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A b s t r a c t .  E a r t h  t i d e  s t r a i n s  a t  a p a r t i c u l a r  
s i t e  are a f f e c t e d  by t h e  i n t e r n a l  s t r u c t u r e  of  
t h e  s o l i d  e a r t h ,  ocean l o a d s ,  l o c a l  inhomogene- 
: . t ies  i n  e l a s t i c  c o n s t a n t s  due t o  g e o l o g i c  s t r u c -  
t u r e ,  topography n e a r  t h e  o b s e r v a t i o n  s i t e ,  and 
t h e  c a v i t y  i n  which t h e  measuring i n s t r u m e n t  i s  
s i t u a t e d .  A l l  o f  t h e s e  i n f l u e n c e s  have been es- 
t i m a t e d  q u a n t i t a t i v e l y  f o r  t h e  Poorman s i t e  f o r  
a d i u r n a l  (01) and a s e m i d i u r n a l  (Mp) t i d e .  The 
p r e d i c t e d  s t r a i n s  a g r e e  w i t h  t h o s e  observed t o  
w i t h i n  5% f o r  M2 and 10% f o r  01 whereas  w i t h o u t  
t h e  topographic  and g e o l o g i c  c o r r e c t i o n s  t h e r e  i s  
a n  ampl i tude  d i s c r e p a n c y  of about  25%. The phase  
d i s c r e p a n c y  i s  reduced from -15' t o  -6" f o r  01. 
The r e s i d u a l s  c a n  be reduced f u r t h e r  by u s i n g  
terms q u a d r a t i c  i n  t h e  a p p l i e d  p o t e n t i a l ,  which 
may imply a breakdown of l i n e a r  t i d e  t h e o r y ,  a 
d e f i c i e n c y  i n  c l a s s i c a l  t i d a l  c a l c u l a t i o n s ,  o r  a 
l o c a l  e f f e c t  t h a t  modulates  t h e  t i d a l  t r a n s f e r  
f u n c t i o n  of o u r  s i te.  

are w e l l  unders tood ,  a q u a n t i t a t i v e  comparison 
between t h e o r y  and experiment  h a s  n e v e r ,  t o  o u r  
knowledge, y i e l d e d  t h e  s o r t  of agreement o b t a i n e d  
f o r  g r a v i t y  t i d e s .  

cal  topography and l o c a l  inhomogenei t ies  i n  t h e  
e l a s t i c  c o n s t a n t ,  much of  t h e  d i s c r e p a n c y  between 
c l a s s i c a l  t i d e  t h e o r y  and o b s e r v a t i o n s  c a n  b e  re- 
moved, a t  least  f o r  t h e  Mp and 01 components.  
Although we have n o t  ana lyzed  t h e  o t h e r  minor 
t i d a l  components,  w e  are c o n f i d e n t  t h a t  t h e  same 
s o r t  o f  agreement  would r e s u l t  from such  an  ana ly-  
s is .  

Although t h e  g e n e r a l  f e a t u r e s  of s t r a i n  t i d e s  

I n  t h i s  paper  w e  show t h a t  by c o n s i d e r i n g  lo-  

The C a l c u l a t i o n s  

H a r r i s o n  [1976] h a s  p o i n t e d  o u t  t h a t  t h e  
s t r a i n s  induced i n  t h e  e a r t h  by a l a r g e - s c a l e  
stress f i e l d  can  be s i g n i f i c a n t l y  modi f ied  a t  a 
g i v e n  p o i n t  by l o c a l  topography and l o c a l  inhomo- 
g e n e i t i e s  i n  t h e  e l a s t i c  c o n s t a n t s .  He shows 
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t h a t  t h e s e  m o d i f i c a t i o n s  are only  s i g n i f i c a n t  
c l o s e  t o  t h e  topographic  and g e o l o g i c  inhomoge- 
n e i t i e s  and t h a t  c o r r e c t i o n s  f o r  t h e s e  e f f e c t s  
c a n  be made by u s i n g  f i n i t e  e lement  t e c h n i q u e s .  
I n  o r d e r  t o  keep t h e s e  c a l c u l a t i o n s  t o  a manage- 
a b l e  s i z e ,  i t  i s  n e c e s s a r y  t o  proceed by a series 
of scale arguments  i n  which t h e  i r r e g u l a r i t i e s  
are supposed t o  b e  of s m a l l  s c a l e  compared w i t h  
t h e  stresses producing  t h e  deformat ion .  

The l a r g e s t  s c a l e  t i d a l  deformat ion  i s  t h e  
body t i d e .  A s  t h e  g r o s s  p r o p e r t i e s  of t h e  e a r t h  
are  w e l l  r e p r e s e n t e d  by t h e  Gutenberg-Bullen 
model, we  have  used t h e  Love numbers computed f o r  
t h i s  model by F a r r e l l  [1972a] and e x p e c t  t h e  re- 
s u l t s  t o  be r e p r e s e n t a t i v e  when they  are averaged 
o v e r  an  area l a r g e  compared w i t h  t h e  topographic  
and g e o l o g i c  i r r e g u l a r i t i e s .  S i m i l a r l y ,  t h e  
g r o s s  s t r a i n s  produced n e a r  Boulder  by t h e  ocean 
t i d e  l o a d s  may be c a l c u l a t e d  by u s i n g  t h e  same 
e a r t h  model; a c c o r d i n g l y ,  we  have  used F a r r e l l ' s  
[1972a] G r e e n ' s  f u n c t i o n s  f o r  t h i s  model. The 
Mp t i d e  c o n v o l u t i o n  w a s  done by F a r r e l l  [1972b] 
and u t i l i z e s  H e n d e r s h o t t ' s  ocean t i d e  model 
[Hendershot t  and Munk, 19701, modi f ied  a l o n g  t h e  
C a l i f o r n i a  c o a s t  accord ing  t o  t h e  s t u d y  by 
e t  a l .  [1970] .  The ocean t i d e  model of T i r o n  
e t  a l .  [1967] w a s  used at  t h e  01 f requency .  

l o c a l  m o d i f i c a t i o n  by g e o l o g i c  and topographic  
inhomogenei t ies  i n  t h e  v i c i n i t y  of t h e  observa-  
t i o n  s i t e .  The g e o l o g i c  s k e t c h  map ( F i g u r e  1) 
shows t h e  Poorman Mine t o  be l o c a t e d  i n  a Pre- 
cambrian g r a n i t e  b a t h o l i t h  (Boulder  Creek batho-  
l i t h ) .  
f a u l t e d  and m i n e r a l i z e d ,  p a r t i c u l a r l y  n e a r  t h e  
Poorman Mine [Humphrey, 19551, t h e  m i n e r a l i z e d  
zones are  q u i t e  t h i n  and t h e  f a u l t s  i n a c t i v e .  We 
have made no a t t e m p t  t o  model t h e s e  inhomogene- 
i t i e s  and have t r e a t e d  t h e  e n t i r e p r e c a m b r i a n b a s e -  
ment as a homogeneous mass w i t h  e l a s t i c  proper -  
t i es  a p p r o p r i a t e  f o r  g r a n i t e .  The map, however, 
shows t h e  Poorman Mine t o  b e  l o c a t e d  n e a r  a major 
g e o l o g i c  d i s c o n t i n u i t y  between Precambr ian igneous  
and metamorphic basement rocks  t o  t h e  w e s t  and 
Phanerozoic  sed iments  t o  t h e  east. The t r a n s i t i o n  
i s  exceedingly  a b r u p t ;  t h e  sed iments  a re  a b o u t  
3700 m t h i c k  v e r y  c l o s e  t o  t h e  boundary,  and they  
ex tend  eas tward  from t h e  boundary w i t h  o n l y  g r a -  
d u a l  changes i n  t h i c k n e s s  f o r  o v e r  1500 km. The 
Poorman Mine l ies  a b o u t  two t h i r d s  of  t h e  s e d i -  
ment t h i c k n e s s  t o  t h e  w e s t  of t h i s  major  d i scon-  
t i n u i t y ,  which may t h e r e f o r e  b e  expec ted  t o  

These g r o s s  s t r a i n s  may b e  expec ted  t o  s u f f e r  

Although t h i s  g r a n i t e  i s  complexly 
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Fig. 1. Geologic sketch map of the vicinity of the Poorman Mine. Part of the finite 
element grid used in three-dimensional topographic calculation is also shown. 

modify the tida1,strain at the mine significantly. 
A two-dimensional finite element calculation 

was used to estimate the influence of this dis- 
continuity.. The granite was modeled with Young's 
modulus equal to 7.5 times 10l1 dyn/cm2 and 
Poisson's ratio equal to 0.25 (Vp = 5.8 h / s ;  
Vs = 3.35 h / s ,  if the density is 2.67 g/cm3). 
The sediments range in age from Cambrian to 
Tertiary and are variable in lithology and seis- 
mic velocity. The velocity log from the Rocky 
Mountain arsenal well in Denver [Healy et al., 
19661 yields a mean P wave velocity of 3.5 h / s  
through the section. The S wave velocities have 
not to our knowledge been determined for this 
section. Erickson et al. [1968], summarizing 
work (elsewhere) with continuous signal S wave 

sources, conclude, 'In the deeper sedimentary 
section, the shear wave velocity averages about 
one half the corresponding P-wave velocity ....' 
Accordingly, we have used values of Young's modu- 
lus and Poisson's ratio of 2.08 x 10l1 dyn/cm2 
and 0 . 3 3 ,  which correspond to P and S wave velo- 
cities of 3 . 6  and 1.8 km/s for a density of 
2 . 4  g/cm3. These values are probably too high 
for the upper half of the section and too low for 
the lower half; fortunately, our final results 
are rather insensitive to these assumptions be- 
cause the Poorman strainmeter is almost parallel 
to the Precambrian-sediment boundary. 

The model is shown in Figure 2, which is re- 
produced from Harrison [1976]. The Precambrian 
sediment boundary was assumed to be straight with 
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Fig.  2 .  Model used f o r  two-dimensional f i n i t e  element c a l c u l a t i o n  of t h e  i n f l d e n c e  of 
t h e  Precambrian g ran i t e - to - sed imen t  t r a n s i t i o n  on s u r f a c e  s t r a i n  ( s o l i d  c u r v e ) ,  h o r i -  
z o n t a l  t i l t  (dashed) ,  and v e r t i c a l  t i l t  ( d o t t e d ) .  The c u r v e  i s  reproduced from 
H a r r i s o n  [1976] .  

a n  e x a c t l y  N-S s t r i k e ;  t h e  sed imen t s  were sup- 
posed t o  form a symmetrical b a s i n  abou t  40 s e d i -  
ment t h i c k n e s s e s  i n  w i d t h  ( t h e  assumpt ion  of 
symmetry a l l o w s  t h e  s i z e  of t h e  computa t ion  t o  be  
ha lved  and i s  r e a s o n a b l e  because  t h e  s t r a i n  per -  
t u r b a t i o n s  are p r i m a r i l y  a n  edge  e f f e c t  which be- 
comes independent  of b a s i n  w i d t h  once  t h e  b a s i n  
i s  many sediment  t h i c k n e s s e s  i n  w i d t h ) ,  and p l a n e  
s t r a i n  c o n d i t i o n s  w e r e  assumed. S t r e s s e s ,  which 
would have produced uni form s t r a i n  i n  a homoge- 
neous  p l a t e  w i t h  a p l a n e  upper  s u r f a c e ,  were 
a p p l i e d  t o  t h e  model and t h e  a c t u a l  s u r f a c e  
s t r a i n s  computed w i t h  t h e  ELAS f i n i t e  e lement  
program [w, 19711. The r a t i o  of s u r f a c e  
s t r a i n  t o  t h a t  which would have  been  produced i n  
t h e  homogeneous material ( t h e  s t r a i n  c o e f f i c i e n t )  
i s  p l o t t e d  i n  t h e  f i g u r e .  It is  s e e n  t h a t  t h e  
p re sence  of t h e  sed imenrs  r e d u c e s  t h e  E-W s t r a i n  
by abou t  50%. We have  assumed t h a t  t h e  s h e a r  
s t r a i n  is a l s o  reduced by 50% and t h a t  t h e  N-S 
s t r a i n  i s  u n a f f e c t e d  by t h e  boundary. 

The nex t  f a c t o r  t o  be  cons ide red  i s  t h e  loca -  
t i o n  of t h e  strainmeter i n s i d e  t h e  Poorman H i l l .  
The topography of t h i s  h i l l  and i t s  su r round ings  
i s  shown i n  F i g u r e  3;  t h e  s t r a i n m e t e r  i s  a t  t h e  
marked s p o t ,  app rox ima te ly  60 m below t h e  ground 
s u r f a c e  and 1890 m above sea l e v e l .  It  can  be 
s e e n  t h a t  t h e  i n s t r u m e n t  i s  above t h e  su r round ing  
topography on t h r e e  s i d e s ;  t h e  s i d e s  of  t h e  h i l l  
are,  of c o u r s e ,  stress f r e e ,  and t h i s  s u g g e s t s  
t h a t  stress and s t r a i n  observed  a t  t h e  Poorman 
s i t e  w i l l  be  lower t h a n  t h e  r e g i o n a l  v a l u e .  

cons ide red  a b lock  of g r a n i t e  bounded by v e r t i c a l  
s i d e s  a t  t h e  p o s i t i o n s  of t h e  edges  of  t h e  map i n  
F i g u r e  3 ,  ex tend ing  t o  1524 m below sea l e v e l  and 

I n  o r d e r  t o  model t h i s  t opograph ic  e f f e c t ,  we  

bounded by t h e  a c t u a l  s u r f a c e  topography on i t s  
upper  s u r f a c e .  For computa t iona l  pu rposes ,  t h i s  
w a s  subd iv ided  i n t o  405 e l emen t s  a r r anged  i n  f i v e  

Fig.  3 .  Topography of  area used i n  t h r e e -  
d imens iona l  f i n i t e  element computa t ion  of topo- 
g r a p h i c a l  i n f l u e n c e  on observed  s t r a i n .  Contour 
i n t e r v a l  i n  100 m (50-m c o n t o u r s  dashed i n  t h e  
immediate v i c i n i t y  of  t h e  Poorman Mine). Land 
above 2000 m and below 1800 m i s  shaded.  
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layers of 81 elements. The dimensions of the 
elements increased away from the observation 
site, so that a typical horizontal dimension was 
60 m at the Poorman Hill itself and about 100 m 
near the margin of the block; topography was well 
represented within 600 m of the instrument site, 
but beyond this an increasing amount of smoothing 
by aliasing occurred, and no attempt was made to 
represent the topography along the outer margins 
of the block, a constant mean height being used 
instead. Three independent loads were applied to 
this model; in the absence of surface topography 
the first would have produced uniform N-S strain, 
the second uniform E-W strain, and the third uni- 
form northeast shear strain. The SAPIV finite 
element computer program [Bathe et al., 19731 was 
then used to compute the actual strains at the 
strainmeter site inside the Poorman Hill for each 
of these loads. The 3 x 3 matrix of strain 
coupling coefficients is shown in Table 1. 

The strainmeter [Levine and Hall, 19721 is lo- 
cated in a tunnel on an azimuth of 353" which can 
be regarded as straight over at least 60 m and 
has a diameter of about 2 m (Figure 4). If this 
cavity is modeled as an ellipsoid with 30:l 
length to diameter ratio, then Harrison's [1976] 
Figure 3 shows that the strain magnification due 
to the cavity is less than 1%. The tunnel, how- 
ever, takes a right angle bend near the end pier 
of the interferometer and is therefore more real- 
istically modeled as a dead-ended tunnel. We 
have not taken into account the effect of the 
side tunnel which joins the interferometer tunnel 
at the approximate midpoint of the interferometer. 
The end pier is in fact 1% tunnel diameters from 
the end wall, and Harrison's [1976] Figure 9b 
suggests that the strain magnification is of the 
order of 1vX. 

First we 
calculated the body and load strain tides at the 
Poorman Mine; the E-W strain is reduced to 52.5% 
of its calculated value to take account of the 

The calculation was done in stages. 

TABLE 1. Strain-Coupling Coefficients Relating 
Regional Strain to That at the Strainmeter Site 
.___ 

Strain at Strainmeter Site 

Regional strain N-S E-W NE shear 

N- S 0.762 0.058 0.000 
E-W -0.047 0.785 -0.060 
NE shear -0.01 +0.046 0.670 
I - 
Precambrian basementlsediment transition. These 
revised strains were then multiplied by the 
strain coupling factors of Table 1 to take ac- 
count of the local topography. The computed 
strains were then rotated into the tunnel azimuth 
and multiplied by a factor of 1.015 to allow for 
magnification by the cavity. 
summarized in Tables 2a and 2b. 

These results are 

The Instrument 

The design of the strainmeter has been dis- 
cussed in considerable detail [Levine and Hall, 
1972; Levine and Stebbins, 19731; only its gen- 
eral features will be mentioned here. 

The heart of the strainmeter is an evacuated 
30-m Fabry-Perot interferometer located along the 
length of the tunnel as shown in Figure 4. The 
interferometer is illuminated by a 3.39-umhelium- 
neon laser. A servo loop piezoelectrically tunes 
the laser to keep its wavelength coincident with 
one of the transmission maxima of the long inter- 
ferometer. The frequency of the laser is there- 
fore related to the length of the interferometer 
by f = nc/2L, where n is an integer, c is 
the velocity of light, and L is the length of 
the interferometer. Thus Af/f = -AL/L. 

saturated absorption in methane [Levine and Hall, 
19721. The beat frequency between the two lasers 
is extracted for further processing. Thus 

A second 3.39-1.lm laser is stabilized by using 

or 

Afbeat AL 
f L 

-- = - 

SCALE IN FEET 

50 0 50 - 
Fig. 4. Map of the Poorman Mine showing the lo- 
cation of the interferometer. 

is 
is 

= 8.85 x 10 Afbeat 

The response of the strainmeter servo system 
essentially flat from dc to 60 Hz. Not only 
such bandwidth not necessary for tidal work. 

but its use substantially degrades subsequent 
processing by introducing an appreciable amount 
of servo noise. 

We have used a combination of real time analog 
filtering and subsequent digital filtering to re- 
duce the bandwidth to a more appropriate value. 

The analog filter design represents a compro- 
mise between the need to attenuate high frequen- 
cies and the desire to minimize the phase shifts 
between the different tidal components. In addi- 
tion it is vitally important not to introduce 
ripples in the passband of the transfer function. 
This latter requirement, coupled with the need to 
have filters which are simple to construct and 
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TABLE 2a. M 2  S t r a i n  T ide  Computations i n  P a r t s  i n  1 0  9 

e" e~~ e~~ 

Real  Imaginary Real Imaginary Real Imaginary 

Body t i d e  12.56 0. 3.60 0 .  0 .  8.15 
-1 .09 -0.47 -0.53 -0.32 -1.83 -3.26 Ocean load  

Sum t i d e *  11.47 -0.47 3.07 -0.32 -1.83 +4.89 
E-W s t r a i n  x 0.525, s h e a r  s t r a i n  11.47 -0.47 1 . 6 1  -0.17 -0 .91 +2.45 

Mul t ip ly  by c o e f f i c i e n t s  of 8.67 -0.37 1.74 -0.05 -0.71 +l. 65 
x 0.5 f o r  r e g i o n a l  geology 

Tab le  1 f o r  l o c a l  topography 

Body and load  t i d e  on 353" r e l a t i v e  t o  body 
i s  -0 .7" .  F u l l y  c o r r e c t e d  t i d e  on 353" r e l a t i v e  
f i c a t i o n :  ampl i tude  r a t i o  i s  0.709 and phase  i s  

"Load p l u s  body. 

whose t r a n s f e r  f u n c t i o n s  depend on ly  weakly on 
component v a l u e s ,  h a s  f o r c e d  u s  t o  c o n s i d e r  on ly  
f i l t e r s  whose t r a n s f e r  c h a r a c t e r i s t i c s  are  ap- 
proximated by u n i t y  g a i n  from dc  t o  somefrequency  
f o ,  fp l lowed by a c o n s t a n t  s l o p e  of  6n dB/oc tave  
above f o .  

f requency  i s  g iven  by 
The a t t e n u a t i o n  o f  such  a f i l t e r  a t  a h i g h  

Th 6n l o g 2  r (f:) dB 

where f h  > f o  
quenc ie s  i s  g i v e n  by 

w h i l e  t h e  phase  s h i f t  a t  low f r e -  

where f g  < f o .  Thus t h e  r a t i o  Th/$k i s  inde-  
pendent  of n .  S i n c e  t h e  n o i s e  spec t rum is  
s t r o n g l y  peaked i n  t h e  mic rose i smic  r e g i o n  
(pe r iod  o f  6 s ) ,  t h e r e  i s  no p o i n t  i n  u s i n g  n 
g r e a t e r  t h a n  u n i t y .  We t h e n  de te rmine  f o  from 
( 2 )  by r e q u i r i n g  $E 1 / 6 0  r a d  when f t  = 2 
cyc le s /day .  W e  f i n d  f o  - 4 c y c l e s l h ,  which re- 
q u i r e s  a n  RC product  of approximate ly  100 s .  W e  

t i d e  on ly :  ampl i tude  r a t i o  is  0.932 and phase 
t o  body t i d e  on ly  and i n c l u d i n g  c a v i t y  magni- 
+O. 9 " .  

a c t u a l l y  u s e  a t i m e  c o n s t a n t  o f  80 s .  
s p e c t r a l  d e n s i t y  of t h e  e a r t h  n o i s e  t r a n s m i t t e d  
by t h e  f i l t e r  i s  t h u s  approximate ly  

The power 

, r \ 4  

f o r  f > f o  [Berger  and Levine ,  19741.  The to -  
t a l  power t r a n s m i t t e d  from f o  t o  m i s  t h u s  of 
o r d e r  4 x 10-22(AL/L)2, which,  i f  i t  were con- 
c e n t r a t e d  a t  f requency  f o ,  would imply a n  am- 
p l i t u d e  of  abou t  3 x lO-l l (AL/L).  T h i s  i s  less 
t h a n  1% of t h e  01 t i d a l  ampl i tude ,  s o  t h a t  a re- 
c o r d i n g  sys tem which sampled 10  t i m e s  p e r  hour  
would have  n e g l i g i b l e  a l i a s i n g  d i s t o r t i o n .  The 
incohe rence  between t h e  broad  band n o i s e  and t h e  
sampling c l o c k  r educes  t h e  e f f e c t  even f u r t h e r .  
The ana log  o u t p u t  was d i g i t i z e d  t o  12 b i t s  and 
recorded  f o r  f u r t h e r  p rocess ing .  The least  s i g -  
n i f i c a n t  b i t  o f  t h e  d i g i t i z e r  co r re sponds  t o  a 
s t r a i n  of approximate ly  AL/L = 7 x 10-11. 

a i l t oma t i ca l ly  c a l i b r a t e d  i n  terms of  a v o l t a g e  
s t l n d a r d  3 t i m e s  p e r  hour ,  and t h e  v o l t a g e  s t a n -  
dard  i n  t u r n  was c a l i b r a t e d  by u s i n g  a s t a n d a r d  
c e l l  and a p r e c i s i o n  po ten t iome te r .  T y p i c a l  
c a l i b r a t i o n s  ag reed  t o  w i t h i n  +0.1%. 

The e n t i r e  f i l t e r i n g  and d i g i t i z i n g  sys tem w a s  

TABLE 2b. 0 S t r a i n  T ide  Computations i n  P a r t s  i n  10  9 1 

e~~ e~~ 

Real  Imaginary Real  Imaginary Real  Imaginary 

Body t i d e  4.34 0. 6.93 0 .  0 .  -4.03 

4 . 6 2  -0.4.4 7.17 -0.05 + O .  33 -3.80 Body plus l o a d  
E-W s t r a i n  x 0.525 

f o r  r e g i o n a l  geology 
Mul t ip ly  by c o e f f i c i e n t s  o f  

Tab le  1 f o r  l o c a l  topography 

Load 0.28 -0.44 0.25 -0.05 +0.33 +0.22 

4.62  -0.44 3.77 -0.03 +0.16 -1.90 

3.34 -0.32 3.24 -0.14 +0.12 -1.27 

Body and load  t i d e  on 353" r e l a t i v e  t o  body t i d e  only :  ampl i tude  r a t i o  i s  1.046 and 
phase  i s  -6 .1 ' .  
m a g n i f i c a t i o n :  

F u l l y  c o r r e c t e d  t i d e  on 353" r e l a t i v e  t o  body t i d e  on ly  and i n c l u d i n g  c a v i t y  
ampl i tude  r a t i o  i s  0.770 and phase  i s  -9.1". 
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F i g .  5a.  A break  i n  t h e  t i m e  series due t o  ins t rument  m a l f u n c t i o n .  

Data Reduct ion  series d e r i v e d  from a least  s q u a r e s  a n a l y s i s  of 
t h e  d a t a  immediately a d j a c e n t  t o  t h e  b r e a k .  For 
example,  c o n s i d e r  a break  i n  t h e  d a t a  from t i m e  
t l  t o  t i m e  t 2 .  We expand t h e  t i d a l  p o t e n t i a l  i n  

The f i r s t  s t e p  i n  t h e  a n a l y s i s  i s  t o  d e a l  w i t h  
t h e  gaps due t o  i n s t r u m e n t a l  f a i l u r e .  These gaps _ _  
average  about  10 h i n  l e n g t h  and occur  approxi -  
mate ly  once p e r  month. Because t h e  gaps were so 
s h o r t ,  we  chose  t o  f i l l  them r a t h e r  t h a n  t o  ?er- 
form o u r  a n a l y s i s  on t h e  v a r i o u s  segments  ( i n d i -  
v i d u a l l y  o r  j o i n e d  w i t h  z e r o  f i l l ) .  
m i t t e d  u s  t o  u s e  o u r  d i g i t a l  f i l t e r  and o t h e r  
r o u t i n e s  which r e q u i r e  t h a t  t h e  d a t a  b e  e q u a l l y  
spaced i n  t i m e .  

To f i l l  i n  t h e  gaps i n  a way which minimizes  
t h e  d i s c o n t i n u i t i e s  i n  t h e  d a t a ,  w e  u s e  a t i m e  

T h i s  p e r -  

s p h e r i c a l  harmonics  : 

where Ynm i s  t h e  s p h e r i c a l  harmonic a t  c o l a t i -  
t u d e  0 and l o n g i t u d e  $ and anm are t h e  t i m e  
dependent  p a r t s  of t h e  p o t e n t i a l .  
j u s t a b l e  c o n s t a n t s  a d j u s t e d  s o  t h a t  

Trim a r e  ad- 
V f i t s  t h e  

J 

v, 

-20.3 ... I- 
652400 652500 

T I M E  IN HOURS FROM 0 UT I JAN 1900 
F i g .  5b. 
harmonic expansion of  t h e  p o t e n t i a l  a s  d i s c u s s e d  i n  t h e  t e x t .  
p a t c h  w a s  made a t  t h e  end of t h e  t i m e  s e r i e s . )  

The same s e r i e s  as i n  F i g u r e  5a w i t h  t h e  break  pa tched  u s i n g  t h e  s p h e r i c a l  
(Note t h a t  a second 
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d a t a  from t l  t o  t l  - A 1  and t 2  t o  t 2  + A 2  i n  a 
least  s q u a r e s  sense .  We g e n e r a l l y  used  a v a l u e  
of  7 days  f o r  A1 and A 2 .  The v a l u e s  of Tnm are  
n o t  s e n s i t i v e  t o  t h i s  c h o i c e .  Occas iona l ly  ( a s  
i n  F i g u r e s  5a and 5 b ) ,  two b reaks  occur red  v e r y  
c l o s e  t o g e t h e r .  I n  t h i s  c a s e  t h e  two b r e a k s  were 
f i t t e d  s imul t aneous ly  by us ing  d a t a  from b e f o r e  
the f i r s t  break and a f t e r  the second. The v a l u e s  
of  Tnm de termined  i n  t h i s  way a r e  then  used t o  
c o n s t r u c t  a t i m e  series from t l  t o  t 2  by u s i n g  
( 3 ) .  (A more d e t a i l e d  e v a l u a t i o n  and j u s t i f i c a -  
t i o n  f o r  t h i s  expans ion  w i l l  b e  found below.)  

f i c i a l  gaps  i n  o u r  d a t a .  The f i t s  t o  t h e s e  
' g a p s '  w e r e  s u f f i c i e n t l y  c l o s e  t o  t h e  o r i g i n a l  
t i m e  series t h a t  w e  w e r e  unab le  t o  i d e n t i f y  t h e  
pa tched  area i n  t h e  r e s i d u a l s  of  t h e  subsequent  
a n a l y s i s .  

A sample of t h e  r e s u l t  of t h i s  f i t t i n g  pro-  
c e s s  i s  shown i n  F i g u r e s  5a and 5b. F i g u r e  5a  
shows a t y p i c a l  d a t a  b reak .  ( I n  t h i s  c a s e  t h e  
b reak  i s  i n  f a c t  t h e  f i r s t  of two b reaks  approxi -  
ma te ly  24 h a p a r t . )  I n  F igu re  5b w e  show t h e  
same d a t a  s e t  w i t h  t h e  pa tched  t i m e  series i n -  
s e r t e d  a c r o s s  t h e  b reak .  Note t h a t  i n  t h e s e  and 
i n  a l l  subsequent  f i g u r e s  t h e  d a t a  p o i n t s  are 
connected  by s t r a i g h t  l i n e s  f o r  c l a r i t y .  The 
symbol used  a t  each  p o i n t  i s  chosen a r b i t r a r i l y ,  
d i f f e r e n t  symbols be ing  used s o l e l y  t o  a i d  i n  
i d e n t i f y i n g  t h e  graphs .  

p a s s  f i l t e r e d  and decimated t o  one sample p e r  
hour .  A t y p i c a l  d i g i t a l  f i l t e r  r e sponse  would 
have  nominal ly  u n i t y  g a i n  a c r o s s  t h e  t i d a l  bands .  
It would have  3-dB p o i n t s  of 0 .25 c y c l e s / h  and 
0.02 c y c l e s / h  and would f a l l  a t  about  40 dB/ 
o c t a v e  beyond t h e s e  f r e q u e n c i e s .  A l l  o f  t h e  f i l -  
ters used  a r e  noncausa l  and have i d e n t i c a l l y  z e r o  
phase  s h i f t  a t  a l l  f r e q u e n c i e s .  The d a t a  a r e  
then  t r u n c a t e d  i n t o  c o n s e c u t i v e  696-h segments  
f o r  f u r t h e r  a n a l y s i s .  T h i s  l e n g t h  i s  chosen  t o  
minimize con tamina t ion  of t h e  01 and M2 compo- 
n e n t s  by nearby  weaker l i n e s ,  w h i l e  a t  t h e  same 
t i m e  r e t a i n i n g  a s u f f i c i e n t l y  l a r g e  number of  
b locks  so  as t o  make p o s s i b l e  some e s t i m a t e  of  
t h e  v a r i a n c e  of  t h e  c a l c u l a t i o n s .  I n  a d d i t i o n  
t h i s  a n a l y s i s  t echn ique  a l lows  u s  t o  d i s c o v e r  any 
t i m e  dependence of  t h e  t r a n s f e r  f u n c t i o n p r o d u c e d ,  
f o r  example, by changes i n  t h e  l o c a l  w a t e r  t a b l e .  
Each segment i s  i d e n t i f i e d  by i t s  start  t i m e ,  
measured i n  hour s  from 0 UT on Janua ry  1, 1900.  
The r e s u l t s  p re sen ted  h e r e  a r e  based  on a n  ana ly-  
sis of n i n e  c o n s e c u t i v e  segments  s t a r t i n g  i n  
March 1974. 

of  a n a l y z i n g  t h e  d a t a  i s  t o  perform a F o u r i e r  
t r ans fo rm of t h e  d a t a  a t  t h e  f r e q u e n c i e s  appro- 
p r i a t e  f o r  t h e  01 and M2 components 
(0.03873066 c y c l e s / h  and 0.0805114 c y c l e s / h ,  re- 
s p e c t i v e l y ) .  

are  compared w i t h  t h e  r e s u l t s  ob ta ined  by com- 
p u t i n g  t h e  F o u r i e r  t r a n s f o r m  of a t h e o r e t i c a l  
t i d a l  s e r i e s  f o r  t h e  same t i m e  p e r i o d .  The theo-  
r e t i c a l  t i d a l  series is  gene ra t ed  by u s i n g  t h e  
t echn ique  proposed by Munk and Car twr igh t  [1966]  
as modi f ied  by Har r i son  [1971] t o  compute t h e  
p o s i t i o n  of  t h e  moon by u s i n g  Brown's t heo ry .  

Using t h i s  method, w e  o b t a i n  t h e  fo l lowing  
v a l u e s  f o r  t h e  t r a n s f e r  f u n c t i o n :  

W e  have  t e s t e d  t h i s  t echn ique  by u s i n g  a r t i -  

The f u l l  t i m e  series i s  then  d i g i t a l l y  band- 

F o u r i e r  t r ans fo rm a n a l y s i s .  The s i m p l e s t  way 

The ampl i tude  and phase  computed i n  t h i s  way 

T(01)  = 0.694 * 0.018;  @(01) = -15.9' It 5" ;  

T(M2) = 0.765 ? 0.01;  and Q(M2) = -34" It 5', 
where T i s  t h e  ampl i tude  of t h e  t r a n s f e r  f u n c t i o n  
and Q is  t h e  phase  ang le .  A n e g a t i v e  phase  
a n g l e  i m p l i e s  t h a t  t h e  d a t a  l e a d  t h e  t h e o r y ,  
i . e . ,  t h a t  t h e  peak o f  t h e  l o c a l  t i d e  occur s  be- 
f o r e  mer id i an  passage .  The quoted  u n c e r t a i n t i e s  
r e p r e s e n t  t h e  formal  1 s t a n d a r d  d e v i a t i o n  and do 
n o t  i n c l u d e  s y s t e m a t i c  e r r o r s .  

The con tamina t ion  of t h e  estimate due  t o  resi- 
d u a l  random n o i s e  i s  q u i t e  s m a l l .  Using o u r  pub- 
l i s h e d  n o i s e  power s p e c t r a l  d e n s i t y  [Berger  and 
Levine ,  19741 w i t h  an  i n t e g r a t i o n  t i m e  of 696 h 
would s u g g e s t  t h a t  t h e  n o i s e  was of  o r d e r  
AL/L N 3 x 
AL/L - a t  24 h .  

abou t  25 a t  01 and 400 a t  M2. 
da rd  d e v i a t i o n s  are c o n s i s t e n t  w i t h  t h e s e  es t i -  
mates .  

We have  a l s o  
ana lyzed  o u r  d a t a  by u s i n g  a n  expans ion  of  t h e  
t h e o r e t i c a l  t i d a l  s i g n a l  i n  s p h e r i c a l  harmonics .  

W e  s h a l l  u s e  t h e  conven t iona l  s p h e r i c a l  coor-  
d i n a t e  system w i t h  0 t h e  c o l a t i t u d e  and A t h e  
l o n g i t u d e  measured east from Greenwich. Then 
s i n c e  we a r e  n e a r  t h e  s u r f a c e  of  t h e  e a r t h ,  t h e  
s t r a i n  a l o n g  a p a r t i c u l a r  h o r i z o n t a l  d i r e c t i o n  
which makes a n  a n g l e  e s  (measured c lockwise  
from n o r t h )  w i t h  t h e  mer id i an  c a n  b e  expanded i n  
t e r m s  o f  t h e  s t r a i n s  a l o n g  t h e  c o o r d i n a t e  axes :  

a t  a p e r i o d  of 1 2  h and  of  o r d e r  

The ampl i tude  s igna l - to -no i se  r a t i o  i s  t h u s  
The observed  s tan-  

S p h e r i c a l  harmonic expans ion .  

7 ,l 

E = cosL  e s  + s i n L  e s  - s i n  e c o s  e 

(3) 

The s t r a i n  t e n s o r  components are  i n  t u r n  r e l a t e d  
t o  t h e  p o t e n t i a l  w: 

7 

where h and  II are Love 's  numbers, g i s  t h e  
l o c a l  a c c e l e r a t i o n  of g r a v i t y ,  r i s  t h e  r a d i u s  
of t h e  e a r t h ,  w i s  t h e  d r i v i n g  p o t e n t i a l  i n  ., ~ 

u n i t s  of c e n t i m e t e r s  of  e q u i l i b r i u m  h e i g h t ,  and 
i = (-I)%* 

We may expand t h e  d r i v i n g  p o t e n t i a l  i n  terms 
of  a t i m e  dependent t e r m  c n m ( t )  and a n  a n g u l a r  
term i n v o l v i n g  o n l y  t h e  s t a t i o n  c o o r d i n a t e s :  

where Ynm i s  t h e  normal ized  s p h e r i c a l  harmonic.  
I f  we s u b s t i t u t e  (5)  i n t o  ( 4 )  and u s e  t h e s e  

r e s u l t s  i n  ( 3 ) ,  w e  f i n d  t h a t  t h e  s t r a i n  can  be  
expanded i n t o  s p h e r i c a l  harmonics 
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of the potential having (n, m) symmetry on the 
earth's surface. The quantities c(n, m) are 
given in the appendix for various values of n 
and m. 

Equation (6)  gives the strain that would be 
observed on a theoretical strainmeter. We hypo- 
thesize that our instrument and site have some 
transfer function Tnm which depends on n and m 
but not on t. Then the observed strain signal 
is of the form 

(7)  

To evaluate Trim, we construct the quantities 

apd adjust the various Tnm so that (7)  is a best 
fit to our data in a least squares sense. 

In the current discussion we are interested 
in the M2 and 01 components. These components 
obviously have m = 2 and m = 1 symmetries, re- 
spectively. The significant T matrix elements 
are thus T21 and "22. We have obtained the fol- 
lowing values for these components: 

T22 = 0.722 f 0 . 0 4 ,  and = -29" ir 6', where 
Onm is the phase angle of the associated Tnm. 
Note that the transfer functions obtained in 
this analysis are not for a given frequency com- 
ponent but for a given symmetry. 

T21 = 0.633 f 0 .02 ,  $ 2 1  = -9" ir 5", 

Discussion of Results 

Table 3 summarizes the results of our analy- 
sis. These results should be compared with the 
summary of the calculations in Table 2. 

Unfortunately, both the Fourier transform 
method and the spherical harmonic method produce 
estimates of the transfer function which may be 
biased. 

Using the Fourier transform method with con- 
ventional boxcar apodization results in the con- 
volution of the spectral estimates with 

sin (TfT) / (FfT) 

where T is the record length. Thus the esti- 

mate of the 0 ,  amplitude is contaminated by ap- 
proximately 8% of the P I ,  K 1 ,  S1 estimate. (The 
P1,  K 1 ,  and S1 components are not resolved with a 
record length of 696 h. However, most of the 
power comes from K1, and it is the dominant con- 
taminant.) This bias is not removed by computing 
the ratio of the spectral estimate of the data to 
the spectral estimate of the theory unless the 01 
and P I ,  K 1 ,  S1 transfer functions are the same. 
Our analysis suggests that either the P I ,  K 1 ,  S 1  
transfer function is significantly smaller (by 
about 20%) than the O1 transfer function or the 
load contribution is significantly different. 
Thus the 01 spectral estimate should be biased 
by about 1 .6%.  Furthermore, the estimate of the 
P I ,  K1, S I  amplitude varies from month to month, 
since the three components beat against each 
other. This will appear as an apparent variation 
in the amplitude of the spectral estimate and an 
apparent fluctuation in the phase of approximately 
?lo. A problem of smaller proportions exists 
for M2. 

We conclude that perhaps 50% of the standard 
deviation associated with the 01 Fourier trans- 
form amplitude estimate arises from this source. 
The effect is smaller for Mg and accounts for ap- 
proximately 20% of the measured standard devia- 
tion of the amplitude estimate. 

a different set of problems. The most serious 
problem from the point of view of the current 
discussion is that the transfer function is com- 
puted by symmetry group rather than by frequency. 
This procedure implicitly assumes that all of the 
diurnal frequencies have the same effective 
transfer function relative to the local tidal 
potential. As mentioned previously, this assump- 
tion is not correct, at least for the diurnal 
components, for the data that we have analyzed 
here. This limitation can be overcome by modi- 
fying (7)  to allow for leads or lags. Thus (7)  
is replaced by 

The spherical harmonic analysis is subject to 

This allows the transfer function to be different 
for different components of the same symmetry. 
The frequency dependent transfer function z(f) 
is then related to Tnm(A) by 

TABLE 3.  Results of the Data Analysis 
- __ ____ - 

Transfer Function 

Tidal component Method of analysis Amp 1 it ude Phase 

Diurnal 01 
Diurnal 01 
Semidiurnal M2 
Semidiurnal M2 
Diurnal (n = 2, m = 
Diurnal 01 
Semidiurnal (n = 2 ,  
Semidiurnal Mp 
Average 01 
Theory 01 
Average M2 
Theory M2 

Fourier transform, 696 h 
Long transform, 2784 h 
Fourier transform 
Long transform 

1) Spherical harmonics 
Lead/Lag 

m = 2)  Spherical harmonics 
LeadILag 

0.694 ? 0.018 
0.710 
0.765 ? 0.01 
0.753 
0.633 ? 0.02 
0.685 f 0.02 
0.722 ? 0.04 
0.710 ? 0.04 
0.696 ? 0.02 
0 .770  
0.743 
0.709 

-15.9' It 5' 
-18" 
-34" f. 5" 
-29" 
-09" f 5" 
-10" f 5" 
-29" f 6" 
-28' ? 6" 
-15" t 5" 
-09.1' 
-30" f 5" 
+0.9" 
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Fig .  6 .  Band-pass f i l t e r e d  t ime  s e r i e s  f o r  d a t a  s e t  652763.9.  

z ( f )  = 1 1 Tnm(A) exp ( - i n f A / 2 8 8 )  
A n,m 

where f i s  i n  c y c l e s  p e r  hour  and A i s  i n  
hour s .  
s even  v a l u e s  of A :  -72 h ,  -48 h ,  -24 h ,  0 h ,  
4-24 h ,  +48 h ,  and +72 h. The r m s  r e s i d u a l s  (com- 
pu ted  by t a k i n g  t h e  r m s  of t h e  d i f f e r e n c e  between 
t h e  d a t a  and t h e  t ime  series as computed from 
(8) )  are abou t  2% of t h e  ampl i tude  o f  t h e  d a t a .  
I n  c o n t r a s t ,  when ( 7 )  i s  used t o  f i t  t h e  d a t a ,  
t h e  rms r e s i d u a l s  a r e  of o r d e r  3%%. 

The v a l u e s  of  t h e  t r a n s f e r  f u n c t i o n  computed 
i n  t h i s  manner f o r  t h e  01 and M2 components a r e  
a l s o  shown i n  Tab le  3 under  a n a l y s i s  method 
l e a d / l a g .  Note t h a t  i n  g e n e r a l  t h e  l e a d / l a g  
a n a l y s i s  t e n d s  t o  b r i n g  t h e  t r a n s f e r  f u n c t i o n s  
computed by t h e  two methods i n t o  c l o s e r  ag ree -  

W e  have r e p e a t e d  o u r  a n a l y s i s  by u s i n g  

,,, - - 7.80 7‘131-r 
c I //I/ 

ment and t h a t  t h e  d i s c r e p a n c i e s  a r e  w i t h i n  t h e  
quoted u n c e r t a i n t i e s .  

I n  a d d i t i o n  t o  t h e  numer i ca l  problems d i s -  
cussed above,  w e  have some ev idence  t h a t  t h e  a s -  
sumption of  a s i m p l e  l i n e a r  r e l a t i o n s h i p  between 
a p p l i e d  p o t e n t i a l  and measured s t r a i n ,  which 
u n d e r l i e s  a l l  of  o u r  a n a l y s i s ,  i s  o n l y  approx i -  
ma te ly  t r u e .  T h i s  can  be most c l e a r l y  i l l u s -  
t r a t e d  by c o n s i d e r i n g  d a t a  set 652763.9 ( d a t a  
sets are i d e n t i f i e d  by t h e i r  s t a r t i n g  t i m e  mea- 
su red  i n  hour s  from 0 U T ,  J anua ry  l ,  1 9 0 0 ) .  

been band-pass f i l t e r e d  and decimated t o  one 
sample p e r  hour .  
d a t a  se t  i s  shown i n  F i g u r e  7 .  
s e m i d i u r n a l  ampl i tudes  s i t  on a r a t h e r  broad 
p e d e s t a l .  
examining t h e  r e s i d u a l  t i m e  series o b t a i n e d  by 

F i g u r e  6 shows t h e  t i m e  series a f t e r  i t  h a s  

The F o u r i e r  t r a n s f o r m  of  t h e  
Note t h a t  t h e  

T h i s  can be  s e e n  much more c l e a r l y  by 

F R E Q U E N C Y  IN C Y C L E S I H O U R  
Fig .  7 .  F o u r i e r  t r a n s f o r m  o f  t h e  d a t a  shown i n  F i g u r e  6 .  
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F i g .  8. R e s i d u a l s  of  a least  s q u a r e s  f i t  of  t h e  d a t a  u s i n g  a s p h e r i c a l  harmonic ex- 
pans ion  o f  t h e  p o t e n t i a l .  

s u b t r a c t i n g  t h e  t h e o r e t i c a l  t i d e s  as de te rmined  
by t h e  s p h e r i c a l  harmonic expans ion  method de- 
s c r i b e d  above. 

and i t s , F o u r i e r  t r a n s f o r m  i s  shown i n  F i g u r e  9.  
Two p o i n t s  are worth n o t i n g .  (1) The r e s i d u a l s  
t e n d  t o  b e  p r o p o r t i o n a l l y  l a r g e r  when t h e  t i d e s  
are  l a r g e  t h a n  when t h e y  are s m a l l .  ( 2 )  The 
F o u r i e r  spec t rum shows t h a t  most o f  t h i s  power i s  
c o n c e n t r a t e d  n e a r  t h e  s e m i d i u r n a l  t i d a l  peak bu t  
t h a t  i t  i s  a con t inuous  r a t h e r  t h a n  a s t r o n g l y  
peaked d i s t r i b u t i o n .  

An h y p o t h e s i s  which w e  have c o n s i d e r e d  i n  
t r y i n g  t o  e x p l a i n  t h e s e  f a c t s  i s  t h a t  t h e  system 
re sponds  n o n l i n e a r l y  t o  t h e  a p p l i e d  s t r a i n .  (By 
sys t em w e  mean t o  i n c l u d e  l o c a l  geology,  t h e  i n -  
t e r f e r o m e t e r  and i t s  p i e r s ,  and a l l  t h e  subse-  
quen t  e l e c t r o n i c s . )  To tes t  t h i s  h y p o t h e s i s ,  we 
have  c o n s t r u c t e d  t i m e  series of  t h e  form 

The r e s i d u a l  t i m e  series i s  shown i n  F i g u r e  8 ,  

C,(t) - C n l m f ( t )  and have  r e p e a t e d  t h e  l eas t  
s q u a r e s  a n a l y s i s  by u s i n g  s e v e r a l  q u a d r a t i c  t e r m s  
o f  t h i s  form i n  t h e  p o t e n t i a l .  I n  F i g u r e  10 we 
show t h e  r e s i d u a l  t i m e  series a f t e r  t h e s e  qua- 
d r a t i c  t e r m s  have been removed, and i n  F i g u r e  11 
we show t h e  F o u r i e r  t r a n s f o r m  of t h e  r e s i d u a l s .  
Not o n l y  have  t h e  r e s i d u a l s  been reduced i n  am- 
p l i t u d e ,  b u t  t h e i r  c h a r a c t e r  i s  changed as w e l l .  
The broad s e m i d i u r n a l  power peak h a s  been removed 
by t h e  f i t .  I n  a d d i t i o n ,  b o t h  t h e  spec t rum of 
F i g u r e  11 and a s t a t i s t i ca l  a n a l y s i s  of t h e  d a t a  
of  F i g u r e  10 show t h a t  t h e  r e s i d u a l  t i m e  series 
can  b e  approximated by p a s s i n g  w h i t e  n o i s e  th rough  
t h e  band-pass f i l t e r  used t o  f i l t e r  t h e  d a t a .  
T h i s  i m p l i e s  t h a t  most of t h e  r e s i d u a l s  of t h e  
n o n l i n e a r  f i t  are n o i s e .  

s l i g h t l y  f u r t h e r  by f i t t i n g  t i m e  series of  t h e  
form B ( t )  * Cnm( t ) ,  where B ( t )  i s  t h e  l o c a l  baro-  

I n  f a c t  t h e  r e s i d u a l  ampl i tude  c a n  b e  reduced 
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FREQUENCY IN CYCLES/HOUR 
Fig .  9 .  F o u r i e r  t r a n s f o r m  of  t h e  r e s i d u a l s  shown i n  F i g u r e  8. 
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Fig.  10.  Res idua l s  of a l e a s t  s q u a r e s  f i t  o f  t h e  t i m e  s e r i e s  shown i n  F i g u r e  8 u s i n g  
p roduc t s  of  s p h e r i c a l  harmonics .  

m e t r i c  p r e s s u r e .  The r e d u c t i o n  i s  s m a l l  ( about  
15%) b u t  s t a t i s t i c a l l y  s i g n i f i c a n t .  

These r e d u c t i o n s  i n  t h e  r e s i d u a l s  are  n o t  
mere ly  numer i ca l  a c c i d e n t s  ob ta ined  by f i t t i n g  a 
series of roughly  t h e  r i g h t  s p e c t r a l  d e n s i t y .  We 
have used  many o t h e r  combina t ions  of  s e r i e s w h i c h ,  
a l t h o u g h  t h e y  have  roughly  t h e  s a m e  power spec-  
t r a ,  show no coherence  w i t h  t h e  d a t a  whatsoever .  
Thus l o c a l  a i r  t empera tu re ,  l o c a l  rock  tempera- 
t u r e ,  and l o c a l  s o l a r  r a d i a t i o n  do n o t  r educe  t h e  
v a r i a n c e  i n  a s t a t i s t i c a l l y  s i g n i f i c a n t  way 
( f r a c t i o n a l  r e d u c t i o n  of 0.01% o r  l e s s )  when they  
are used e i t h e r  i n  a l i n e a r  o r  q u a d r a t i c a n a l y s i s ,  
i n  s p i t e  of  t h e  f a c t  t h a t  t h e i r  power s p e c t r a  are 
a l l  roughly  a l i k e .  We are  fo rced  t o  conclude  
t h a t  t h e  n o n l i n e a r  f i t  p roduces  s t a t i s t i c a l l y  
s i g n i f i c a n t  r e d u c t i o n s  i n  t h e  v a r i a n c e  of  t h e  
r e s i d u a l s  and t h a t  t h e  r e d u c t i o n  i n  t h e  v a r i a n c e  

ob ta ined  by u s i n g  t e r m s  q u a d r a t i c  i n  t h e  a p p l i e d  
p o t e n t i a l  canno t  b e  matched by any o t h e r  l i n e a r  
o r  q u a d r a t i c  t e r m  t h a t  w e  have  t r i e d .  

t h e  q u a d r a t i c  t e r m s  t h a t  w e  have used .  W e  have  
e l i m i n a t e d  t h e  e n t i r e  i n s t rumen t  w i t h  t h e  excep- 
t i o n  of t h e  p i e r s  by c a l i b r a t i o n  i n  t e r m s  of f r e -  
quency o r  v o l t a g e  s t a n d a r d s .  We are  l e f t  w i t h  
t h r e e  p o s s i b i l i t i e s :  (1)  t h e  p i e r s ,  ( 2 )  t h e  
mine, and (3)  d e f i c i e n c i e s  i n  t h e  t i d a l  t h e o r y .  

We have  a p p l i e d  some c a l i b r a t i o n  s i g n a l s  t o  
t h e  p i e r s .  We have  n o t  been a b l e  t o  obse rve  any 
s i g n i f i c a n t  n o n l i n e a r i t y ,  b u t  ou r  tests are by no 
means conc lus ive .  

We have  n o t  been a b l e  t o  c o n s t r u c t  a theo ry  of  
t h e  mine t u n n e l s  t h a t  a g r e e s  w i t h  t h e  observa-  
t i o n s ,  b u t  i n  view of  t h e  complexi ty  of  t h e  l o c a l  
geology t h i s  remains  a real  p o s s i b i l i t y .  

W e  have  n o t  found a r eason  f o r  t h e  p re sence  of 
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FREQUENCY IN C Y C L E S I H O U R  
F i g .  11. F o u r i e r  t r ans fo rm oi’ t h e  r e s i d u a l s  shown i n  F i g u r e  10 .  
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There  i s  some a d d i t i o n a l  e v i d e n c e  t h a t  conven- 
t i o n a l  t i d a l  t h e o r y  may b e  d e f i c i e n t  when i t  i s  
a p p l i e d  t o  l o c a l  s t r a i n .  I f  w e  a n a l y z e  t h e  d a t a  
i n  4-month (2784 h)  b l o c k s  i n s t e a d  of  1-month 
(696 h)  b l o c k s ,  w e  o b t a i n  s l i g h t l y  d i f f e r e n t  
v a l u e s  f o r  t h e  t r a n s f e r  f u n c t i o n s  (Table  3 ,  
Long t r a n s f o r m )  which are j u s t  b a r e l y  i n s i d e  t h e  
quoted  e r r o r  b a r s  f o r  t h e  s h o r t e r  t r a n s f o r m s .  
Fur thermore ,  t h e  rms a m p l i t u d e  of t h e  r e s i d u a l s  
f o l l o w i n g  a s p h e r i c a l  harmonic a n a l y s i s  i s  no- 
t i c e a b l y  p o o r e r  f o r  t h e  l o n g  s e r i e s  than  f o r  any 
of t h e  component s h o r t e r  ones  (almost  6% v e r s u s  
an  a v e r a g e  of about  3%%) even i f  t e r m s  having 
n = 3 symmetry are added t o  t h e  f i t .  T h i s  sug- 
g e s t s  t h a t  t i d a l  t h e o r y  might  n o t  a d e q u a t e l y  pre-  
d i c t  long-per iod  t e r m s .  However, t h i s  same e f -  
f e c t  could  a l s o  b e  produced by a t i m e  v a r i a t i o n  
of t h e  l o c a l  e f f e c t s .  

l e n g t h s  by u s i n g  series l e n g t h s  from 5 months up 
t o  t h e  f u l l  9 months a t  once.  The t r a n s f e r  func- 
t i o n s  o b t a i n e d  i n  t h i s  way a g r e e  w i t h  t h e  s h o r t e r  
t r a n s f o r m s  t o  w i t h i n  t h e  quoted u n c e r t a i n t i e s .  
However, w e  do not  have enough d a t a  a t  t h e  moment 
t o  estimate t h e  v a r i a n c e  i n  t h e s e  estimates, 
s i n c e  t h e  number of b l o c k s  i s  t o o  s m a l l .  

There  i s  a major  d i f f i c u l t y  w i t h  assuming t h a t  
n o n l i n e a r  e f f e c t s  a r e  p r e s e n t  which s u g g e s t s  t h a t  
t h e  problem i s  more compl ica ted  t h a n  s i m p l e  mod- 
e l s  would i n d i c a t e .  It i s  d i f f i c u l t  t o  c o n s t r u c t  
a s i m p l e  n o n l i n e a r  t h e o r y  which does  n o t  produce 
a s i g n i f i c a n t  s p e c t r a l  peak n e a r  4 c y c l e s / d a y  
( t w i c e  t h e  M 2  f r e q u e n c y ) .  A s  can  b e  s e e n  from 
any of t h e  F o u r i e r  s p e c t r a  ( e . g . ,  F i g u r e  9 ) ,  such 
a peak i s  v e r y  weak i f  i t  e x i s t s  a t  a l l .  

I n  view of t h e  complexi ty  of t h e  l o c a l  geology,  
w e  f e e l  t h a t  t h e  e x i s t e n c e  of n o n l i n e a r i t i e s  i n  
t h e  e a r t h  t i d e  r e s p o n s e  cannot  be confirmed from 
o u r  d a t a .  Indeed ,  some form of t i m e  v a r i a b i l i t y  
i n  t h e  t r a n s f e r  f u n c t i o n  from r e g i o n a l  s t r a i n  t o  
l o c a l  s t r a i n  o r  some a z i m u t h a l  dependence of t h e  
t r a n s f e r  f u n c t i o n  due t o  t h e  asymmetr ic  f r a c t u r e  
d i s t r i b u t i o n  i n  t h e  nearby  r o c k  i s  t h e  most l i k e l y  
s o u r c e  of o u r  observed  e f f e c t .  But w e  are u n a b l e  
t o  c o n s t r u c t  any q u a n t i t a t i v e  model which ade- 
q u a t e l y  a c c o u n t s  f o r  o u r  l a r g e  r e s i d u a l s  and sub- 
s t a n t i a l  f l u c t u a t i o n s  i n  t h e  phase of t h e  l i n e a r  
t r a n s f e r  f u n c t i o n s .  I n  a d d i t i o n  t h e  l a r g e  r e s i d -  
u a l  phase d i s c r e p a n c y  a t  M2 remains unexpla ined .  

We have  c o n s i d e r e d  t i m e  v a r i a t i o n s  i n  t h e l o c a l  
hydrology as  a s o u r c e  of s low changes i n  t h e  
t r a n s f e r  f u n c t i o n s  which might  broaden t h e  peaks 
i n  t h e  observed  spectrum. However, t h e  t r a n s f e r  
f u n c t i o n s  do n o t  s e e m  t o  d i f f e r  s i g n i f i c a n t l y  
from summer t o  w i n t e r  i n  s p i t e  of t h e  l a r g e  sea- 
s o n a l  v a r i a t i o n s  i n  t h e  l e v e l  of t h e  groundwater .  

The F o u r i e r  t r a n s f o r m  of t h e  d a t a  ( F i g u r e  7 )  
i s  s u g g e s t i v e  of ' t i d a l  c u s p i n g '  which h a s  been 
observed i n  ocean t i d e s  [Munk and C a r t w r i g h t ,  
19661 measured a t  p o r t s  l o c a t e d  on r e l a t i v e l y  
s h a l l o w  c o n t i n e n t a l  s h e l v e s .  However, s i n c e  n e i -  
t h e r  e f f e c t  h a s ,  t o  o u r  knowledge, been q u a n t i t a -  
t i v e l y  e x p l a i n e d ,  i t  i s  d i f f i c u l t  t o  d e c i d e  i f  
t h i s  i s  simply c o i n c i d e n t a l  o r  i f  i t  i m p l i e s  a 
more g e n e r a l  problem i n  t i d a l  a n a l y s e s .  

between t h e  t r a n s f e r  f u n c t i o n s  p r e d i c t e d  by a 
l i n e a r  t h e o r y  modi f ied  by l o c a l  topography and 
c r u s t a l  inhomogenei t ies  and an  a n a l y s i s  of t h e  
d a t a .  I n  view of t h e  many s i m p l i f y i n g  assump- 
t i o n s  of t h e  model t h e  agreement between t h e o r y  

We have a l s o  ana lyzed  our  d a t a  i n  l o n g e r  

A t  t h e  bottom of T a b l e  3 we show a comparison 

and experiment  i s  good. 
i n  t h e  01 ampl i tude  i s  about  l o % ,  w h i l e  t h e  M 2  
ampl i tude  d i s c r e p a n c y  i s  about  3%. The phase 
a n g l e  d i s c r e p a n c i e s  have  been reduced from -15" 
t o  -9" f o r  01 and from -30" t o  -23" f o r  M2. 

The r e s i d u a l  d i s c r e p a n c y  

Conclus ions  

We have  shown t h a t  by c o n s i d e r i n g  l o c a l  topog- 
raphy and l o c a l  c r u s t a l  i n h o m o g e n e i t i e s ,  t h e  
agreement  between s t r a i n  t i d e  t h e o r y  and e x p e r i -  
ment can  be s u b s t a n t i a l l y  improved. There  appear  
t o  be r e s i d u a l  s y s t e m a t i c  d i f f e r e n c e s  which a r e  
n o t  y e t  unders tood  and which may b e  modeled as 
s m a l l  n o n l i n e a r i t i e s  i n  t h e  l o c a l  geology o r  i n  
t h e  g l o b a l  p r o p e r t i e s  of t h e  e a r t h .  Approxi- 
mate ly  99% of t h e  v a r i a n c e  of  t h e  i n i t i a l  t i m e  
series c a n  b e  p r e d i c t e d  by u s i n g  a sum of l i n e a r  
and q u a d r a t i c  terms i n  t h e  p o t e n t i a l .  The resi- 
d u a l  v a r i a n c e  h a s  a d i s t r i b u t i o n  c o n s i s t e n t  w i t h  
t h e  h y p o t h e s i s  t h a t  i t  i s  band-passed w h i t e  n o i s e .  

A l t e r n a t i v e l y ,  t h e  d i f f e r e n c e s  may have  t h e i r  
o r i g i n s  i n  d e f i c i e n c i e s  i n  c l a s s i c a l  t i d a l  t h e o r y  
o r  i n  i t s  a p p l i c a t i o n  t o  s i tes  w i t h  l o c a l  c r u s t a l  
inhomogenei t ies .  

Appendix: S p h e r i c a l  Harmonic 
Expansion C o e f f i c i e n t s  

We p r e s e n t  h e r e  t h e  c o e f f i c i e n t s  of t h e  v a r i -  
ous terms i n  t h e  s p h e r i c a l  harmonic expans ion  of 
t h e  p o t e n t i a l  d e f i n e d  i n  ( 6 ) .  The q u a n t i t i e s  are 
as d e f i n e d  above i n  c o n n e c t i o n  w i t h  ( 4 ) ,  ( 5 ) ,  and 
( 6 )  : 

e l  
i - -+ (2 c o t  2e - c o t  e )  s i n  e c o s  e g r  s i n  0 

+ 2L(cot2  0 - 1) 

+ i L ( 4 '  c o t  e )  s i n  es  c o s  e s  g r  s i n  8 
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s i n  0 c o s  e - i L [ i i L ( c o t  0 - t a n  e )  
g r  s i n  8 S 

+ 2 (12k.cot "> s i n  e c o s  O s  g r  s i n  e 
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