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SPECIFICATION AND MEASUREMENT 

O F  FREQUENCY STABILITY 

John H. Shoaf 

Atomic Frequency  and T i m e  Standards  Section 
National Bureau  of S tandards  

Boulder ,  Colorado 80302 USA 

Abst rac t  

Th i s  r epor t  gives concise  definitions fo r  specifying 

frequency stabil i ty for  m e a s u r e m e n t s  i n  the frequency 

domain and t i m e  domain. 

of measu remen t  techniques a r e  recommended.  Measure -  

men t  s y s t e m s  a re  descr ibed  in adequat.e detai l  so that  the 

appara tus  m a y  be duplicated. 

m e a s u r e m e n t  s y s t e m s  through 1 2 . 4  GHz is discussed.  

Standards of terminology and 

P roposed  extension of the 

Key Words: Allan va r i ance ,  Frequency  s tabi l i ty  
measu remen t s ,  Measuremen t  s y s t e m  
descr ip t ion ,  P h a s e  noise ,  Spec t ra l  densi ty ,  
Terminology s tandards .  

1. INTRODUCTION AND BACKGROUND 

At the beginning of F Y  71  the Department  of Defense Joint 

Serv ices  Cal ibrat ion Coordinating Group (DoD/CCG),  Ray Y. Bailey 

(Chai rman) ,  Newark Air F o r c e  Station, Newark, Ohio, init iated a 

proposal  with thc National Bureau  of Standards (NBS) to  wr i te  a survey 

paper  pertaining to the specification and m e a s u r e m e n t  of frequency 

stability. 

and Frequency Working Group. 

Ki rkpa t r ick (Chai rnian)  , A e r o  space  Guidanc e and M e :  t r ulo3y C ent e r , 

The pro jec t  was under the  jur isdict ion of the DoD/CCG Time  

The  m e m b e r s  of this  group a r e  E. L. 



Newark Air F o r c e  Station, Newark,  Ohio; Lloyd H. Daniels,  U. S. 

Army Metrology and Cal ibrat ion Cen te r ,  Redstone Arsenal ,  Alabama; 

and  P e t e r  S t rucker ,  Metrology Engineering Center ,  Pomona,  California. 

A widely-accepted, well-defined se t  of s tandards fo r  the 

specification and m e a s u r e m e n t  of frequency stabil i ty has  been long 

overdue. 

Eng inee r s  Subcommit tee  on F requency  Stability appears  to be the m o s t  

A manusc r ip t  by the  Insti tute of Elec t r ica l  and  Elec t ronics  

comprehens ive  t rea tment  of t he  subject to  date. 

"Character izat ion of F requency  Stability" by Barnes  e t  a l . ,  m a y  be  

considered a n  authoritative pape r  on the subject; it has been used  

extensively in  the prepara t ion  of this  survey  report .  

The  manusc r ip t  [ 1 1 ,  

This  r epor t  gives recommended s tandards of terminology and 

m e a s u r e m e n t  techniques in  addition to compar ison  of other  widely used 

con tempora ry  m e a s u r e m e n t  methods fo r  determination of frequency 

stabil i ty.  

the  National Bureau  of Standards a r e  descr ibed  in detail  and extension 

of these  s y s t e m s  to 12.4 GHz is  discussed.  An extensive bibliography 

on frequency m e a s u r e m e n t  is a l so  included. 

Operational s y s t e m s  for  frequency stabil i ty m e a s u r e m e n t  a t  

A comprehens ive  knowledge of the definitions and  relat ions 

outlined below i s  n e c e s s a r y  in  o rde r  to understand the prac t ica l  s y s t e m s  

that  a r e  useful for  m e a s u r e m e n t  of frequency stability. 

t ive in this r epor t  to place the emphas is  on detai ls  of useful working 

s y s t e m s  (apparatus)  that  m a y  be duplicated by o thers  in the field of 

frequency stabil i ty m e a s u r e m e n t s .  

It is the objec- 

Uniformity of data presentatior, is 

recommended to faci l i ta te  in te rpre ta t ion  of stabil i ty specifications and 

t o  enable one to communica te  and c o m p a r e  experimental  r e su l t s  m o r e  

readily. 

Experience i n  the use  of these  measu remen t  s y s t e m s  and these  

concepts will be the bes t  t eache r ;  th i s  repor t  is  a t  mos t  the t e a c h e r ' s  

a.i sic. tnnt .  
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2. TERMINOLOGY. FOR SPECIFICATION 

O F  F R E Q U E N C Y  STABILITY 

A genera l  definition of f requency stabil i ty has  been s ta ted  a s  

"the degree  to which a s ignal  s o u r c e  (e. g . ,  osc i l la tor )  produces  the 

s a m e  value of f requency throughout a specified per iod of t ime.  ' I  

Measurement  of stabil i ty can  be accomplished in  both the frequency 

domain (e. g. , spec t rum analys is )  and the t i m e  domain (e. g.., gated 

frequency counter ) .  

chose to use  two independent definit ions,  each  re la ted  to different ,  

useful methods of measu remen t .  

on definitions, a complete  g los sa ry  of symbols  for this  paper  is  found 

In the aforementioned manuscr ip t  [ 11 the au thors  

In addition to the following comments  

i n  Appendix A. 

The fir  s t  definition of f requency Stability (frequency domain)  is 

the one- sided spec t r a l  density of the fract ional  f requency fluctuations,  

y ,  on a per  her tz  bas i s :  

F 

I S ( f )  r s p e c t r a l  density of y ,  (1) 
Y 

\vhc~-e y reprcscnts the  f ract ional  f requency fluctuations,  y F ~ V / V  . 
This  rneasiirc of  s tabi l i ty  h a s  the dimensions of i nve r se  he r t z .  

t 
5 

0 P 

2 .  The 

s!>ect ral  tlt.nsity of phase flucttiations i s  re la ted by the identity,  

Thc sccond definition of f requency stabil i ty ( t ime domain) u s e s  

t l i c  type of sample  va r i ances  cal led the Allan var iance [2] of y: 

hi AT 

This  m e a s u r e  of s tabi l i ty  i s  dimensionless .  

that y has  been a v e r a g e d  over  a t i m e  in te rva l  7. The angular b racke t s  

intlicatc an a l -c rase  o i  t h e  quantity over  t ime.  

The bar  ove r  the y indicates  

3 



Fur the r  explanation of these  definitions will be given l a t e r .  

A very  complete  discussion may  be found in re ference  [ I ] .  

Frequency  dr i f t  is defined a s  a sys temat ic ,  typically l inear  

i nc rease  o r  d e c r e a s e  of frequency with t ime.  

"aging ra te"  in  c r y s t a l  osc i l la tors  and is e x p r e s s e d  in  f ract ional  p a r t s  

per  per iod of t ime .  

a discussion of th i s  so-cal led "linear drift .  I '  

This  i s  charac te r ized  as 

This  repor t  on frequency stabil i ty does - not include 

In all known signal sou rces  the output frequency i s  affected by 

noises  of var ious types.  

quency dependence. 

shot noises  (f ) ,  f l icker  noise  (f ) ,  and in tegra ls  of these noises .  

The  noises  can  be cha rac t e r i zed  by the i r  f r e -  

The  random noises  [ l  J include white t h e r m a l  and 
0 - 1  

It is the examinat ion of t hese  noise  spec t r a  with which we a r e  concerned 

in  the f i rs t  definition of f requency stability given in  eq (1). 

t ional f requency fluctuation spec t r a l  density S (f)  is not to be confused 

with the radio frequency power spec t r a l  density S ( v )  which i s  - not a 
6 V  

good p r i m a r y  m e a s u r e  of frequency stabil i ty because  of fluctuations in  

amplitude and for  other reasons  [ 11. 

The  f r a c -  

Y 

Since S ( f )  of eq (1) i s  expres sed  in  t e r m s  of the  spec t r a l  density 
Y 

of phase fluctuations S ( f ) ,  a convenient labora tory  method of de t e r -  

mining the phase  noise would be useful. P h a s e  noise spec t r a l  density 

plots a r e  used for  present ing frequency stabil i ty information in  the 

frequency domain. 

6 8  

Script  2 ( f )  is  a frequericy domain m e a s u r e  of phase fluctuations 

(noise ,  instabil i ty,  modulation) used a t  NBS. Scr ipt  f ( f )  i s  defined a s  

the rat io  of the power in one phase noise sideband, r e f e r r e d  to the 

input c a r r i e r  frequency, on a pe r  her tz  of bandwidth spec t r a l  density 

bas i s ,  to the total  signal power,  a t  Four i e r  frequency f f r o m  the 

c a r r i e r ,  per  one device.  

I .  

4 



Power  density (one phase modulation sideband) 
f ( f )  E Power  (total signal)  ( 3 )  

F o r  sma l l  6@, 

A prac t ica l  s y s t e m  for the  m e a s u r e m e n t  of d ( f )  o r  S 

descr ibed in  detai l  l a t e r .  

( f )  will  be 
6 @  

2 
Y 

In the t ime domain a useful determination of (0 (N, T ,T) )  of eq (2)  

may  be accomplished by utilization of the par t icular  Allan var iance [ 2 ]  

where specifically N = 2 and T = T such that 
_- - . 2  

>.  2 2 “k+l - ’k) 
CT Y (7) E ’0 Y ( N = 2 , T = 7 ,  T) )=  ( 2 

Plots  of o v e r s u s  T on a log-log sca le  a r e  commonly used  a s  a 

presentat ion of frequency stabil i ty in the time domain. 

suitable s y s t e m s  and techniques used a t  NBS for obtaining t ime  domain 

measu remen t s  of frequency stabil i ty will be discussed extensively l a t e r .  

Convenient 

5 



3. COMPARISON O F  MEASUREMENT TECHNIQUES 

In this discussion we shal l  not concern  ourse lves  with accu racy  

of a frequency, 

fluctuations of frequency, i. e . ,  instabil i ty o r  stability. 

convenient to  r e f e r  to the instabi l i ty  a s  f ract ional  frequency deviation. 

The  measu remen t  of frequency fluctuations can  be accomplished 

Ln e a c h  method a p r e c i s e  (s table  

The  p r i m a r y  conce rn  sha l l  be the  measu remen t  of 

It is somet imes  

by one o r  m o r e  of s e v e r a l  methods.  

in t ime)  re ference  is  essent ia l .  

sou rces  an  equally excellent re ference  source  is  needed. 

In the c a s e  of measu r ing  excellent 

The  first method,  d i r ec t  counting of frequency by the use  of 

counters  , i s  s t ra ightforward.  Here ,  success ive  values of frequency 

a r e  r ead  out d i rec t ly  and recorded.  

counter  gate. ) Stat is t ical  ana lys i s  of the r e su l t s  a r e  usually made.  

High resolution is  not possible  by this method when measu r ing  the lower 

f requencies  unless  frequency multiplication is used. Two disadvantages 

of frequency mul t ip l ie rs  a r e -  -one,  a pa i r  of specialized mult ipl ier  

chains may  be needed for  each  different c a r r i e r  frequency range and, 

two, not only does the s ignal  noise  get multiplied but noise f r o m  the 

mult ipl ier  i tself  m a y  be introduced. 

(The re ference  signal controls  the 

A second method involves mixing the two frequencies and 

recording the beat. 

c losc  in  value,  this r equ i r e s  detertnination of the fluctuations in very  

long beat per iods.  

stabil i ty i s  not prac t ica l  i n  this  c a s e .  

frequency is  introduced, the method is feasible  for a s ses s ing  stabil i ty 

when a readout device such a s  a per iod counter is  used  for  observing 

fluctuations in the per iod of the beat. 

When the re ference  and signal frequencies a r e  

A quantitative m e a s u r e  of s h o r t - t e r m  frequency 

However,  when a l a rge  offset  

6 



A somewhat s i m i l a r  method use’s a p h a s e  sensi t ive detector  for 

determining phase fluctuations between two signals which a r e  approx- 

imately in  phase  quadra ture  (and hence m u s t  be at  the s a m e  frequency). 

S h o r t - t e r m  (or  l ong- t e rm)  phase fluctuations m a y  be recorded.  

o r d e r  to  facil i tate s ta t i s t ica l  analysis  it is  advantageous to dr ive  an  

analog-to-digital  conver te r  and a counter with a p r in t e r .  

i s  re la ted to  the NBS s y s t e m  ( t ime domain) which is  descr ibed  in  detail  

i n  Section 4. 

In 

This method 

An interest ing and fast method used for  compar i son  of 

f requencies  and a l so  applicable to  stabil i ty m e a s u r e m e n t  ( t ime domain) 

is the commerc ia l ly  available frequency e r r o r  expander.  

quency multiplication i s  used, the s a m e  disadvantages are presen t  a6 in 

the first method where  mul t ip l ie rs  a r e  employed. T h e  principle of the 

e r r o r  expander is  that one of the  s ignals  i s  synthesized to a convenient 

of fse t  frequency which is then mixed and multiplied in  s tages  to  obtain 

higher and higher resolution. Eventually, however ,  the region is  

reached where  the noise becomes  ve ry  grea t  and frequency compar ison  

i s  PO longer possible. 

Since f r e -  

I t  is noted that none of the above-mentioned conventional methods 

u i  nieasuring irequency stabil i ty uti l ize frequency domain  t e c h i q u e s .  

As indicated previously,  i n  o r d e r  to have a comprehens ive  and sufficient 

m e a s u r e  of frequency stabil i ty it is p re fe r r ed  that  t h e  m e a s u r e m e n t s  

involve both frequency a d  t ime domain techniques. 

mended even though i t  is  possible  to compute t ime domain pe r fo rmance  

f r o m  frequency domain r e su l t s  and often conversely [ 11. 

contains a table which allows t ranslat ion f r o m  one domain to the other.  

At leas t  one m a n d a c t u r c r  has made  it convenient to de t e rmine  frequency 

This  is  r e c o m -  

Appendix D 

stabil i ty i n  the t ime domain with the resu l t s  computed automatically [3] ,  141. 

7 



O t h e r s  outside NBS have repor ted  on excellent s y s t e m s  for  frequency 

domain and for  t ime domain m e a s u r e m e n t s  of frequency stabil i ty [5 ] ,  

‘161, [ 7 ] ,  [ 8  J. 
NBS. 

descr ibe  those used  in  the NBS sys tems.  

Some of t hese  r e s e m b l e  in principle the s y s t e m s  used at  

The techniques descr ibed  by Van Duzer [5 ]  and Meyer  [ 6 ]  bes t  

Fortunately,  f requency domain and t ime  domain methods for  

measu r ing  frequency stabil i ty requi re  s imi l a r  apparatus  except that: 

t o  m a k e  m e a s u r e m e n t s  i n  the frequency domain you m u s t  have a 

frequency window ( spec t rum analyzer )  following the detector ;  for  thc 

t ime domain you m u s t  have a t ime  window (gated counter )  following the 

de tec to r .  

8 



4. OPERATIONAL SYSTEh4S FOR MEASUREMENT 

O F  F R E Q U E N C Y  STABILITY AT NBS 

I t  was  the introduction of good double-balanced m i x e r s  that 

permit ted measu remen t  of frequency stabil i ty by improved techniques. 

The double-balanced mixe r ,  considered as a phase sensit ive detector ,  

m a k e s  possible meaningful frequency s tabi l i ty  measu remen t s  of 

high-quality signal sou rces  in both the frequency domain and the t i m e  

domain. 

measu remen t  sys t em which i s  reasonable  in cost. 

The resu l t s  a r e  quantitative and m a y  be obtained f r o m  a 

The frequency stabil i ty measu remen t  s y s t e m s  descr ibed below 

have been used at  N B S  since 1967. The  functional block d i ag rams  i n  

f igures  1,  7 ,  and 9 a r e  r e f e r r e d  to in the detailed descriptions of the 

par t icular  sys tems.  

sys t ems  a r e  r e f e r r e d  to by brand  name  and model  number.  ‘:: Substitute 

components with s imi l a r  specif icat ions will give equivalent resu l t s .  

Cer ta in  c o m m e r c i a l  components utilized in  the  

::: C c r t ai  n c o mnl e L’ c ia 1 e q ui  pin ent, ins  t r ument s , o r mate  r ia l  s a r e 
idcntiiicc! in  this paper i n  o rde r  to adequately specify the experimental  
p r o c e d u r e .  In no ccise does such identification imply recommendat ion 
o r  endorsement  bb- the Kational Bureau  of Standards,  na r  does i t  
irnpl>- that the niatcrial  o r  equipxnent identified i s  necessar i ly  the best  
a\-ai!a’olc fo r  the pu rpose .  

9 
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- L _ _ _ _ _ _ _ _  J 

OSCILLATOR 

SPECTRUM 
ANALYZER 

FREQUENCY DOMAIN 

- 

FIGURE 1: FREQUENCY DOMAIN MEASUREMENT OF FkEQiJE iKY S T A B I L I T Y  
( 1 )  OSCILLATOR UNDER TEST 
( 2 )  REFERENCE OSCILLATOR OF HIGH SPECTRAL PURITY (VGRACTOR TUNING) 
( 3 )  ADJUSTABLE ATTENUATOR (TYPICALLY 1OdB) 
( 4 )  DOUBLE-BALANCED MIXER, H P  MODEL 10514A (SCHOTTKt BARRIER DIODES) 
(5) NBS LOW-NOISE d c  AMPLIFIER (SEE FIGURE 3 )  
( 6 )  OPERATIONAL AMPLIFIER. PHILBRiCK MODEL P65AU OR P25AU (SEE FIGURE 2 )  
( 7 )  BATTERY BIAS BOX (SEE FIGURE 5) 
(8) SPECTRUM ANALYZER, QUAN-TECH MODEL 304 

Figure  1 i l l u s t r a t e s  the measu remen t  s y s t e m  typically used 

a t  K B S  for  frequency domain mcasu remen t s .  

tin;i. domain da ta  can  a l s o  be obtained simiil tancously,  although usually 

this s y s t c m  i s  u s e d  only for  f requency cloniain tn (~ns~1rc inen t s .  

tinic tloniain measu remen t s  i t  is often nlort. conv(*nit.nt to u s e  a slightly 

moclificd measu remen t  se tup  to he descr ibed  la ter .  

domain se tup  the osc i l la tor  uni!er t e s t  is fed into one s ide  of a low-nois t  

doiiljle-balanced m i x e r  ( H P  Model 105 14A), which ut i l izes  Schottky 

b a r r i c r  diodes.  The r e fe rence  osc i l la tor  is fed into the o thc~r  s ide of 

the m i x e r  through a n  a t tenuator ,  typicall\. 10 clB. The niixct- a c t s  as 

a phase scns i t ive  de tec tor  s o  that  lvhen the  two s i g n a l s  a r c  i r l c n t i c a l  in 

It should b e  notcd that  

L 

;. 
it 

F ( F u t -  

c 
In  th i s  frequency 

10 



f requency and are i n  phase quadratLire the output is approximately zero  

volts dc.  

the varac tor  tuning, phase lock is  achieved. 

ta ins  proper  terminat ion at theoutput of the mixer followed by operational 

ampl i f ie rs  with adjustable gain. The t ime  constant of the loop m a y  be 

adjusted as  needed b)- varying the amplifier gain within the  loop and by 

use of the R C  filter indicated in  the d iagram.  

i s  included a t  the va rac to r  input in  o rde r  to  opera te  in  a suitably l inear  

portion of the v a r a c t o r ' s  frequency ve r sus  voltage curve.  A very loose 

phase lock loop is indicated inasmuch as  the voltage v a r i e s  a s  phase (in 

shor t  t e r m ) ,  and in  th i s  frequency domain measu remen t  we a r e  observing 

the smal l  phase var ia t ions d i rec t ly .  

operational ampl i f ie rs  which a r e  used a r e  a r ranged  in a c i r cu i t  as  shown 

in f i g u r e  2 f o r  convenience of adjusting the gain and for  self-contained 

SVhen th is  output is  sent  back to the re ference  osci l la tor  via 

The phase lock loop con- 

Finally,  a bat tery b i a s  box 

Phi lbr ick Model P65AU o r  P 2 5 A U  

O U T P U T  
F R O N T  R E A R  

bat tery supply vol tage .  

c e r t a i n  p r e c i s i o n  m e a s u r e m e n t s  a r e  s1ion.n in f ig l i re  3 .  

Special  KBS 1ou.-noise dc  ampi i f ic rs  ust-cl in 

At NBS wc 

1 1  



3 2  

B A T T E R I E S  
Ilr S E R I E S  I N P U  

D M E n c u n Y  
C E L L S  I N  
P A R A L L E L  

FIGURL 3:  Lob! IIOISE Ar lPLIFIEE 

7 L G M P  

have a r r a n g e d  in a small chassis the  adjustable  RC o r  C R  f i l t e r s  

utilizing low-noise components,  with r o t a r y  switches for  var ious  

combinations of R and C ( s e e  fig. 4).  

with a ve rn ie r  as shown in f i g u r e  5 ,  faci l i ta t ing fiiic frequency ad jus t -  

ments  \ r i a  the v a r a c t o r  frequency ad jus tment  in  one osc i l la tor .  

ana lyzer  (Quan-Tech Model 304) is  used to  obtain the noise  plot 

in format ion  relevant  t o  stabi l i ty  (frequency domain) .  

sitlebrtnd levels  a r e  read  out i n  rnis volts on the ana lyzer  s e t  to ce r t a in  

chosen values  of f requency,  f .  T h i s  co r re sponds  to  measuring o n l y  

thosc- phase noise  s idebands which a r e  separa ted  f r o m  the c a r r i e r  by 

the. l-nrioiis f in t t r i ra l s  chosen. Scr ip t  2(f) niay b c  cnlcrilatc>tl v \ i t h  tlic 

assumption that both s o u r c e s  contr ibute  equally: hou-c\-e r .  i f  onc' source‘ 

w e r e  the m a j o r  cont r ibu tor ,  then the noise  of that  s o u r c c ~  i\oulcl b c  n o  

~ o r s e  thaii 3 dB g r e a t e r  than the value of 2 ( f )  s o  calcrilatecl. 

The  ba t te ry  b i a s  box is  a r r anged  

A w a v ( b  

Thtb phase noise 

1 2  



R C  m C R  

O U T P U T  

FIGURE 4 :  ADJUSTABLL RC FILTER 
S 1 :  F I L T E R  M O D E  S W I T C h  ( R O T A R Y ,  3 W A F E R )  
52: RESISTOR S W I T C H  ( R O T A R Y ,  S H O R T I I I G  T Y P E )  
53: C A P A C I T O R  S h I T C H  ( R O T A R Y ,  P R O C R E ' j S ! V E  S H O R T I N G )  

? F i R  I 

l . o . i  1 c  

I+ 1 - m  
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A typical plot is  shown i n  f i g u r e  6.  

found in  Appendix B. 

A sample calculation may be 

1-4 
I 

i 



In  f igure 7 a measuremen t  s y s t e m  typically used  at  N B S  f o r  

stabil i ty measu ren len t s  i n  the time domain is  shown.  It will  he noted 

( 1  1 

O S C I L L A T O R  

L 

V E R Y  T I G H T  P H A S E  

( 1 4 )  

C O M P U T E R  

t 

C O N V E R T E R  a 
( 1 0 )  

C H A R T  
( 2 )  ( 7 )  

V O L T  

B O X  R E C O R D E R  
O S C I L L A T O R  - .c 

J I----- 

- T I M E  D O M A I N  
I ( 8 )  1 

S F E C T R U M  I A N A L Y Z E R  I -  
I ‘ I  
I F R E Q U E N C Y  I 
I D O M A I N  I 

I 

FIGURE 7:  TIPlt D 9 ’ i t ~ l ~ i  i lCASURCI1LIIT OF FRLOgLI-ICY S T k B I L I T Y  
ITEMS ( 1 )  T H R O U G H  ( a )  S A M E  A S  FIGURE I 
( 9 )  O P E R A T I O N A L  A M P L I F I E R ,  P H I L B R I C K  P 6 5 A U  OR P 2 5 A U  
( l a )  5 I R I P  Z h k H T  R E C O R D E R  F O R  Q U A L I T A T I V E  O R S E R V A T I O N  

( T Y P E  N O T  S P E C I F I E D )  
( 1 1 )  V O L T A G E - T O - F R E Q U E N C Y  C O N V E R T E R ,  V I D A R  M O D E L  240  
( 1 2 )  F R E Q U E N C Y  C O U N T E R  W I T H  L O W  D t A D  T I M E ,  H P  M O D E L  5 3 2 5 6  
( 1 3 )  D I G I T A L  R E C O R D E R  H I T H  F A S T  R E C O R D I N G  S P E E D ,  H P  M O D E L  5 0 5 0 8  

( I N H I B I T  T I M E  C O M P A T I B L E  W I T H  C O U N T E R  D E A D  T I M € )  
( 1 4 )  C O M P U T E R  (OPTIONAL M E T H O D  OF D A T A  A N A L Y S I S )  

that the> principle of operat ion is s in i i la r  to that  u s e d  in  the f requency  

domain Ineasurement  Lvhcrein the r e fe rence  osc i l la tor  i s  l o c k c d  to  the 

tes t  osc i l la tor .  

v e r y  tight phase  

v a r i e s  a s  f requency.  

quency  fluctuations i n  l o n g e r  t e r m .  

appropr ia te ly  ad luq tcd  and the nieans t o r  taking st . i f f ic  icntly fa s t  sample: 

II.owever, f o r  the t i m e  d o m a i n  measu remen t  we use a 

loop and the co r rec t ion  vo l t age  a t  the o s ~ i l l a t c ) r  

This  is  a ve ry  convenient se tup  for  o b s c r v i u g  f r e -  

Ijo\vever, with t h c  tirnc constant  
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t h t  s y s t e m  i s  readi ly  used  for sho r t  t e r m  measuremen t s ,  as well as 

the l o n g e r  t e r m  m e a s u r e m e n t s ,  in  the t i m e  domain. F o r  quali tative 

observat ions any sui table  osci l loscope o r  s t r i p  cha r t  r eco rde r  m a y  be 

used.  

vo l tage- to- f requency  c o n v e r t e r  (Vidar Model 24C), a counter  ( H P  

Model 5325B) ,  and p r i n t e r  (HP Model 5050B Digital Recorde r )  capable  

of record ing  rap id  s a m p l e s  of data with ve ry  shor t  dead t ime.  

a r e  analyzed typical ly  by computer  via a p r o g r a m  designed to compute 

the  appropr ia te  Allan 1-ar iance [ 13, [ 2 ] .  

automatical ly  plots on m i c r o f i l m  log  0 v e r s u s  log 7 along with the 

assoc ia ted  confidence in the 0. F o r  s m a l l  batches u f  data a desk  

calculator  could be used and  the computer  ana lys i s  would not be 

necessa ry .  

shown in Appendix C .  

f igure  8. 

of the types  of no ise  indicated.  

F c r  quantitative m e a s u r e m e n t s  the sys t em at N B S  u t i l i zes  a 

The  data 

In our  computer  p r o g r a m  i t  

An example  of a specif ic  Allan var iance  computation is 

A typical  plot of log 0 v e r s u s  log 7 i s  shown in 

The  dashed l i n e s  indicate  the s lopes  which a r e  c h a r a c t e r i s t i c  

0 . 0 1  0. I 1.0 10 100 I000 

FIGURE 8: SIGPiA VERSUS TAU 
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hi additional u s e f u l  s y s t e m  i l lustrated in  figure 9 is  used for  

d i i le ren t ia l  phase noise m e a s u r e m e n t s  of var ious disc  re te  components 

which a r e  frequently used in  stabil i ty measu remen t  sys t ems .  

system only one frequency source  is used. 

p a r t  of the signal p a s s e s  through the component to be tes ted.  

In th i s  

I ts  output i s  spl i t  s o  that  

i l l  ",:( 14 ) 
L . ,  

R E F E R E N C E  
O S C I L L A T O R  C O M P U T E R  r--1 

0 .OOluF P R I N T E R  

A M P L  
I . . ,  

( 1 5 )  ( 1 6 )  
D E V I C E  O R  
C 0 M P 0 N EN T c S H I F T E R  
U N D E R  T E S T  

C 0 N V E R T  E R 

( 1 0 )  

C H A R T  

( 8 )  

S P E C T R U M  
A N A L Y Z E R  R E C O R O E  R 

- 
F R E Q U E N C Y  D O M A I N  T I M E  D O M A I N  L/ 

FIGURE 9 : DIFFEREi4TIAL PHASE NOISE IKASURENEIIT , 

I T E M S  ( 1 )  T H R O U G H  ( 1 4 )  S A M E  A S  F I G U R E S  1 A N D  7 
( 1 5 )  

( 1 6 )  N B S  A D J U S T A B L E  P H A S E  S H I F T E R .  5 M H z  ( S E E  F I G U R E  1 0 )  

ANY D E V I C E  O R  C O M P O N E N T  U P O N  I I H I C H  NOISE M E A S U R E M E N T S  A R E  D E S I R E D  
( A M P L I F I E R S ,  F I L T E R S ,  C A P A C I T O R S ,  C A B L E S ,  P A D S ,  E T C . )  

The signal i s  adjusted via a phase sh i f te r  (fig. 10)  so that it  is in phase 

quadra ture  with the o ther  pa r t  of the original  signal and is down- 

converted in the Schottky b a r r i e r  diode mixe r  a s  descr ibed in  previous 

uL.Je*rLJuL?uLJ 
8" 1 6 "  3 2 "  6 4 "  9G"  ~ 'p ___ p-' 1 "  2 "  4" 

- 

F I G U R E  10: AUJUSTABLL PHASE SHIFTER W i H z  UELAY LINE)  
R G 1 7 4 / U  C A B I E  W A S  U S E D  FOR E A C H  S E G M E N T  O F  P H A S E  S H I F 1  
C A L C U L A T E D  A T  - 1 0  c n  PEP, D E G R E E  A T  5 MHz.  
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s y s t e m s .  

i n  spec ia l  low-noisc ,  low-levcl  dc ampl i f ie rs  and observed  on the 

spec t rum analyzer .  Scr ip t  2 ( f )  values are calculated a t  var ious f r e -  

quency values,  f ,  and plotted. 

Appendix B. 

A low-pass f i l t e r  is included before  the s ignal  is  amplified 

A sample calculation i s  shown i n  

The measu remen t  s y s t e m  noise level  (e. g . ,  s e e  fig. 6) is eas i ly  

evaluated. 

shown in f igure 9 ,  l e t  the  "device under t e s t "  be a sho r t  length of 

Using the  different ia l  phase noise  measu remen t  system 

coaxial  cable (which i s  i tself  not n source  of no ise) .  

of noise  observed  on the  s p e c t r u m  analyzer  r e p r e s e n t s  the s y s t e m  

noise,  mainly due to the m i x e r  (4) o r  the f i r s t  ampl i f ie r  (5). 

calculation of the s y s t e m  noise  i s  then the procedure  i l lus t ra ted  in 

Appendix B.  

The  s m a l l  amount  

The  

By the p h r a s e  v e r y  loose  phase  lock loop, w e  mean  that the 

bandwidth of the  s e r v o  r e sponse  i s  sma l l  compared  to the lowest  f re -  

quency f a t  which we wish to m e a s u r e  ( i .  e . ,  the response  t i m e  i s  v e r y  

slo.i\,). 

bandwidth of the s e r v o  response  i s  re la t ively l a r g e  (i. e . ,  the  response 

t ime  i s  much s ina l l e r  than the  sma l l e s t  t i m e  in te rva l  7 a t  which we 

13;- t hc  1,hrase ve ry  tight phase lock loop,  we mean  that the 

wish to m e a s u r e ) .  

A convenient c h a r t  for  t rans la t ing  between f rcquc:icy domain and 

t ime domain i s  given in Appendix D. 

Appendix E l i s t s  s e v e r a l  important  r e fe rcnccs  f o r  m e a s u r e m e n t  

of frcqucncy stabil i ty.  

number  o f  specific p a p e r s  a r e  given. 

understanding of the p rob lems  and pr inciples  involved in f requency 

stabil i ty m e a s u  renient  s . 

In addition to s e v e r a l  gencral  r e fe rences  a 

These  may be u s e f u l  for be t t e r  

An extensive bibliography is given. It includes - all r e fe rences  

l i s ted  cl sewhe r e  i n  the paper .  
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5. MEASUREMENTS O F  FREQUENCY STABILITY 

AT MICROWAVE FREQUENCIES 

All of the s y s t e m s  desc r ibed  above have been used extensively 

f o r  determining f requency  s tabi l i ty  of 1 to 100 MHz sources .  

- that  frequency range ,  pr incipal ly ,  that  the m o s t  s table ,  spec t ra l ly  pure  

signal sou rces  have been available.  However,  the measu remen t  s y s  - 

t e m s  a s  descr ibed  above a r e  not l imi ted  to tha t  range. Measurements  

can  be  per formed readi ly  on s o u r c e s  in  the range  0. 2 MHz to 500 MHz 

using the ident ical  s y s t e m s  i l l u s t r a t ed  in  f igures  1 and 7. ( F o r  the 

s y s t e m  in fig. 9 the  only component which would be d i f fe ren t  i s  the 

phase shif ter  which m u s t  be one capable  of functioning at the sou rce  

frequency. ) 

ranges up to 12  GHz without employing waveguide m i x e r s  o r  o the r  

\vaveguide components.  

specif ied)  mus t  be substi tuted and possibly some isolation of the sou rces  

would be needed. 

coaxial  connectors  a r e  avai lable  using Schottky b a r r i e r  diodes [9]. 

The techniques of xmcasurement a r e  basical ly  the s a m e  a s  descr ibed  

pi-e\-iously. In gene ra l .  ua\Teguide components may be u s e d  for  these  

f r eyucncy  stabil i ty or phase noise  m e a s u r e m e n t s  betxveen 5 GH7 and  

1 2 .  1 GHz (and  hi;:hc.r). 

hybr id  (magic t e e )  a s  the coupling device 15-ith twc: d iodes  mountcd ei ther  

i n  s e r i e s  o r  in  shunt n-ith the output. 

this frequeiicy r a n g e  has  not been es tens ive  par t ly  because of tlie lack of 

s p ~ c t r a l l y  pure  sources a t  higher f requencies .  I l owever ,  the  m e a s u r e -  

m e n t s  \\ Iiich have been made  employ the  previously descr ibed  techniques 

p r i ma r i 1 y . 

It is in 

S imi la r  m e a s u r e m e n t  s y s t e m s  can  be used in f requency 

A wider  range m i x e r  (instead of the  one 

Sc\-era1 c o m m e r c i a l  double-balanced m i x e r s  with 

Balanced  mixers can be m a d e  us ing  a 180" 

Our  in t e re s t  (o r  exper ience)  in  



The re su l t s  of our  m e a s u r e m e n t s  indicate that the precis ion 

capabili t ies a r e  be t te r  than what i s  n e c e s s a r y  for  determining stabil i ty 

on the relatively noisy s o u r c e s  available (i. e. , klys t rons ,  Gunn osc i l -  

l a t o r s ,  sou rces  der ived f r o m  lower frequency by multiplication, etc.  ). 

,. 6.  SUMMARY 

Concise  definit ions f o r  specifying frequency stabil i ty have been 

given fo r  m e a s u r e m e n t s  in  the frequency domain and t ime domain. 

The at tempt  is to  be bas ic  so that  a pe r son  without extensive knowledge 

in  the field can  quickly g r a s p  the concepts involved (extended der iva-  

t ions and theory a re  left  t o  the appendices or  re ferences) .  

contemporary  m e a s u r e m e n t  techniques a r e  reviewed and compared .  

Operational s y s t e m s  fo r  m e a s u r e m e n t  of frequency stabil i ty a r e  

descr ibed in  detai l  sufficient to  facil i tate duplication of the appara tus  

used. 

ment  a r e  recommended as advantageous and des i rab le  so  that  be t te r  

interpretat ion of specifications for  frequency stabil i ty can  be 

accomplished. 

utilized well into the microwave  region. 

Severa l  

Uniform methods  of reporting data and techniques of m e a s u r e -  

T h e  m e a s u r e m e n t  s y s t e m s  and techniques m a y  he  

The author is  par t icu lar ly  indebted to Dr.  Donald Halford for his 

v a l u a 5 l c  a s s i s t ance  and comment s  in the preparat ion of th i s  document.  
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V 

f 

vO 

b V  

V 

x 

t1 

s ( f )  
Y 

N 

\I 

T 

A P P E N D I X  A 

Glossa ry  of Symbols 

C a r r i e r  frequency 

F o u r i e r  f requency  of fluctuations 

Nominal frequency of s o u r c e  

F r equenc y fluctuation 

6 V  Frac t iona l  frequency f luctuat ions,  - 
I' 

L .  

dx - 
dt 

Time in t e rva l  f luctuat ions,  - - - Y  

Average of y o v e r  a t i m e  in te rva l  7 

Defined a s  B ,  high frequency cutoff (bandwidth) 

Spec t ra l  denr;ity of y 

Radio frequcncy power s p e c t r a l  densi ty  

P h a s e  fluctuation 
2 

( f )  1 S ( f )  -2- 

- .  
V 

Spect ra l  densi ty  of phase  fluctuations;  S 
f 2  6 G  

Frequency domain m e a s u r e  of phase fluctuations;  

Scr ip t  f ( f )  is defined as  the  r a t io  of 

Power  densi tv  (one Dhase modulation sideband) 

\ 

Power  ( total  s i g n a l )  

F o r  small h e ,  S ( f )  = 22(f) 

Number of data  va lues  used in obtaining a sample va r i ance  

6d 

Total n u m b e r  of data  values  avai lable  ( i l sua l ly  M 11 N )  

T i m e  in te rva l  between the beginnings of two success ive  

mea s urenient  s 
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APPENDIX A cont. 

7- Sampling t ime  interval 

r P a r a m e t e r  re la ted to  dead t ime;  r T/T 

t Time variable  

o ( N , T ,  7) Sample var iance  of N ave rages  of y ( t )  each of durat ion 7, 
2 
Y 1. t 

and repeated every  T units of t ime  (Allan var iance)  

k, n 

2 
Y 

Int . .gcrc  (used a s  index  of summation)  

Specific Allan var iance  where N = 2 ,  T = 7 

Square  root of a var iance  

Peak- to-peak  voltage of a beat frequency at output of rfiixer 

Root -mean-square  (noise) voltage a t  output of m i x e r  a s  

m e a s u r e d  by a spec t rum analyzer  

(T 17) 

0 

A 
PtP 

V 
rms 

2 3  



If the p!jasc noise follovis f l icker  law,  at f = 1 I-iz i t  is  20 t i m e s  worse  

(or 1 7  d Z  g r t . a t e r ) ,  t ha t  i s  

?( !  H z )  = - 1 3 0  d 3  t ! 3  d B  = - 1 1 7  d B .  
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APPENDIX C 

2 
A Sample Calculation of Allan Variance,  (J (7) Y- 

M-1 
2 '  2 ('k+;-'k)) x 1 - 2  1 ('k+l - 'k) 2 (M-  1) 

k= 1 
0 (7) I (0 ( N =  2 , T =  T.T))= 

* Y  Y 

in  the example below: 

Number of data values avai lable ,  M = 9 

Number of differences averaged ,  M - 1 = 8 

Sampling t ime  in t e rva l  T = I s  

Data values  

(Y 1 

89 2 
809 
823 
79 8 
67 1 
64 4 
883 
9 0 3  
67 7 

Fir st diffe r ences  First differences squared  
3 

- 83 
14 

- 25 

- 27 
2 39 

20 
-226 

- 127 

68 89 
19 6 
625 

16129 
7 29 

57121 
400 

51076 

M -  1 

k=  I 

B 
Based  on these data: 

% -  4-1 = 91.23,  N 12, T = 7 I s .  r(Jy (7-11 - 

In th i s  example ,  the data values m a y  be understood to  be expres sed  i n  I 

12 
p a r t s  in  10 . 
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A P P E N D I X  C cont. 

Using the s a m e  data  a s  i n  the above example i t  i s  possible to  calculate  

the  Allan var iance  fo r  7 = 2 s  by averaging p a i r s  of adjacent data values 

and using these  averaged  values  as  new data values to proceed  with the 

calculation as  before .  

7 = 3 s by averaging th ree  zdjacent data values in a simila 'r  m a n n e r ,  

Allan var iance  values may  be obtained f o r  

e t c . ,  for  l a r g e r  v a l u e s  of 7. 

Ideally the calculation is done via a computer  and a l a r g e  

number ,  M, of data values  should be used. 

values a r e  used in  the NBS computer  p rogram.  ) 

dence of the  calculated Allan var iance  improves  nominally a s  the squa re  

root of t h e  number ,  M ,  of da t ava lues  used. For M = 2 5 6 ,  the confi-  

dence of the Allan var iance  is  not expected to be bet ter  than approxi-  

(Typically M = 256 data 

The s ta t i s t ica l  confi-  

X 100% 7% i n  the r m s  sense .  The u s e  of M >> 1 Jzsb mately 

i s  logically s i m i l a r  t o  the u s e  of B - 7 >> 1 in spec t rum analys is  

m e a s u r e m e n t s ,  where  B is the analysis  bandwidth (frequency window) 

of the spec t rum ana lyze r ,  and T~ is the past-detect ion averaging  tim; 

of the spec t rum analyzer .  

a a  

a 

2 6  
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Somc Impor t an t  References  

for  - 
Measuremen t  and Specification of Frequency  Stability 

Genera l  References  

1. November o r  December  of even-numbered y e a r s  IEEE 
Transac t ions  on Instrumentat ion and Measurement  (Conference 
on P r e c i s i o n  Elec t romagnet ic  Measuremen t s ,  held eve ry  2 years!. 

2. F e b r u a r y  1966 Proceedings  of the I E E E ,  spec ia l  i s s u e  on 
frequency s tabi l i ty  (IEEE-NASA Symposium). 

3 .  Proceedings  of the IEEE-NASA Symposium on the Definition 
and Measurement  of S h o r t - T e r m  Frequency Stability at 
Goddard Space Fl ight  C e n t e r ,  Greenbelt ,  Maryland, 
November 2 3 - 2 4 ,  19114. P r e p a r e d  by Goddarcl Space Flight 
Center  (Scientific k Technica l  Information Division, National 
Aeronautics and Space Adminis t ra t ion,  Washington, D. C. , 
1965) .  
Pr int ing Office, Washington, D. C. 20402. 

Copies avai lable  fos  $1. 75 f r o m  the U. S. Government  

4. Tile annual prccecdlngs of th:: Sj*;xposiurr, or? F'rccyuency Control  
(Ft. hionmouth). These  papers  a re not edi ted i;or reviewed. 

3 .  J .  A. E a r n e s ,  A. R .  Chi ,  L. S. Cu t l e r ,  et  a l . ,  "Charac te r iza t ion  
of Frequency Stabil i ty,  " NBS Technical  Notc  394 (October ,9701; 
a lso  pub l i shcd  i n  IEEE T r a n s .  on Instr. and Meas.  IM-20 ,  KO. 
pp. 1 0 5 - 1 2 0  (May 1 c ) i l ) .  Thls i s  thc: mos t  definjtixre d iscuss ion  
to date of the c l ia rac te r iza t ion  and measu remen t  of f requency 
stabil i ty.  It was p r e p a r e d  by the Subcomnlittee on Frequency 
Stability of  the Inst i tute  of E lec t r i ca l  and Electronic  Engineers .  
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Some Specific P a p e r s  

6. D. W. Allan, "Statist ics of Atomic Frequency  Standards,  I '  

P r o c .  IEEE, vol. 54, pp. 221-230, F e b r u a r y  1966. 
A thorough understanding of this pape r  is  impor tan t  fo r  
everyone who wishes to  m e a s u r e  and quote per formance  of 
f requency s t anda rds  i n  the t i m e  domain, e .  g. , 0 v e r s u s  T 

plots. 
of s amples  taken and how they a r e  used. 

The  data  ana lys i s  mus t  take  into account the number 

7.  David W. Allan, B. E. B l a i r ,  D. D. Davis,  and !i. E. 
Machlan, "P rec i s ion  and Accuracy of Remote Synchroniza- 
t ion via Por t ab le  Clocks ,  Loran  C ,  and Network Televis ion 
Broadcas t s ,  I I  Proc .  25th Annual Symposium on Frequency  
Control ,  Fort Monmouth, N. J . ,  26-28 Apr i l  1971, t o  be 
published. 

8. E. J. Baghdady, R. N. Lincoln,  and R. D. Nelin, IIShort- 
T c r m  Frequency  Stability: Charac te r iza t ion ,  Theory ,  and 
Measurement ,  I t  P r o c .  IEEE, vol. 53, pp. 704-722, Ju ly  
1965. 
AM noise  is d iscussed .  

Among many  o ther  top ics ,  the poss ib le  problem of 

9 .  Helmut Brandenberge r ,  F r e d e r i c  Hadorn,  Donald Halford,  
a n d  John I I .  Shoaf, "High Quality Quar tz  C r y s t a l  Osc i l la tors :  
Frccjriency Domain and T i m e  Domain Stabil i ty,  ' I  Proc .  25th 
Annual Symposium. on Frequency  Cont ro l ,  F o r t  Monmouth, 
N. J. , 2 6 - 2 8  April  1971, t o  be published. An example of 
1 y i  0 * ' stc~ie - of -the -art" me as u r  emcnt s . 

10. L. S .  C u t l e r ,  " P r e s e n t  Status in Shor t  T e r m  Frequency  
Stabilitj-, I I  Frequency ,  vol. 5 ,  pp. 1 3 -  15, Septeniber-  
October 1967. Th i s  is  a wel l -wr i t ten .  concise  progress 
r c p o r t  with indications for  future  effort .  Caution: His 
examples  I and LI were  not i n  fac t  s t a t e -o f - the -a r t ,  while 
example I V  h a s  some fac tor -of - ten  typographical  e r r o r s  as  
given. 
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13. 

14. 

15.  

16. 

17. 

18. 

L. S. Cut ler  and C. L. Sea r l e ,  "Some Aspects of t he  Theory  
and Measurement  of Frequency  Fluctuations in Frequency  
Standards ,  P r o c .  IEEE,  vol. 54, pp. 136- 154, F e b r u a r y  
1966. 
ema t i c s ,  and m e a s u r e m e n t  techniques-  -with physical  insight  
into the noise  p r o c e s s e s  of p rac t i ca l  concern.  

This is a useful treatment of s o m e  of the theory ,  math- 

W. A. Edson, I'Noise in  Osc i l la tors ,  I t  P r o c .  IRE,  vol. 48, 
pp. 1452-1466, August 1960. Th i s  paper  is  a n  "old c lass ic . "  

C. F innie ,  R. Sydnor,  and A. Sward,  "Hydrogen M a s e r  
Frequency  Standard,  '' P r o c .  25th Annual Symposium on 
Frequency  Control ,  F o r t  Monmouth, N. J . ,  26-28 Apr i l  
1971, to  be published. 

D. J. Glaze,  "Improvements  i n  Atomic Beam Frequency  
Standards  at the National Bureau  of Standards,  
on Ins t r .  and Meas.  IM-19, No. 3, pp. 156-160, August 1970. 

IEEE T r a n s .  

D. B. Leeson ,  "A Simple Model of Feedback Osci l la tor  
Noise Spec t rum,  P r o c .  IEEE (Le t t e r s ) ,  vol. 54,  pp. 329-  
330, F e b r u a r y  1966. Descr ip t ive ,  i n  a s imple ,  p rac t i ca l  
mantle r . 

J. A. Mullen, "Background Noise in  Nonlinear Osc i l l a to r s ,  I' 
P r o c .  I R E ,  vol. 48,  pp. 1467-1473, August 1960. An "old 
c l a s s i c .  ! '  

H. P. S t r a t e m e y e r ,  "The Stability of Standard- Frequency  
Osc i l l a to r s ,  I I  General  Radio Exper imen te r ,  vol. 38, pp. 1 - 16, 
June 1964. Easy  reading. 

V. Van Duze r ,  "Shor t -Te rm Stability Measuremen t s ,  
IEEE - NASA Symposium on Short-  T e  rin Frequency Stabil i ty,  
Washington, D. C. : U. S. Government Pr int ing Office, 
pp. 2 6 9 - 2 7 2 ,  NASA-SP80.  The  basic  method descr ibed  by 
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modified,  ex t r eme ly  v e r s a t i l e ,  and capable of the bes t  
resolution which i s  attained a t  today 's  s t a t e -o f - the -a r t .  
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