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Abstract. Earth tide strains at a particular
site are affected by the internal structure of
the solid earth, ocean loads, local inhomogene-
ities in elastic constants due to geologic struc-
ture, topography near the observation site, and
the cavity in which the measuring instrument is
situated. All of these influences have been es-
timated quantitatively for the Poorman site for
a diurnal (0;) and a semidiurnal (M;) tide. The
predicted strains agree with those observed to
within 5% for M; and 107 for 0; whereas without
the topographic and geologic corrections there is
an amplitude discrepancy of about 25%. The phase
discrepancy is reduced from -15° to -6° for 0;.
The residuals can be reduced further by using
terms quadratic in the applied potential, which
may imply a breakdown of linear tide theory, a
deficiency in classical tidal calculations, or a
local effect that modulates the tidal transfer
function of our site.

Although the general features of strain tides
are well understood, a quantitative comparison
between theory and experiment has never, to our
knowledge, yielded the sort of agreement obtained
for gravity tides.

In this paper we show that by considering lo-
cal topography and local inhomogeneities in the
elastic constant, much of the discrepancy between
classical tide theory and observations can be re-
moved, at least for the M, and O; components.
Although we have not analyzed the other minor
tidal components, we are confident that the same
sort of agreement would result from such an analy-
sis.

‘The Calculations

Harrison [1976] has pointed out that the
strains induced in the earth by a large-scale
stress field can be significantly modified at a
given point by local topography and local inhomo~
geneities in the elastic constants. He shows
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that these modifications are only significant
close to the topographic and geologic inhomoge~-
neities and that corrections for these effects
can be made by using finite element techniques.
In order to keep these calculations to a manage-
able size, it is necessary to proceed by a series
of scale arguments in which the irregularities
are supposed to be of small scale compared with
the stresses producing the deformation.

The largest scale tidal deformation is the
body tide. As the gross properties of the earth
are well represented by the Gutenberg-Bullen
model, we have used the Love numbers computed for
this model by Farrell [1972a] and expect the re-
sults to be representative when they are averaged
over an area large compared with the topographic
and geologic irregularities. Similarly, the
gross strains produced near Boulder by the ocean
tide loads may be calculated by using the same
earth model; accordingly, we have used Farrell's
[1972a] Green's functions for this model. The
M, tide convolution was done by Farrell [1972b}
and utilizes Hendershott's ocean tide model
[Hendershott and Munk, 1970), modified along the
California coast according to the study by Munk
et al. [1970). The ocean tide model of Tiron
et al. [1967] was used at the 0; frequency.

These gross strains may be expected to suffer
local modification by geologic and topographic
inhomogeneities in the vicinity of the observa-
tion site. The geologic sketch map (Figure 1)
shows the Poorman Mine to be located in a Pre-
cambrian granite batholith (Boulder Creek batho-
lith). Although this granite is complexly
faulted and mineralized, particularly near the
Poorman Mine [Humphrey, 1955], the mineralized
zones are quite thin and the faults inactive. We
have made no attempt to model these inhomogene-
ities and have treated the entire Precambrian base-
ment as a homogeneous mass with elastic proper-
ties appropriate for granite. The map, however,
shows the Poorman Mine to be located near a major
geologic discontinuity between Precambrian igneous
and metamorphic basement rocks to the west and
Phanerozoic sediments to the east. The transition
is exceedingly abrupt; the sediments are about
3700 m thick very close to the boundary, and they
extend eastward from the boundary with only gra-
dual changes in thickness for over 1500 km. The
Poorman Mine lies about two thirds of the sedi-
ment thickness to the west of this major discon-
tinuity, which may therefore be expected to
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Fig. 1.

Geologic sketch map of the vicinity of the Poorman Mine.

Part of the finite

element grid used in three-dimensional topographic calculation is also snown.

modify the tidal strain at the mine significantly.
A two-dimensional finite element calculation
was used to estimate the influence of this dis-
continuity.. The granite was modeled with Young's
modulus equal to 7.5 times 10!l dyn/cm? and
Poisson's ratio equal to 0.25 (V, = 5.8 km/s;
Vg = 3.35 km/s, if the density is 2.67 g/cma).
The sediments range in age from Cambrian to
Tertiary and are variable in lithology and seis-
mic velocity. The velocity log from the Rocky
Mountain arsenal well in Denver [Healy et al.,
1966] yields a mean P wave velocity of 3.5 km/s
through the section. The S wave velocities have
not to our knowledge been determined for this
section. Erickson et al. [1968], summarizing
work (elsewhere) with continuous signal S wave

sources, conclude, 'In the deeper sedimentary
section, the shear wave velocity averages about
one half the corresponding P-wave velocity....'
Accordingly, we have used values of Young's modu-
lus and Poisson's ratio of 2.08 x 10!l dyn/cm?
and 0.33, which correspond to P and S wave velo-
cities of 3.6.and 1.8 km/s for a density of
2.4 g/cm3. These values are probably too high
for the upper half of the section and too low for
the lower half; fortunately, our final results
are rather insensitive to these assumptions be-
cause the Poorman strainmeter is almost parallel
to the Precambrian-sediment boundary.

The model is shown in Figure 2, which is re-
produced from Harrison [1976]. The Precambrian
sediment boundary was assumed to be straight with
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Model used for two-dimensional finite element calculation of the influience of

the Precambrian granite-to-sediment transition on surface strain (solid curve), hori-

zontal tilt (dashed), and vertical tilt (dotted).

Harrison [1976].

an exactly N-S strike; the sediments were sup-
posed to form a symmetrical basin about 40 sedi-
ment thicknesses in width (the assumption of
symmetry allows the size of the computation to be
halved and is reasonable because the strain per-
turbations are primarily an edge effect which be-
comes independent of basin width once the basin
is many sediment thicknesses in width), and plane
strain conditions were assumed. Stresses, which
would have produced uniform strain in a homoge-
neous plate with a plane upper surface, were
applied to the model and the actual surface
strains computed with the ELAS finite element
program [Utku, 1971]. The ratio of surface
strain to that which would have been produced in
the homogeneous material (the strain coefficient)
is plotted in the figure. It is seen that the
presence of the sediments reduces the E-W strain
by about 50%. We have assumed that the shear
strain is also reduced by 50% and that the N-S
strain is unaffected by the boundary.

The next factor to be considered is the loca-
tion of the strainmeter inside the Poorman Hill.
The topography of this hill and its surroundings
is shown in Figure 3; the strainmeter is at the
marked spot, approximately 60 m below the ground
surface and 1890 m above sea level. It can be
seen that the instrument is above the surrounding
topography on three sides: the sides of the hill
are, of course, stress free, and this suggests
that stress and strain observed at the Poorman
site will be lower than the regional value.

In order to model this topographic effect, we
considered a block of granite bounded by vertical
sides at the positions of the edges of the map in
Figure 3, extending to 1524 m below sea level and

The curve is reproduced from

bounded by the actual surface topography on its
upper surface. For computational purposes, this
was subdivided into 405 elements arranged in five

Fig. 3.

Topography of area used in three-
dimensional finite element computation of topo-

graphical influence on observed strain. Contour
interval in 100 m (50-m contours dashed in the
immediate vicinity of the Poorman Mine). Land
above 2000 m and below 1800 m is shaded.
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layers of 81 elements. The dimensions of the
elements increased away from the observation
site, so that a typical horizontal dimension was
60 m at the Poorman Hill itself and about 100 m
near the margin of the block; topography was well
represented within 600 m of the instrument site,
but beyond this an increasing amount of smoothing
by aliasing occurred, and no attempt was made to
represent the topography along the outer margins
of the block, a constant mean height being used
instead. Three independent loads were applied to
this model; in the absence of surface topography
the first would have produced uniform N-S strain,
the second uniform E-W strain, and the third uni-
form northeast shear strain. The SAPIV finite
element computer program [Bathe et al., 1973] was
then used to compute the actual strains at the
strainmeter site inside the Poorman Hill for each
of these loads. The 3 x 3 matrix of strain
coupling coefficients is shown in Table 1.

The straimmeter {Levine and Hall, 1972] is lo-
cated in a tunnel on an azimuth of 353° which can
be regarded as straight over at least 60 m and
has a diameter of about 2 m (Figure 4). If this
cavity is modeled as an ellipsoid with 30:1
length to diameter ratio, then Harrison's [1976]
Figure 3 shows that the strain magnification due
to the cavity is less than 1%. The tunnel, how-
ever, takes a right angle bend near the end pier
of the interferometer and is therefore more real-
istically modeled as a dead-ended tunnel. We
have not taken into account the effect of the
side tunnel which joins the interferometer tunnel
at the approximate midpoint of the interferometer.
The end pier is in fact 1% tunnel diameters from
the end wall, and Harrison's [1976] Figure 9b
suggests that the strain magnification is of the
order of 1%%.

The calculation was done in stages. First we
calculated the body and load strain tides at the
Poorman Mine; the E-W strain is reduced to 52.5%
of its calculated value to take account of the

POORMAN REEF

N

INTERFEROMETER

GOLD

SCALE IN FEET

Fig. 4. Map of the Poorman Mine showing the lo-
cation of the interferometer.
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TABLE 1. Strain-Coupling Coefficients Relating
Regional Strain to That at the Strainmeter Site

Strain at Strainmeter Site

Regional strain N-S E-W NE shear
N-S 0.762 0.058 0.000
E-W -0.047 0.785 -0.060
NE shear -0.01 +0.046

0.670

Precambrian basement/sediment transition. These
revised strains were then multiplied by the
strain coupling factors of Table 1 to take ac~-
count of the local topography. The computed
strains were then rotated into the tunnel azimuth
and multiplied by a factor of 1.015 to allow for
magnification by the cavity. These results are

summarized in Tables 2a and 2b.
The Instrument

The design of the strainmeter has been dis-
cussed in considerable detail [Levine and Hall,
1972; Levine and Stebbins, 1973]; only its gen-
eral features will be mentioned here.

The heart of the strainmeter is an evacuated
30-m Fabry-Perot interferometer located along the
length of the tunnel as shown in Figure 4. The
interferometer is illuminated by a 3.39-pymhelium-
neon laser. A servo loop piezoelectrically tunes
the laser to keep its wavelength coincident with
one of the transmission maxima of the long inter-
ferometer. The frequency of the laser is there-
fore related to the length of the interferometer
by f = nc/2L, where n is an integer, c¢ is
the velocity of light, and L 1is the length of
the interferometer. Thus Af/f = -AL/L.

A second 3.39-um laser is stabilized by using
saturated absorption in methane [Levine and Hall,

1972]). The beat frequency between the two lasers
is extracted for further processing. Thus
Afbea£_= AL
f L
or
. 13(AL
Afbeat = 8.85 x 10 (I.)

The response of the strainmeter servo system
is essentially flat from dc to 60 Hz. Not only
is such bandwidth not necessary for tidal work,
but its use substantially degrades subsequent
processing by introducing an appreciable amount
of servo noise.

We have used a combination of real time analog
filtering and subsequent digital filtering to re-~
duce the bandwidth to a more appropriate value,

The analog filter design represents a compro-
mise between the need to attenuate high frequen-
cies and the desire to minimize the phase shifts
between the different tidal components. In addi-
tion it is vitally important not to introduce
ripples in the passband of the transfer function.
This latter requirement, coupled with the need to
have filters which are simple to construct and
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TABLE 2a. M2 Strain Tide Computations in Parts in 10

NN °EE °NE
Real Imaginary Real Imaginary Real Imaginary
Body tide 12.56 0. 3.60 0. 0. 8.15
Ocean load -1.09 -0.47 -0.53 -0.32 ~1.83 -3.26
Sum tide® 11.47 -0.47 3.07 ~0.32 -1.83 +4.89
E-W strain x 0.525, shear strain 11.47 -0.47 1.61 -0.17 -0.91 +2.45
x 0.5 for regional geology
Multiply by coefficients of 8.67 -0.37 1.74 -0.05 -0.71 +1.65
Table 1 for local topography
Body and load tide on 353° relative to body tide only: amplitude ratio is 0.932 and phase

is ~0.7°.
fication:

Fully corrected tide on 353° relative
amplitude ratio is 0.709 and phase is

*Load plus body.

whose transfer functions depend only weakly on
component values, has forced us to consider only
filters whose transfer characteristics are ap-
proximated by unity gain from dc to some frequency
fo, fpllowed by a constant slope of 6n dB/octave
above fg .

The attenuation of such a filter at a high
frequency is given by

fh
Th T 6n log2 i dB

0

&3]

where £} > f; while the phase shift at low fre-
quencies is given by

i fl
= n Z<E—>rad
0

where fy < fy. Thus the ratio Tp/¢y is inde-
pendent of n. Since the noise spectrum is
strongly peaked in the microseismic region
(period of 6 s), there is no point in using n

(2)

to body tide only and including cavity magni-
+0.9°.

actually use a time constant of 80 s. The power
spectral density of the earth noise transmitted
by the filter is thus approximately

£ 4
P(F) = 4 x 10—22<T0> (AL/1)? 8z
for f > f; [Berger and Levine, 1974]. The to-
tal power transmitted from f3 to « is thus of
order 4 x 10722(AL/L)2, which, if it were con-
centrated at frequency £y, would imply an am-
plitude of about 3 x 107!1(AL/L). This is less
than 1% of the 0; tidal amplitude, so that a re-
cording system which sampled 10 times per hour
would have negligible aliasing distortion. The
incoherence between the broad band noise and the
sampling clock reduces the effect even further.
The analog output was digitized to 12 bits and
recorded for further processing. The least sig-
nificant bit of the digitizer corresponds to a
strain of approximately AL/L = 7 x 107 %1,

The entire filtering and digitizing system was
automatically calibrated in terms of a voltage

greater than unity. We then determine £y from stlindard 3 times per hour, and the voltage stan-
(2) by requiring ¢y < 1/60 rad when fg = 2 dard in turn was calibrated by using a standard
cycles/day. We find fg ~ 4 cycles/h, which re- cell and a precision potentiometer. Typical
quires an RC product of approximately 100 s. We calibrations agreed to within *0.17%Z.
TABLE 2b. Ol Strain Tide Computations in Parts in 109
NN °EER °NE
Real Imaginary Real Imaginary Real Imaginary

Body tide 4,34 6.93 0. 0. -4,03

Load 0.28 -0.44 0.25 -0.05 +0.33 +0.22

Body plus load 4.62 -0.44 7.17 -0.05 +0.33 -3.80

E-W strain x 0.525 4.62 ~0.44 3.77 -0.03 +0.16 -1.90

for regional geology
Multiply by coefficients of 3.34 -0.32 3.24 -0.14 +0.12 -1.27

Table 1 for local topography

Body and load tide on 353° relative to body tide only:

phase is -6.1°.
magnification:

amplitude ratio is 1.046 and

Fully corrected tide on 353° relative to body tide only and including cavity
amplitude ratio is 0.770 and phase is -9.1°,
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Fig. 5a. A break in the time series due to instrument malfunction.

Data Reduction

The first step in the analysis is to deal with
the gaps due to instrumental failure. These gaps
average about 10 h in length and occur approxi-
mately once per month. Because the gaps were so
short, we chose to fill them rather than to vner-
form our analysis on the various segments (indi-
vidually or joined with zero fill). This per-
mitted us to use our digital filter and other
routines which require that the data be equally
spaced in time.

To fill in the gaps in a way which minimizes
the discontinuities in the data, we use a time

(xI09)

series derived from a least squares analysis of
the data immediately adjacent to the break. For
example, consider a break in the data from time
t}; to time tp. We expand the tidal potential in
spherical harmonics:

V() = } a (©)Y_ (6, $)T (3)
n,m

where Yy is the spherical harmonic at colati-
tude 6 and longitude ¢ and apy are the time
dependent parts of the potential. Ty are ad-

justable constants adjusted so that V fits the

+20.3
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\ a1
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_203;\ 1
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TIME

Fig. 5b.

harmonic expansion of the potential as discussed in the text.

IN HOURS FROM O UT |

The same series as in Figure 5a with the break patched using the spherical

652500

JAN 1900

(Note that a second

patch was made at the end of the time series.)
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data from £y to t] - Ay and ty to ty + 43 in a
least squares sense. We generally used a value
of 7 days for Ay and Ay. The values of Ty, are
not sensitive to this choice. Occasionally (as
in Figures 5a and 5b), two breaks occurred very
close together. In this case the two breaks were
fitted simultaneously by using data from before
the first break and after the second. The values
of Tpp determined in this way are then used to
construct a time series from t] to tp; by using
(3). (A more detailed evaluation and justifica-
tion for this expansion will be found below.)

We have tested this technique by using arti-
ficial gaps in our data. The fits to these
'gaps' were sufficiently close to the original
time series that we were unable to identify the
patched area in the residuals of the subsequent
analysis.

A sample of the result of this fitting pro-
cess 1is shown in Figures 5a and 5b. Figure 5a
shows a typical data break. (In this case the
break is in fact the first of two breaks approxi-
mately 24 h apart.) In Figure 5b we show the
same data set with the patched time series in-
serted across the break. Note that in these and
in all subsequent figures the data points are
connected by straight lines for clarity. The
symbol used at each point is chosen arbitrarily,
different symbols being used solely to aid in
identifying the graphs.

The full time series is then digitally band-
pass filtered and decimated to one sample per
hour. A typical digital filter response would
have nominally unity gain across the tidal bands.
It would have 3-dB points of 0.25 cycles/h and
0.02 cycles/h and would fall at about 40 dB/
octave beyond these frequencies. All of the fil-
ters used are noncausal and have identically zero
phase shift at all frequencies. The data are
then truncated into consecutive 696-h segments
for further analysis. This length is chosen to
minimize contamination of the 0; and M, compo-
nents by nearby weaker lines, while at the same
time retaining a sufficiently large number of
blocks so as to make possible some estimate of
the variance of the calculations. In addition
this analysis technique allows us to discover any
time dependence of the transfer function produced,
for example, by changes in the local water table.
Each segment is identified by its start time,
measured in hours from O UT on January 1, 1900.
The results presented here are based on an analy-
sis of nine consecutive segments starting in
March 1974.

Fourier transform analysis. The simplest way
of analyzing the data is to perform a Fourier
transform of the data at the frequencies appro-
priate for the 0; and M, components
(0.03873066 cycles/h and 0.0805114 cycles/h, re-
spectively).

The amplitude and phase computed in this way
are compared with the results obtained by com-
puting the Fourier transform of a theoretical
tidal series for the same time period. The theo-
retical tidal series is generated by using the
technique proposed by Munk and Cartwright [1966]
as modified by Harrison [1971] to compute the
position of the moon by using Brown's theory.

Using this method, we obtain the following
values for the transfer function:

T(0,) = 0.694 % 0.018; 6(07) = -15.9° * 5°;

Earth Strain Measurement
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T(My) = 0.765 = 0.01; and ®(Mp) = -34° % 5°,
where T is the amplitude of the transfer function
and ¢ 1is the phase angle. A negative phase
angle implies that the data lead the theory,
i.e., that the peak of the local tide occurs be-
fore meridian passage. The quoted uncertainties
represent the formal 1 standard deviation and do
not include systematic errors.

The contamination of the estimate due to resi~-
dual random noise is quite small. Using our pub-
lished noise power spectral density [Berger and
Levine, 1974] with an integration time of 696 h
would suggest that the noise was of order
AL/L ~ 3 x 10711 at a period of 12 h and of order
AL/L ~ 10710 at 24 h.

The amplitude signal-to-noise ratio is thus
about 25 at 0; and 400 at My. The observed stan-
dard deviations are consistent with these esti-
mates.

Spherical harmonic expansion. We have also
analyzed our data by using an expansion of the
theoretical tidal signal in spherical harmonics.

We shall use the conventional spherical coor-
dinate system with 6 the colatitude and X the
longitude measured east from Greenwich. Then
since we are near the surface of the earth, the
strain along a particular horizontal direction
which makes an angle 6g (measured clockwise
from north) with the meridian can be expanded in
terms of the strains along the coordinate axes:

= in? 8 -
€ € cos 3y Sin 8 €a

60 es + € sin es cos es

(3)

The strain tensor components are in turn related
to the potential w:

2 Bzw hw
60 ~ar . 2 | ar
90
% Bzw 14 Iw h
€3y = ———~*-2r—-~—5-+-—; cot 6 56~+ polh) (4)
gr sin” 8 3A° & 8
€ =1 L jizi—— t o dw
8 gr sin 6 )a6ar o Y o
where h and £ are Love's numbers, g is the

local acceleration of gravity, r 1is the radius
of the earth, w is the driving potential in
units of centimeters of equilibrium height, and
i= (-1)72,

We may expand the driving potential in terms
of a time dependent term cnm(t) and an angular
term involving only the station coordinates:

_ m m
w(®, X, t) = } e T(OY T(e, A) (5)

m,n

where Y ™ is the normalized spherical harmonic.

If we substitute (5) into (4) and use these
results in (3), we find that the strain can be
expanded into spherical harmonics

€6, 8, A, t) = ] e@m, n)c () (6)

m,n
m
ey (1)

where is the time dependent component



2550 Levine and Harrison:

of the potential having (n, m) symmetry on the
earth's surface. The quantities £(n, m) are
given in the appendix for various values of n
and m.

Equation (6) gives the strain that would be
observed on a theoretical strainmeter. We hypo-
thesize that our instrument and site have some
transfer function Ty which depends on n and m
but not on t. Then the observed strain signal
is of the form

et) = [T ¢ (O)EMm, ) %
m,n

To evaluate T, we construct the quantities
m
e(n, m, t) = Tnmcn (t)g(m, n)

and adjust the various Ty, so that (7) is a best
fit to our data in a least squares sense.

In the current discussion we are interested
in the M, and O; components. These components
obviously have m = 2 and m = 1 symmetries, re-
spectively. The significant T matrix elements
are thus Ty; and Tyy. We have obtained the fol-
lowing values for these components:

To1 = 0.633 = 0.02, ¢y = -9° + 5°,

Tzz = 0.722 * 0.04, and @22 = -29° % 60, where

o n is the phase angle of the associated Tpp.
Note that the transfer functions obtained in
this analysis are not for a given frequency com-
ponent but for a given symmetry.

Discussion of Results

Table 3 summarizes the results of our analy-
sis. These results should be compared with the
summary of the calculations in Table 2.

Unfortunately, both the Fourier transform
method and the spherical harmonic method produce
estimates of the transfer function which may be
biased.

Using the Fourier transform method with con-
ventional boxcar apodization results in the con-
volution of the spectral estimates with

sin (nfT)/(nfT)
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mate of the 0; amplitude is contaminated by ap-
proximately 8% of the P}, K;, S; estimate. (The
Py, Ky, and S components are not resolved with a
record length of 696 h. However, most of the
power comes from Kj, and it is the dominant con-
taminant.) This bias is not removed by computing
the ratio of the spectral estimate of the data to
the spectral estimate of the theory unless the 03
and Py, K;, S; transfer functions are the same.
Our analysis suggests that either the P;, K;, S;
transfer function is significantly smaller (by
about 20%) than the 0; transfer function or the
load contribution is significantly different.
Thus the 0; spectral estimate should be biased

by about 1.6%. Furthermore, the estimate of the
Py, K;, 8; amplitude varies from month to month,
since the three components beat against each
other. This will appear as an apparent variation
in the amplitude of the spectral estimate and an
apparent fluctuation in the phase of approximately
+1°. A problem of smaller proportions exists

for Mz.

We conclude that perhaps 507 of the standard
deviation associated with the 0; Fourier trans-
form amplitude estimate arises from this source.
The effect is smaller for M, and accounts for ap-
proximately 20% of the measured standard devia-
tion of the amplitude estimate.

The spherical harmonic analysis is subject to
a different set of problems. The most serious
problem from the point of view of the current
discussion is that the transfer function is com-
puted by symmetry group rather than by frequency.
This procedure implicitly assumes that all of the
diurnal frequencies have the same effective
transfer function relative to the local tidal
potential. As mentioned previously, this assump-
tion is not correct, at least for the diurnal
components, for the data that we have analyzed
here. This limitation can be overcome by modi-

fying (7) to allow for leads or lags. Thus (7)
is replaced by
_ m
e(e) =) 7} T m(A)cn (t £ AM)E(m, n) (8)

A m,n

This allows the transfer function to be different
for different components of the same symmetry.
The frequency dependent transfer function z(f)

where T 1is the record length. Thus the esti- is then related to Tnm(A) by
TABLE 3. Results of the Data Analysis
Transfer Function

Tidal component Method of analysis Amplitude Phase
Diurnal 0, Fourier transform, 696 h 0.694 + 0.018 -15.9° + 5°
Diurnal O; Long transform, 2784 h 0.710 -18°
Semidiurnal M, Fourier transform 0.765 + 0.01 -34° % 5°
Semidiurnal M, Long transform 0.753 -29°
Diurnal (n = 2, m = 1) Spherical harmonics 0.633 = 0.02 -09° £ 5°
Diurnal 0, Lead/Lag 0.685 + 0.02 -10° £ 5°
Semidiurnal (n = 2, m = 2) Spherical harmonics 0.722 + 0.04 -29° + 6°
Semidiurnal M, Lead/Lag 0.710 * 0.04 -28° + 6°
Average 0, 0.696 + 0.02 -15° + 5°
Theory 0; 0.770 -09.1°
Average My 0.743 -30° + 5°
Theory M, 0.709 +0.9°
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Fig. 6. Band-pass filtered time series for data set 652763.9.

2(£) = ] ] T (&) exp (-infn/288)
A n,m

where f dis in cycles per hour and A dis in

hours. We have repeated our

analysis by using

seven values of A: -72 h, -48 h, -24 h, 0 h,

+24 h, +48 h, and +72 h. The rms residuals (com-—
puted by taking the rms of the difference between

the data and the time series

as computed from

(8)) are about 27% of the amplitude of the data.
In contrast, when (7) is used to fit the data,
the rms residuals are of order 3%7%.

The values of the transfer function computed
in this manner for the 0, and M, components are
also shown in Table 3 under analysis method
lead/lag. Note that in general the lead/lag
analysis tends to bring the transfer functions
computed by the two methods into closer agree-

-7.13

7.80
- B.46

9.13
9.80

-1047
=113
-11.80

-12.47

log)o STRAIN AMPLITUDE

-13.13
-13.80

ment and that the discrepancies are within the
quoted uncertainties.

In addition to the numerical problems dis-
cussed above, we have some evidence that the as-
sumption of a simple linear relationship between
applied potential and measured strain, which
underlies all of our analysis, is only approxi-
mately true. This can be most clearly illus-
trated by considering data set 652763.9 (data
sets are identified by their starting time mea-
sured in hours from O UT, January 1, 1900).

Figure 6 shows the time series after it has
been band-pass filtered and decimated to one
sample per hour. The Fourier transform of the
data set is shown in Figure 7. Note that the
semidiurnal amplitudes sit on a rather broad
pedestal. This can be seen much more clearly by
examining the residual time series obtained by

I | 1 1 L1 WA%WKVAYNf\ﬁ

0.024 0055 0086 0.118 0.149 0.180 0.211 0.242 0.273 0304 0.335

Fig.

FREQUENCY

IN CYCLES/HOUR

7. Fourier transform of the data shown in Figure 6.
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Residuals of a least squares fit of the data using a spherical harmonic ex-

Fig. 8.
pansion of the potential.

subtracting the theoretical tides as determined
by the spherical harmonic expansion method de-
scribed above.

The residual time series is shown in Figure 8,
and its Fourier transform is shown in Figure 9.
Two points are worth noting. (1) The residuals
tend to be proportionally larger when the tides
are large than when they are small. (2) The
Fourier spectrum shows that most of this power is
concentrated near the semidiurnal tidal peak but
that it is a continuous rather than a strongly
peaked distribution.

An hypothesis which we have considered in
trying to explain these facts is that the system
responds nonlinearly to the applied strain. (By
system we mean to include local geology, the in-
terferometer and its piers, and all the subse-
quent electronics.) To test this hypothesis, we
have constructed time series of the form

IN DAYS

Cam(t) - Ca'm'(t) and have repeated the least
squares analysis by using several quadratic terms
of this form in the potential. In Figure 10 we
show the residual time series after these qua-
dratic terms have been removed, and in Figure 11
we show the Fourier transform of the residuals.
Not only have the residuals been reduced in am-
plitude, but their character is changed as well.
The broad semidiurnal power peak has been removed
by the fit. In addition, both the spectrum of
Figure 11 and a statistical analysis of the data
of Figure 10 show that the residual time series
can be approximated by passing white noise through
the band-pass filter used to filter the data.
This implies that most of the residuals of the
nonlinear fit are noise.

In fact the residual amplitude can be reduced
slightly further by fitting time series of the
form B(t) * Cup(t), where B(t) is the local baro-~

- 925
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NN t
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Fourier transform of the residuals shown in Figure 8.
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QUADRATIC RESIDUALS

R O
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TIME
Fig. 10.
products of spherical harmonics.

metric pressure. The reduction is small (about
15%) but statistically significant.

These reductions in the residuals are not
merely numerical accidents obtained by fitting a
series of roughly the right spectral density. We
have used many other combinations of series which,
although they have roughly the same power spec-—
tra, show no coherence with the data whatsoever.
Thus local air temperature, local rock tempera-
ture, and local solar radiation do not reduce the
variance in a statistically significant way
(fractional reduction of 0.01% or less) when they
are used either in a linear or quadratic analysis,
in spite of the fact that their power spectra are
all roughly alike. We are forced to conclude
that the nonlinear fit produces statistically
significant reductions in the variance of the
residuals and that the reduction in the variance

PR S IO R S R SO SO N R R DR S I

[ B

20
N DAYS

Residuals of a least squares fit of the time series shown in Figure 8 using

obtained by using terms quadratic in the applied
potential cannot be matched by any other linear
or quadratic term that we have tried.

We have not found a reason for the presence of
the quadratic terms that we have used. We have
eliminated the entire instrument with the excep-
tion of the piers by calibration in terms of fre-
quency or voltage standards. We are left with
three possibilities: (1) the piers, (2) the
mine, and (3) deficiencies in the tidal theory.

We have applied some calibration signals to
the piers. We have not been able to observe any
significant nonlinearity, but our tests are by no
means conclusive.

We have not been able to construct a theory of
the mine tunnels that agrees with the observa-
tions, but in view of the complexity of the local
geology this remains a real possibility.
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Fourier transform of the residuals shown in Figure 10.
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There is some additional evidence that conven-
tional tidal theory may be deficient when it is
applied to local strain. 1If we analyze the data
in 4-month (2784 h) blocks instead of l-~month
(696 h) blocks, we obtain slightly different
values for the transfer functions (Table 3,

Long transform) which are just barely inside the
quoted error bars for the shorter transforms.
Furthermore, the rms amplitude of the residuals
following a spherical harmonic analysis is no-
ticeably poorer for the long series than for any
of the component shorter ones (almost 6% versus
an average of about 3%%) even if terms having

n = 3 symmetry are added to the fit. This sug-
gests that tidal theory might not adequately pre-
dict long-period terms. However, this same ef-
fect could also be produced by a time variation
of the local effects.

We have also analyzed our data in longer
lengths by using series lengths from 5 months up
to the full 9 months at once. The transfer func-
tions obtained in this way agree with the shorter
transforms to within the quoted uncertainties.
However, we do not have enough data at the moment
to estimate the variance in these estimates,
since the number of blocks is too small.

There is a major difficulty with assuming that
nonlinear effects are present which suggests that
the problem is more complicated than simple mod-
els would indicate. It is difficult to construct
a simple nonlinear theory which does not produce
a significant spectral peak near 4 cycles/day
(twice the M, frequency). As can be seen from
any of the Fourier spectra (e.g., Figure 9), such
a peak is very weak if it exists at all.

In view of the complexity of the local geology,
we feel that the existence of nonlinearities in
the earth tide response cannot be confirmed from
our data. Indeed, some form of time variability
in the transfer function from regional strain to
local strain or some azimuthal dependence of the
transfer function due to the asymmetric fracture
distribution in the nearby rock is the most likely
source of our observed effect. But we are unable
to construct any quantitative model which ade-
quately accounts for our large residuals and sub-
stantial fluctuations in the phase of the linear
transfer functions. In addition the large resid-
ual phase discrepancy at M, remains unexplained.

We have considered time variations in the local
hydrology as a source of slow changes in the
transfer functions which might broaden the peaks
in the observed spectrum. However, the transfer
functions do not seem to differ significantly
from summer to winter in spite of the large sea-
sonal variations in the level of the groundwater.

The Fourier transform of the data (Figure 7)
is suggestive of 'tidal cusping' which has been
observed in ocean tides [Munk and Cartwright,
1966) measured at ports located on relatively
shallow continental shelves, However, since nei-
ther effect has, to our knowledge, been quantita-
tively explained, it is difficult to decide if
this is simply coincidental or if it implies a
more general problem in tidal analyses.

At the bottom of Table 3 we show a comparison
between the transfer functions predicted by a
linear theory modified by local topography and
crustal inhomogeneities and an analysis of the
data. 1In view of the many simplifying assump-
tions of the model the agreement between theory

Levine and Harrison: Earth Strain Measurement

and experiment is good. The residual discrepancy
in the 0} amplitude is about 10%, while the My
amplitude discrepancy is about 37%. The phase
angle discrepancies have been reduced from -15°
to -9° for 0; and from -30° to -23° for M.

Conclusions

We have shown that by considering local topog-
raphy and local crustal inhomogeneities, the
agreement between strain tide theory and experi-
ment can be substantially improved. There appear
to be residual systematic differences which are
not yet understood and which may be modeled as
small nonlinearities in the local geology or in
the global properties of the earth. Approxi-
mately 99% of the variance of the initial time
series can be predicted by using a sum of linear
and quadratic terms in the potential. The resi-
dual variance has a distribution consistent with
the hypothesis that it is band-passed white noise.

Alternatively, the differences may have their
origins in deficiencies in classical tidal theory
or in its application to sites with local crustal
inhomogeneities.

Appendix: Spherical Harmonic
Expansion Coefficients

We present here the coefficients of the vari-
ous terms in the spherical harmonic expansion of
the potential defined in (6). The quantities are

as defined above in connection with (4), (5), and
(6):
2, 0 =% (h- —3294525—39~—> cos” o +
& Jcos” B8 -1
2
1 6% cos O . 2
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