -, ),

in which C.’,j-: ¢C. A similar expansion holds for //u/y, but is not required.

We assume that the atom has a trajectory through each cavity:

A )

vl . ‘

)/ Y V)ﬁxr
£ = Z f \/2))(0*;

11



where, assuming the atom enters the first cavity at time t = 0, ¥ = /- :‘Z’:-,

in the first cavity, J= i*(r’ ‘”)1n the second, with == ’//\/ 7= L/\/

From the representation of the field components in terms of the cs , we
can express the time-dependent functions

LK Cree) _ |k . (?,f ‘s R . g
g v v
A /LJ (fP’(f)) « Fg: . - uf”g: é?(j?
! L B
= ¥ : 5
< Eﬁ(s)

where the coefficients B,‘,}J are small, associated with the cavity
resistivity and field amplitude gradients in each cavity.

The uniform field causes the energies of the states to be
modified., The unitary diagonalizing matrix

°</‘/ u/[‘t\wE
A = (<] l I)

§ (‘J&" Ea} § H,
o¢ =/ / ? = 4
V-(v(df_ E’)af /‘1C?ﬁ > B -Lr(’l_,—%)aF /__/d;"[ 3

a)o'?)/ = ;?L(‘—C/ * EQ) —a (/:/{_(EJ’ E/ )) * /_7{;:

generates the following system for the eigenstates:

where:

2

D= Ac, |
1D [co/ e )ID o [, [ 7_[ D,j
Ll = = /
/[)&J S I + 2 A < A D,
For the very weak C-fields employed in beam machines,

H/[E ~Ey<< [, and A is essentially the unit matrix; the only important

effect of HO is to replace (E E )by (w w ). Thus, we consider

only the system:

¢ /;>/ I S Dl‘ . oh O My D,
DQ fa) € D /'—/=Z < D_’,)

12



L
D = e =
/);l= 2

which does not effect the state probabilities, (i.e., lDil = ]F?, )

— ey - “ . ' . 2
A f%f’:,f_u“—/gj’/?
F-.? < ‘L\}z /::? : / '/2 €‘L e F;

Introducing in the jth cavity (j =1, 2),

J P . ;
H D) = = e bt )= Lo Gt 1 1)

and putting:

o (F) = —wl—y di=

j 71?‘— Y—)\/— V)
L[[_T] O I I TV A Vo I
Y —A///z’;,'/fz'f,a)e?‘éi/'—: £,

2
where & is composed of terms with oscillating frequency 2w

lead to the Bloch-Siegert Shift [ 6

>

These
], which we shall not consider here

We introduce the real variables
, Ped -/ e -/
C-FF L V-FRE R EE A, Se-
e V=t We U=V

>
C/v:é(/% ch)) V=% - (/\/),
and derive the real equations '
W= 2bR(K cead, + A /Mf) 26 5CK! an A e d ),
P AS - 2407 (/v, ceed, +%J¢W;)
T ==AR =24t/ (4 e 8- £ 4W;)
where

T ew-al, Lo E J’L"/‘/—/Oq) “, = EQ E/"
(The sign of Ais reversed from Ramsey's [ 7 ] usage). The effect of
§. # 0 is merely a rotation in the (R, S) subspace. With the initial data
J
att=0:

jcil=C-1, veR=J=0,

13



so that W = 1, we can write after passage throught the first cavity:

L / < 3 T
/<7 = <> Cc".:f prauvy 5 ?\( < j 5 = 5‘2 - S
yJ., = g emed <« 4
where HY satisfies:
L/{/l7 i L/(."')
R j = N R
< N
) o> ~J
over cavity one with 6 = 0. Over the C-field region, b = 0, we have:
L{/ / . < L’

R
5

< Cee N\ 7/ L ,\ 7 /C
<> — A /\ r < oz \ ‘f’ "S\

il

.T‘f- ’y T"
Over the second cavity, we have (6§, = 0):
L (X

P - N 2 P

We need finally the transition probability at t= T + 27T:

/'\/ = /( Q} = V(Tf 72’) = Z;(/"' W (T ‘“/77’))'

r T
Then: . A
_ / &) o '
Ly (7+ 27)= [ / o ¢ ] N ! O coATr J) NAY I ' e
C et AT 48 ) ced NT+S ¢

The cavity equations may be written:
Ww-26R =2%R+ 2R/7
R = ANT ¢ 24l==-2R7,

< ) ,. 1)
S 4 AT = - 20w

If this sytem is iterated once, treating the right-hand-side as a small
perturbation, we can write for cavity j:

}f j - 194 ) 4 -:Z;) /

14



where the matrix'}(o is the same for each cavity, and U is a small

perturbation matrix, With = [//\ £ ‘7//;“

7 (/\J/ ‘/‘[1 ;'('f": <t Z’) ’"’/'"’f‘« [WUM\ ST ‘/)\ I8 0- CeZ c‘rc”)

C

: /
A sk

5
' <) - /1 A A i 2 - i

A My (7 coe v €) -

Then to the first order in IJ, the transistion probability is
found from:

TP () e s (0] D7)

. < P , A
<+ C e (/\ '7/‘ J) (2[/ 2 7J.2/’ * 7\](/'2 j/

.+ 7”/? 2!:/ - 77[/(3 'OJ/ £ ;‘lj’z r_J; /:)
+ ,/4{4«,//\ * S ) (N,; 7‘[30/ t ) '/ 2 £I

< N f ‘ < < A 2 )
- 7\{/3’7471 r? ’V)J/ - DI"[)IJ
Line centering by the modulation technique is modeled by
putting "

A= AT A e

Mo

where p(t) is a symmetric periodic function, usually a square-wave or
MOD is a modulation amplitude and )\~ is a small

adjustable offset, 3" is varied so that the detector signal is also a
symmetric periodic function as sensed by a symmetric linear filter.
Assuming that 6, I, and L™ are all small quantities, the asymmetric
part of P is as follows:

pq

a sinusoidal wave,

(\ = XMOD here):

TSRO RER)
b AT O T ) 20 A,
F AN Nz, Coa, )
24, (V= 00 (T ) ]
—

15



b e AT QT 5 )36 )
f Q/\*(ju,) N?/ A 4 ?J/Q A J;/)

(OD - M ( 0 - :O,i 5}

5
where (O, E) refer to antisymmetric and symmetric parts in A
respectively.

MOD’
We also assume a modulation amplitude small enough that terms
in (XMOD/b) may be ignored. To this order, we calculate:

A9 9y _Aed
st é(cg‘_fcé) s

2079
5
-4 :
—2 O . -
where in each cavity j
(Uj ) , ("~ Bix 7,
O | . Z YK@;M(&@Q_A:«WK toae 2be T, )
(‘/‘/0 ! z fxx 2k ?
L U/‘fj L " ¢ 2e (wen 262 Tk — <oe Db ?T;K)
" £ (e thCo )
L~ 7)}( s @;?A(Jf- %i 3{ . (. _ /’M’, 75
Tz cea?26(vs 5) 53 K= 1,2,3)
* i :Q/‘_)a«wﬁﬁé Crer %) K

The frequency bias VB and the second order Doppler correction
are introduced by writing

A= 2T (\76 r O l/g)-

16



Then integratim Pp over velocity and the permissible atom tra-
jectories, and carrying oucé the linear filtering associated with
modulation, a null result is obtained when the frequency bias Vv

satisfies: B
g

Yy == y ) . -
C Vo o, o+ . <, t ZrL 3
>l.;? ., ,
2
4 /(L:_; (CK L—)K*;? + CK uK*D/>)

where the Ci{ are the //{;6/3) expansion coefficients for cavities j = (1, 2),

and the ud (Z;’v;\,,gl)are defined in the Appendix.

Calling

(i

ur:r//q: > (k= Iy--, ’7),

0’( ('A) \;NO/) -)

we obtain for the bias:

-

- SRS N
VB - _[2... U/ - o?/r/__ (./a g

/7
(,/ 2
3 A
% Sk Y%+ a ’ Ck Ck-f?é)};

where we can now identify the terms used in the discussion of bias
estimation in Section I:

2
v - Qo VA

DPQ l >
\/f) = C’VQ 9
and (-/Z) is the bracketed term.

A computer program has been written which accepts the velocity
distributions qrrln(V) of Section II, the /H -field coefficients Z?‘,,} of

Section III, a set of field level parameters {b} , and a single modula -

tion frequency width v
o

the k(b’ VMOD

the associated constants Ci . It presents the PV bias //Z(b), and for

pairs (bl, b_), presents the power shift error multipliers of the

MOD For each detector location m, it computes
), and ta%mg pairs of field coefficient sets, constructs

coefficients { c.L )cj) as well as the power shift-induced error for that
field pair.
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V. APPLICATIONS

The procedures described here have been applied to two systems,
NBS-5 and a shorter off-line beam tube (Tube B). However, it must be
born in mind that the NBS-5 results are relevant to the true system only
if two assumptions hold. First, the ray trace must adequately match the
system. This may be checked reasonably well for p_(V) which is just
the detected velocity distribution, but not at all for the other distributions
(pz, <+, P, ) which are much more critically dependent on system and
cavity alighment., Second, the simple wave guide model must be
adequate to represent the complicated structure of the cavity apertures.
For a given structure, however, if all skin depths are increased by a
factor x, then all O,f’ , and hence the PV bias.A, are increased by the
factor x. Skin depths are expected to be known to (and have a time-
dependent change of) only a few percent.

We have considered only three rf-field types. In the first, the
skin depth is uniformly 6. 82x 107> cm, corresponding to copper. In
the second, skin depths are uniformly 10% higher, while in the third,
only two adjacent walls are 10% higher, which should represent a worst
case for non-uniformity in this simple model.

Figure 2 shows the correct velocity distribution for NBS-5, as
determined by measurement and confirmed by Ramsey curve inversion.
Also shown are ray trace results for a detector of height 0.2 cm,
centered 0.3 cm below the line of centers for M= 2, 0.3 cm above the
line of centers for M = 4. All these curves are normalized to unit
height. Neither ray trace curve matches the experimental curve well;
the M = 2 curve has a better center of gravity, while the M = 4 curve
has tha proper location for the maximum. These ray traces were done
directly from the beam tube design value, and no effort was made to
adjust them to improve the match.

Figure 3 shows results for an off-line geometry with an inter-
action region length L = 0.5m. Both detectors, M =1 and M = 3, are
located on the opposite side of the line of centers from the emitter,
with the M = 1 detector further away. The strongest signal is detected
at the M = 3 location, while the M = 1 is very weak, and exhibits
"shot noise'" of the limited number of rays examined.

18



In table 1 we list the most important rf-field expansion coeffi-
cients ¢, and field derivative at 4~ = 0 which they represent for the
three rf-field types we have examined. In table 2, we show the
corresponding multipliers (¢ .- o) for the two cavity fields at

nominal modulation amplitude (equal to resonance half-width) for three
values of b bracketing the optimum value. When the field type is
assigned to each cavity (j = 1, 2), each product <l Cae s Ca g ae

is a component of the PV bias £ (b, Viyop): K= 1 for the NBS-5
model; K = 2 for the shorter tube (Tube B). S =1 is when
the beam tube geometry is completely symmetric about y = 0; S = 2

is the case in which emitter and detector are shifted 0.1 cm on
opposite sides of the symmetry axis y = 0, and show the effect of
misalignment. (A similar effect is produced by non-uniform emission
or detection in y). M is the particular detector location number
(varied in z).

Referring to ¢, (5:,;), even though ¢, and ¢, may be quite large,
as long as the cavity aperture is centered (in z) in the wave guide face
and the z-dimension of the cavity opening (here 0.95 for K = 1, 0.508
for K = 2) is not too large, this term is not important.

Referring to C_( 27 ), we see that the unavoidable rf-field
phase gradient in the propagating direction can be a major source of
PV bias for relatively small beam asymmetries in y, whether due to
physical misalignment of components or non-uniform beam intensity.
The values (¢4, <53 ) for K = (1, 2) appear to be roughly proportional
to the slope y , of the misalignment assumed. This error can be
reduced by narrowing the cavity aperture widths (here 1.27 cm) at a
proportionate loss in detected signal.

The field curvature terms (¢, c,) are in the 1 x 10 -4 range for

4’ 6
K =1, but as highas 2 x 10 =3 for the shorter tube. These terms should

drop quadratically with decreasing aperture dimensions.

The terms due to C_ and C__ which modify the transition pro-
bability by introducing an apparentl Prequency variation in the cavity
have very substantial coefficients, (¢ | ¢7, )and ( v,5 <3, ), for
the two cavities, but are fortunately of such amplitudes and signs as
to cancel identically when the cavities and their fields are identical.
For the variations in cavity fields considered here, these terms are
less than 1 x 10 "4, but x-asymmetries in cavity construction could

perhaps produce large biases because of these terms. It is worth
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noting, however, that the (09, 0167 033) depend only on pl(V)
the directly determinable velocity distribution; in a cavity
design in which these biases were dominant, power shift meas-

urements could be used to estimate (C4, C6), and some correc-
tion applied.

Tables 3 through 10 are final results for these cases.
Over a set of relevant power parameter values {b }, VD and
Vp(b, vMOD) are shown; these numbers are independent of which
rf-field types are used. For the cavity 1l/cavity 2 rf-field
type designations shown, the PV bias‘&is given, and for power

parameter pairs, (b+, b ), the resulting PV power-shift bias

Pv

. = A-(A':VM”)) + ('/-va,‘) [//77 ) );

\)

due only to distribution of phase over cavity-apertures, is
R -
given in Hertz. (For cesium, a 1.0 x 10 ° Hz bias is approxi-

mately 1 part in 1013). These numbers can be considered to

represent the uncertainty values which are encountered under
the conditions stated.

Let us now consider a few specific examples. Consider the
case of NBS-5 (K=1l) operated between b = 20000 s_l (near
optimum for M = 4) and b’ = 2 b”™! (6 dB higher power). With
perfect symmetry in y (S = 1; tables 3 and 4), we find PV
power shift biases of 0.6 x 10_3 Hz for M = 2 and 0.4 x 10_3
Hz for M =4. The corresponding PV beam reversal biases,
172(hF + %), at b~ are 0.2 x 1073Hz for M = 2 and 0.0 x 10~

Hz for M = 4.

3

For the asymmetric case (S = 2; tables 5 and 6), the PV
3 4z for M = 2, and 1.0 x 10~
Hz for M = 4. The corresponding PV beam reversal biases at
b~ are 0.8 x 107> Hz for M = 2 and 0.6 x 1073 Hz for M = 4.

- 3
power shift biases are 1.1 x 10
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We should remember that these biases do not include the
DS2 bias (which can be very accurately calculated), and must

be considered to be uncorrectable uncertainties at this time.

Consider now the shorter Tube B (K = 2) operated between

b” = 14000 s~ ! (near optimum for M = 3) and b’ = 23000 s %,
(4.3 db higher power). With perfect symmetry iny ( S = 1:
Tables 7 and 8) ,we find PV power shift biases of 25. x 10-3 Hz

for M = 1 and 2.5 x 10_3 Hz for M = 3, a very striking differ-

ence. The corresponding PV beam reversal-biases at b are
0.8 x 10> Hz for M = 1 and 0.5 x 10™° Hz for M = 3.

For the asymmetric case (S = 2; tables 9 and 10), the PV
power shift biases are 17 x 10—3 Hz for M = 1 and 3.0 x lO“3
Hz for M = 3. The corresponding PV beam reversal biases are

5.8 x 10 ° Hz for M =1 and 2.8 x 10> Hz for M = 3.

It is interesting to note that the power shift results
are not always as bad relative to the beam reversal results
as might have been expected from the values of the amplifica-
tion factors 4 which are easily computed from the Vp(b) values
in the respective cases: for NBS-5 (K=1), A =5 for M = 2, and
A =9 for M = 4, while for Tube B (K = 2),4 =13 for M =1
and M = 3. This is due to the high degree of correlation of

PV biases at various power levels for a fixed configuration.

VI. CONCLUSIONS

Under rather severe assumptions on cavity symmetry and
ray-tracing validity, estimates of the PV bias uncertainty
(due to distributed field phase and amplitude in the cavities)
have been obtained for power shift measurements on NBS-5 and a
shorter beam tube, and tabulated in tables 3 through 10. With

proper care in alignment and emitter fabrication, and optimum
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choice of power levels, the PV bias uncertainty in power

shift experiments with NBS-5 should be less than 1 x lO_l3v

ces.
It is important to note from these tables that the appar-
ent advantage of beam reversal techniques may be substantially
negated because of the fact that, in beam reversal, we must
average two uncorrelated PV biasesJ%Jl and )@2, while for
power shift measurements, even though the amplification factor
A may exceed 3, the biases,,/gbl andJ‘ZL2 are correlated, and the
resulting bias uncertainty may even be less than the average
(h' + A% /2. This fact confirms the view that a combination
of both methods (plus the use of pulse techniques) is the best

approach toward a comprehensive accuracy evaluation.
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VII. APPENDIX

With z = 2L Vv i i i
ith z = 27L MOD/V’ we define the linear servo filter

| Gew AT J, ¢!
)(t’ A 7/.:.;‘1 A7 =

- /9 (= [
AT /? (2}

For square-wave modulation

OZ//’E//{fjje ) (ﬂ,[yj‘ﬂvl,7

) (#) < 2 com.
J?

Jo2)- 2

over A(t) = )\MOD p(t).

N

For sinusoidal modulation,

oz
o [Foar))- /C[me £ F Clyy e, ),

;)ﬁ) T,(’z}
Jo(2)e 2763~ 7 c2)
Ji ) 4o

R Jl are Bessel functions.

where J

With x = b T, we define

om0 =2 @.ux--/) ¢ w2k
4‘ 4) (?)/«I«b;u ZX 57; L- J (7'>

%\/t?)( b, /—— e \) >
[ 2 sy e 53]
Then we define the Q (A ~ren V)

J

Q/ ‘:,,4—ouQle, * Zéj— w/)—uv QX)(J / >
(EQ: /44:41/ o X /I) Z{i M(/' ‘ﬁZ.K’K)/
X/JﬁL,

(_;.',A»? = e CZ(‘ = f



g Q7C /j/af»/faajf‘//:?r[— 3
I R

where we have dropped the terms of order (/Z/L)Z.

Then designating:

CFv) = //JV/:(V))
the Lli(b, v N

MOD) are as follows:

o, = (C?_,/ f),/\/> 3 HL= <(e', s V>) q3=<d’é? /°f>
.= <a3(0,>) ‘4{"(@3[}3 * fi@/‘ ((“r”ﬁx )>
e = (QJ E Zé_ <t ((’f’[’.;)>

a_ = (Qrgh ¢ 2 f&&, G,—r~€f)>

“p =((23€7 + %’ <ty (C)/‘lf S T ’7(37)>

ay = (QC,PQ+ £ a, (Lb,.,?wf‘g)>

o= /g(d‘/—f)/>

g Ayt F G )

chg= A o, t F Uy oum pa)D

e, = A< 0, + QZZ— CL‘_(CO,J.-€9J>

= /Z((z-{;{:"; * Z& CZJ-/(C -7 Prz Q("'l)

= (2, fo* 2 Z_ﬁ a,,—'((?/;?’ Pc)>

g = /J<CZIJ.F,>“ <7 = /Z%J' [’3>

o= /ZQ(C&VPQ>, o= /ﬁ(dr(°5\>

A gy = /ga(ar07> “as* /ZD?(QJ‘ €c>

Hao= (Qc (°/> > "a:«"(de e # Z{L’Q7 Cpf~f3)>
Doy ™ ((éc P+ * Z{i <2, (pu- (0,2)>

Do = (Qé o * Qf—(é7 ((0,,— 6/:')
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NBS TECHNICAL PUBLICATIONS

PERIODICALS
JOURNAL OF RESEARCH reports National Bureau

of Standards research and development in physics,
mathematics, and chemistry. Comprehensive scientifie
papers give complete details of the work, including
laboratory data, experimental procedures, and theoreti-
cal and mathematical analyses. Illustrated with photo-
graphs, drawings, and charts. Includes listings of other
NBS papers as issued.

Published in two sections, available separately:

® Physics and Chemistry (Section A)

Papers of interest primarily to scientists working in
these fields. This section covers a broad range of physi-
cal and chemical research, with major emphasis on
standards of physical measurement, fundamental con-
stants, and properties of matter. Issued six times a
year. Annual subscription: Domestic, $17.00; Foreign,
$21.25.

e Mathematical Sciences (Section B)
Studies and compilations designed mainly for the math-
ematician and theoretical physicist. Topies in mathe-
matical statistics, theory of experiment design, numeri-
cal analysis, theoretical physics and chemistry, logical
design and programming of computers and computer
systems. Short numerical tables. Issued quarterly. An-
nual subscription: Domestic, $9.00; Foreign, $11.25.

DIMENSIONS/NBS (formerly Technical News Bul-
letin)—This monthly magazine is published to inform
scientists, engineers, businessmen, industry, teachers,
students, and consumers of the latest advances in
science and technology, with primary emphasis on the
work at NBS.

DIMENSIONS/NBS
issues as energy research, fire protection, building
technology, metric conversion, pollution abatement,
health and safety, and consumer product performance.
In addition, DIMENSIONS/NBS reports the results of
Bureau programs in measurement standards and tech-
niques, properties of matter and materials, engineering
standards and services, instrumentation, and automatic
data processing.

f;nu;lssubscription: Domestic, $9.45; Foreign
$ ) NONPERIQDICALS
Monographs—Major contributions to the technical liter-

ature on various subjects related to the Bureau’s scien-
tific and technical activities.

highlights and reviews such

Handbooks-—Recommended codes of engineering and
industrial practice (including safety codes) developed
in cooperation with interested industrics, professional
organizations, and regulatory bodies.

Special Publications - Include proceedings of high-level
national and international conferences sponsored by
NBS, precision measurement and calibration volumes,
NBS annual reports, and other special publications
appropriate to this grouping such as wall charts and
bibliographies.

Applied Mathematics Series--Mathematical tables,
manuals, and studies of special interest to physicists,
engineers, chemists, biologists, mathematicians, com-
puter programmers, and others engaged in scientific
and technical work.

3

National Standard Reference Data Series—Provides
quantitative data on the physical and chemical proper-
ties of materials, compiled from the world’s literature
and critically evaluated. Developed under a world-wide
program coordinated by NBS. Program under authority
of National Standard Data Act (Public Law 90-396).

Building Science Series—Disseminates technical infor-
mation developed at the Bureau on building materials,
components, systems, and whole structures. The series
presents research results, test methods, and perform-
ance criteria related to the structural and environmen-
tal functions and the durability and safety character-
istics of building clements and systems.

Technical Notes—Studies or reports which are complete
in themselves but restrictive in their treatment of a
subject. Analogous to monographs but not so compre-
hensive in scope or definitive in treatment of the sub-
ject area. Often serve as a vehicle for final reports of
work performed at NBS under the sponsorship of other
government agencies.

Voluntary Product Standards—Developed under pro-
cedures published by the Department of Commerce in
Part 10, Title 15, of the Code of Federal Regulations.
The purpose of the standards is to establish nationally
recognized requirements for products, and to provide
all concerned interests with a basis for common under-
standing of the characteristics of the products. The
National Bureau of Standards administers the Volun-
tary Product Standards program as a supplement to
the activities of the private sector standardizing
organizations.

Federal Information Processing Standards Publications
(FIPS PUBS)—Publications in this series collectively
constitute the Federal Information Processing Stand-
ards Register. The purpose of the Register is to serve
as the official source of information in the Federal Gov-
ernment regarding standards issued by NBS pursuant
to the Federal Propertv and Administrative Services
Act of 1949 as amended, Public Law 89-306 (79 Stat.
1127y, and as implemented by Executive Order 11717
(3% FR 12315, dated May 11, 1973) and Part 6 of Title
15 CFR (Code of Federal Regulations). FIPS PUBS
will include approved Federal information processing
standards information of general interest, and a com-
plete index of relevant standards publications.

Consumer Information Series---Practical information,
based on NBS research and experience, covering areas
of interest to the consumer. Easily understandable
language and illustrations provide useful background
knowledge for shopping in  today’s technological
marketplace.

NBS Interagency Reports-—A special series of interim
or tinal reports on work performed by NBS for outside
sponsors (both government and non-government). In
general, initial distribution is handled by the sponsor;
public distribution is by the National Technical Infor-
mation Service (Springtield, Va. 22151) in paper copy
or microfiche form.

Order NBS publications (except Bibliographic Sub-
seription Services) from: Superintendent of Documents,
Government Printing Office, Washington, D.C. 20402.

BIBLIOGRAPHIC SUBSCRIPTION SERVICES

The following current-awareness and literature-survey
bibliographies are issued periodically by the Bureau:

Cryogenic Data Center Current Awareness Service
(Publications and Reports of Interest in Cryogenics).
A literature survey issued weekly. Annual subscrip-
tion: Domestic, $20.00; foreign, $25.00.

Liquefied Natural Gas. A literature survey issued quar-
terly. Annual subscription: $20.00,

Superconducting Devices and Materials. A literature
survey issued quarterly. Annual subseription: $20.00.
Send subscription orders and remittances for the pre-

ceding bibliographic services to the U.S, Department
of Commerce, National Technical Information Serv-
ice, Springfield, Va. 22151,

Electromagnetic Metrology Current Awareness Service
{Abstracts of Selected Articles on Measurement
Techniques and Standards of Electromagnetic Quan-
tities from D-C to Millimeter-Wave Frequencies).
Issued monthly. Annual subscription: $100.00 (Spe-
cial rates for multi-subscriptions). Send subscription
order and remittance to the Electromagnetic Metrol-
ogy Information Center, Electromagnetics Division,
National Bureau of Standards, Boulder, Colo. 80302,






