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ABSTRACT
Tables of Stark broadening of the first four Lyman lines and the first four Balmer lines of
hydrogen are presented. They are based on a recently developed ‘“ unified theory’ of line broaden-
ing which generates normalized profiles covering the entire profile from the impact limit in the
line center to the quasi-static limit in the line wings. The tables are presented in a convenient form
for accurate numerical interpolation.

Subject heading: line profiles

I. INTRODUCTION

For a long time the Stark broadening of the hydrogen lines has been one of the most
important diagnostic tools for the understanding of stellar atmospheres, especially of
the early-type O, B, and A stars and in plasma spectroscopy in general. For this
purpose a number of Stark-broadening tables have been generated. The best tabula-
tions presently available are those by Kepple and Griem (1968) based on what is
generally known as the “modified impact theory” (see, for example, Griem 1964) and
the semiempirical profiles by Edmonds, Schliiter, and Wells (1967). Like the tables of
Underhill and Waddell (1959) the latter profiles are purely static profiles. They account,
however, for shielding effects (Mozer and Baranger 1960), and the broadening due to
the electrons has been modified according to experimental observations.

Recently, significant improvements have been achieved on the basis of a “unified
theory” of line broadening (Smith, Cooper, and Vidal 1969; Voslamber 1969) as
applied to the Stark broadening of hydrogen (Vidal, Cooper, and Smith 1970, 1971a).
The unified theory generates normalized profiles which cover the entire region from
the impact limit in the line center to the quasi-static limit in the line wings. This
includes the problematic transition region which in many astrophysical problems with
low electron densities may cover almost the total intensity range of interest. In this
critical range the tables of Kepple and Griem (1968) have apparently overestimated the
intensity of the profile, particularly for those lines where lower state interaction is
important (like He and HB). Furthermore, there have been some normalization
problems.

It also should be pointed out that even for electron densities and temperatures for
which most of the line center is well within the domain of the impact theory, the line
profiles presented here differ from those given by Kepple and Griem (1968). These
differences are most significant for those lines for which lower state interactions are
important. The reasons will be explained below.

A detailed comparison of the unified theory calculations with measurements in the
high and low electron density region (Vidal et al. 1970, 1971a) has revealed the
following, most significant improvements.

At high electron densities of 10*6-10'7 cm ~2 and electron temperatures of 12,000°-
20,000° K the unified-theory calculations give better agreement with the measured
He, HB, and Hy profiles (Behringer 1971; Wiese, Kelleher, and Paquette 1972). This is
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particularly true for He, which so far has shown the biggest discrepancies even in the
pure impact limit. As a result, the electron densities which are obtained from the
different hydrogen lines, appear to be more consistent. The measurements of the Le
wings of Boldt and Cooper (1964) run over the entire measured range exactly parallel
to the unified theory calculations and differ by about 20 percent. In view of the good
agreement for He and the severe problems associated with the absolute intensity
calibration, one is tempted to search for a systematic error in the experiments.

Better agreement has been obtained also at low electron densities of 10*® cm =2 and
an electron temperature of 2000° K (Ferguson and Schliiter 1963; Vidal 1964, 1965)
where the unified theory profiles describe the whole measured profile of the higher
Balmer series members within S percent and especially explain the long AA~2-® wings
which in the measured intensity region do not necessarily coincide with the asymptotic
Holtsmark AX~52 wing. The calculations also predict that with decreasing principal
quantum numbers the contribution to the broadening due to the electrons diminishes
towards the line center as observed at low electron densities by Schliiter and Avila
(1966) and for high electron densities by Boldt and Cooper (1964). These observations
gave rise to the empirical modification of the static profiles as compiled by Edmonds
et al. (1967).

The largest remaining discrepancies appear to show up in the region of high electron
density where our calculations do not yet account for any asymmetries or line shifts
(Wiese and Kelleher 1971) and, like all other impact-theory calculations so far, show
too much structure in the very line center. This means that, for example, the unshifted
component of He and Hy and the two bumps in the center of HB show up more
strongly in the calculations than they do in the measurements. For this reason the
user of the tables is strongly discouraged from basing electron densities only on the
half-width or any other fractional width of the profile that refers line intensities to
the intensity in the very line center (where, at this stage, the theory appears to be least
reliable). Much better results are obtained by a least-squares fit of the experimental
and theoretical profile over the entire measured range using the same normalization
for both profiles. With this method it is expected that the electron densities should be
in error at most by 5-10 percent, where the lower limit of this error should hold for
low electron densities (<10'% cm~3) which are of prime interest for astrophysical
applications. It is also obvious that this is only true if the line profile is not seriously
affected by Doppler broadening.

In view of the above-mentioned improvements we felt it would be desirable to
generate new Stark-broadening tables of hydrogen. To make the present tables more
useful for astrophysical problems we also decided to extend the tables to lower
electron densities than have been available in earlier tables, and to extend the profiles
further into the wings. The calculations have been performed for the first four members
of the Lyman series and the first four members of the Balmer series. The condition for
validity of use of the unified theory for electrons—namely, that strong collisions be
separated in time—is satisfied for all values of temperature and electron density
tabulated; in addition, the other approximations are discussed in the next section.
Simplified tables for the higher series members for which the present method of
tabulation would be very inefficient are in preparation. Recent calculations of non-
LTE model atmospheres (see, for example, Auer and Mihalas 1969, 1970) have
demonstrated that improved profiles of the Pe, P8, and B« lines are also very desirable.
Due to the rather severe computer time requirements these profiles have not yet been
calculated, although our program is capable of handling these lines.

II. DESCRIPTION OF THE STARK-BROADENING TABLES
The tables contain the normalized profiles S{A«) with

Aa = ANF,, (1)
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where AA is the wavelength perturbation of a line with respect to the unperturbed
position of the line (in A) and

F, = 1.25 x 107928 | @

the normal field strength (in esu) due to the electrons with density #, (number per cm?).

All the profiles have been generated with a modified and more efficient version of a
program developed earlier (Vidal, Cooper, and Smith 1971b). While the first three
Balmer lines have been calculated with a program accounting for lower-state inter-
actions, all other lines have been generated with a simplified version neglecting
lower-state interactions. In view of the accuracy to be expected from present unified
classical-path theory calculations, lower-state interactions may be neglected for all
Balmer series members beyond Hy. To make the tables convenient to use, all the
values of Ae, the electron density #,, and the electron temperature 7, have been equally
spaced on a logarithmic scale. It has been our experience that by interpolating any
reasonable value of the three variables in a logarithmic representation, either graph-
ically or numerically (using, for example, an nth-order polynomial interpolation, see
Appendix), one obtains the highest accuracy with the smallest number of tabulated

oints.

P Every table starts with the upper- and lower-state principal quantum numbers and
the wavelength in standard air. The tables then display the electron density, which
increases by half a decade from one table to the next, the conversion factor AAjAa = F,,
and the asymptotic Holtsmark A«~52 wing due to the ions. Since the broadening of
the hydrogen lines has been calculated within the electric-dipole approximation
neglecting higher-multipole terms and higher-order Stark-effect terms, all profiles are
completely symmetric and approach in the static limit for large A« twice the intensity
given by the asymptotic Holtsmark A« ~%? wing due to the ions.

The table then is subdivided into six columns. The first one specifies the value of Ax
starting with the line center point and continuing with five points per decade. The next
five columns give the normalized function S(«) for the temperatures specified on top
of every column in degrees Kelvin, Every column contains the results of the unified
theory-calculations in brackets and in front of it the values obtained after the con-
volution with the Doppler profile assuming that all constituents of the plasma have
the same temperature 7 = 7,. The unified-theory values in brackets have been
included in case the user wants to perform his own convolution to account, for
example, for stellar rotations or expansions. Furthermore, they will be useful for
comparison with other Stark-broadening calculations. The normalization of all
profiles is only a function of the number of integration steps used for a particular
profile and is, at the most, off by 0.0015 before and after convolution. This is the case
particularly at low electron densities. At high electron densities, deviations from
normalization reduce to about 10~* due to the smoother profiles. The individual
values of S(«) are given with four figures to minimize round-off errors in numerical
interpolations. Every profile is tabulated out to values of A« for which

hdw < kT 3)

according to the validity criterion of the weak coupling density matrix approximation
(Smith, Vidal, and Cooper 1969). It should be noted that in most cases the last Aa
points are in a region where the wings of adjacent lines already overlap and where
some of the approximations, such as the no-quenching approximation, become
questionable. For practical purposes, however, it is usually good enough to just add
the contributions of neighboring lines if necessary. This procedure has been surprisingly
successful even in the ultimate limit of the line merging (Vidal 1966).

The range of electron densities for every line has been determined by two considera-
tions in addition to the requirement that the unified theory for electrons be valid. The
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highest electron density included is the one for which a line can still be clearly distin-
guished from its next member in the series over at least an order of magnitude in
intensity. For this purpose the highest electron density included is given roughly by
nyp/30, where nyp is the electron density given by the Inglis Teller relation (Vidal 1966).
The lowest electron density included is the one for which the Stark broadening of the
line has become so small that for a temperature of 2500° K the core of the folded
profile is determined by a pure Doppler profile over at least two orders of magnitude
in intensity. When even lower electron densities are required, in most situations, it
will be good enough to use the Doppler core and attach the asymptotic Ac =52 wing.
For interpolation purposes it has to be kept in mind, however, that frequently the line
wing immediately outside the Doppler core does not yet quite coincide with the
asymptotic Holtsmark wing, as was pointed out above.
On top of every column we also give the shielding parameter

ro/D = 0.0898n, 16T -1/% &)

The profiles for the lowest temperature(s) have been omitted if r,/D exceeds 0.9. In
this case the theory on which present microfield distribution functions are based
(Mozer and Baranger 1960; Pfennig and Trefftz 1966; Hooper 1968) is questionable
because in the cluster expansion correlation terms of higher order than the pair
correlation have to be incorporated.

The second number below the temperature in each column specifies a constant K
which is defined to be the weighted average

K= g {~fIn (4c2)}/2kfk : (5)

where £} is the oscillator strength of the kth Stark component excluding any unshifted
components and

C = 4.565 x 10~ "(ng — n'q"Yn,)"'*(T)~* (6)

(see also eq. [IX.21] of Vidal ez al. 1970) with #n, in units of cm~® and T in degrees K.
The upper- and lower-state quantum numbers n, ¢, n’, and g’ specify the kth Stark
component. As explained in detail by Vidal et al. (1971a), a constant such as K gives
an idea about the quality of the impact theory. Since in the impact limit the large time
limit of the thermal average is given by

Fta == |3 00 = ) & 'n| 32| "1 - s, Q)

and the inherent uncertainty of the constant B is of the order or smaller than unity,
it is desirable to have K » 1. From the preceding equations or from the tables one
recognizes that K decreases with decreasing temperature and increasing electron
density. This, however, is not too detrimental because for K 5 5 the profiles approach
the static limit. Consequently, for those values of K the impact-broadening constant
due to the electrons has only a minor influence on the final line profile.

With respect to earlier calculations (Vidal et al. 1970, 1971a) we have slightly
modified the constant B in equation (7). The constant B in earlier calculations was
based on a thermal average in which the integral over all impact parameters was
extended from pm, = A + 3n2%q, to the order of the Debye length D; A is the De
Broglie wavelength. Collisions with impact parameters p < pp, for which the classical-
path approximation starts to break down, had been completely neglected. Whatever
treatment one may use in this range, the S-matrix is, for these impact parameters,
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already in its strongly oscillatory part. For this reason in the present calculations the
thermal average of (1 — S) was simply replaced by unity in the range p < ppi,. As a
result the final value of B is rather insensitive to the particular value of p.,,. For
impact parameters of the order of the Debye length D, one is dealing only with weak
collisions for which a second-order classical path theory is applicable. We therefore
determined the upper cutoff parameter «D in such a manner that to second order the
result from an unshielded Coulomb potential with an upper cutoff at «D is identical
to the result obtained from using the correct Debye shielded potential where the
integral over impact parameters is extended to infinity.
With this procedure one obtains as the upper cutoff parameter

pmax = 2¢77D = 1.123D (8)

(y is the Euler constant). This is the same result as that obtained by Griem, Kolb, and
Shen (1962). It has to be kept in mind, however, that our thermal average is performed
over a sphere of radius 1.1 D, while in their calculations the thermal average is extended
over an infinitely long cylinder of radius 1.1D as discussed in detail in the Appendix
of Vidal et al. (1970). Because of this difference, Chappell, Cooper, and Smith (1969),
in their calculations using the convention of Griem et al. (1962), obtain p,,, = 0.68D;
however, although this result may still be open to some question, the numerical
uncertainty is again associated with a change in B of the order of unity at most. In
summary, the constant B used in the present tables is given by

B = 0501 + 2[9-"—53(5-) _ @) | (z)] ©)
V4 V4
with
z = 3(ng — n'g AR + 3(ng — n'qac], (10)

where Ci is the cosine integral and a, the Bohr radius. The latter details will be rather
immaterial to most users of the tables. They have been included, however, for those
who want to compare our tables in detail with other calculations. By examining the
constant K or from more detailed calculations (Vidal et al. 1970) it is apparent that
uncertainties from the variation of B (with largest discrepancies close to the line
center) will be typically of the order of 10-15 percent or less.

In fact, much of the uncertainty in B in the present calculations is due to the approxi-
mate treatment of the time ordering of the time-development operator. It is expected
that consideration of time ordering will improve the remaining discrepancies in the
very line center which have been mentioned in the Introduction and which show up in
particular at high electron densities. This has been demonstrated already for Lyman «
by Bacon, Shen, and Cooper (1969) and Godfrey et al. (1971) and for Ha by Bacon
(1971). In all cases time ordering appears to reduce the structure in the very line
center, which improves the agreement with measurements of, for example, Wiese et al.
(1972). Work including time ordering is in process using a recently developed technique
of Pfennig (1971, 1972), who for the case of hydrogen was able to give analytical
expressions for the time ordered time-development operators. For most astrophysical
problems, however, these modifications should be of minor importance.

Finally, we would like to explain why our profiles differ from those of Kepple and
Griem (1968) even when most of the line profile is well within the domain of the
impact theory (e.g., He at n, = 107 cm~3, T, = 10,000° K). For such a case one
would expect the impact and unified-theory profiles to be identical in the line center.
However, our method of calculating the S-matrix differs from that used by Kepple
and Griem (1968) and this difference can be significant, particularly for lines which are
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sensitive to lower-state interactions. Basically we use a full exponential S-matrix
(without time ordering) which contains a factor C2[B — In (4C?)], where B and C
are quantum-number-dependent according to equations (6), (9), and (10). The results
of Kepple and Griem (1968) are based on a second-order approximation of the
S-matrix and differ from ours because the full quantum number dependence of
In (4C?) is suppressed and is essentially replaced by an averaged quantity, namely,
In (y'12/y's), where (3'1%[y's) = Qmn,/m)[eh(n® — n'?)/kT]? (see Kepple and Griem
1968, eqs. [10], [11], and [12]). The factor of Kepple and Griem could be obtained by
separately averaging our In (4C?) term over the quantum numbers g and ¢’, but they
obtained their result by introducing an averaged cutoff to prevent divergence of their
second-order S-matrix approximation. This difference is relatively minor in the
Lyman series, but it becomes rather important for a line like He where lower-state
interaction produces additional quantum-number dependence [e.g., for Ha at n, =
10" cm~%, T = 10* °K using an averaged In(4C?) would lower the line-center
intensity by about 6 percent].

Another significant difference occurs for lines like He, where lower-state interaction
is important. From equations (4-31) and (4-42) of Griem (1964) or equation (10.7) of
Baranger (1962) one sees that within the conventional impact approximation the electron
broadening function ¢,, should be proportional to (R,-R, — 2R,-R.* +R,*-R,*).
Instead of this, Griem et al. (1962), Griem (1964, see eqs. [4-44]), Bacon and
Edwards (1970), and Kepple and Griem (1968) have based their calculations
(Ry*R, — 2R,*R, + R,-R,). The latter expression would be valid (Griem 1964, p. 75)
if one used a representation in which the matrix elements of R, are all real, but all of
the above calculations have used spherical or parabolic wave functions in which the
R -matrix elements are complex. This discrepancy is noticeable only when R,- R * is
important (i.e., when lower-state interaction is important). For He at n, = 10*" cm~3
and 7 = 10* ° K, this error lowers the line center intensity by about 40 percent and
raises the wings around Aw = w, by roughly the same amount. Specifically, for this
case, the use of an averaged In (4C?) reduces our S(0) from 23.13 to 21.24, in close
agreement with the value 21.8 obtained by Kepple (1972) when his program is modified
to compute R, R, * rather than R,-R,; this 1s also about 40 percent higher than the
value 14.8 given by Kepple and Griem (1968).

It should also be pointed out that our calculations (as most previous ones) have
treated the ions entirely as static. Departures from static behavior could possibly
explain some of the remaining discrepancies, observed close to line center. However,
ton dynamics will not affect the wings and, again, any modifications will probably
have little importance in astrophysical situations.
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APPENDIX
AN nTH-ORDER POLYNOMIAL INTERPOLATION SUBROUTINE
For the sake of making the present tabulations more complete it was felt to be

useful to include a FORTRAN subroutine which is able to perform the numerical inter-
polation for any reasonable value of Aa, n,, and 7. As indicated above, we have
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obtained the best results with the smallest number of tabulated points by taking the
logarithms of the tabulated values and using an nth-order polynomial interpolation
procedure where a third- or fourth-order is usually good enough.

The relation used by the subroutine is

& k2 X — X
— M
X) = - (Al)
Y6 kalyk{l=I;:Il¢kxk - x,}
(see, for example, Abramowitz and Stegun 1969, p. 878). This method fits a poly-
nomial of order n — 1 through the n nearest known points k, to k, which do not have
to be equally spaced. In our case they are in a logarithmic representation.
For points to be interpolated between the first two A« points listed in the table

Ae = 0 and A« = Aa,, a simple quadratic interpolation is sufficient such that, for
Aa < Aal,

) = ~%‘)_2§_@Aa2 + 500). (A2)

INDEX OF ELECTRON DENSITIES
COVERED IN THE TABLES

La: 1013-10%*% ¢m~3, tables 1-11

LB8: 10'2-10'7 cm ~2, tables 12-22

Ly: 10'2-10¢ ¢m~32, tables 23-31

Lé: 10%2 x 10**-10*¢ cm~3, tables 3241

He: 102-1018 cm -2, tables 4254

HB: 10'*-10*" cm =3, tables 55-67

Hy: 10*1-10*2 x 10'¢ cm~3, tables 68-79
Hé: 102 x 10*°-10'¢ ¢m~2, tables 80-91

SUBROUTINE PLLYNN
A N POINT POLYNOMIAL INTERPOLATION SUBROUTINE

FOR THE POINT XXX TO BE INTERPOLATED THE NPOLY NEAREST KNOWN
POINTS ARE CHOSEN AND A POLYNOMIAL OF DEGREE NPOLY-1 1S FITTED
TO THESE POINTS

X AND Y ARE THE ARRAYS OF NUMX KNOwWN POINTS ON THE CURVE

THE RESULT IS POLYN

annnn 0

COMMON/45/X(100)s Y(100}s NUMXs NPOLYs POLYNs XXX
POLYN = ,0 N
NM = (NPOLY+1)/2 $ NM1 = NM + 1 $ NUP = NUMX + NM1 - NPOLY
DO 2 J = NM1.NUP
IF (XXXeLEeX(J)) GO TO 4
2 CONT INUE
J = NUP
4 L =J = NM
LLL = L + NPOLY ~ 1
DO 6 K = LstlL
TERM=1.0
DO 5 M = LollLL
IF (K+EQeM) GO TO 5
TERM = TERM #* (XXX=X{M))/{(X(K)=X{M))
5 CONTINUVE
TERM=Y(K)#TERM
6 POLYN = POLYN + TERM
RETURN
END
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TABLE 91

N UPPER = & N LOMWER = 2 WAVELENGTH = 4101.73 ANGSTROM
ELECTRON DENSITY = 1.000+016 Ce**(-3) DLAMBDA/QALPHA = 5,8020+0301 ASYMPTOTE = 9.7074=-003DALPHA®®*(-5/2)
2500 K 5000 K 10000 K 20000 K 40000 K

ALPHA RO/0=0.834 K= 1,48 R0/0=0.589 K= 2.87 RO/Z0=0.417 K= 4.26 R0/0U=0.295 K= 5.64 R0O/0=0.208 K= 7.03
] 3,076 0 (3.076 W) 2.32¢ 0 (2.323 Q) 2.143 0 (2.102 0) 2.003 0 (2.001 O) 1,945 0 (1.933 0}
1.000 -2 3.125 0 (3.127 O 2.339 0 (2.340 ) 2.117 0 (2.117 O 2,022 0 (2.021 O 1.976 0 (1.378 O
1.585 -2 3.172 0 (3.173 O) 2,358 0 (Z.358 0) 2.135 0 (2.135 0) 2.047 0 (2.047 0 2.016 0 (2.015 Q)
2.512 =2 3.193 0 (3.193 W 2.381 0 (2.381 ) 2e163 0 (2.163 0) 2.089 0 (2.0389 0O) 2.083 0 (2.085 O}
3.981 =2 3.067 0 (3.067 O 2.363 0 (2.364 0) 2.171 0 (2.171 O) 2.116 0 (2.118 0) 2.134 0 (2.138 )
6.310 -2 2.578 0 (2.578 Q) 24194 0 (2.134 0) 2.004 0 (2.064 0) 2.028 U (2.028 &) 2.045 0 (2.046 0)
1.000 -1 1.816 0 (1.316 ) 1.787 0 (1.787 0) 1e763 0 (1,749 V) 1.733 0 (1.732 0) 1.735 0 (1.735 0)
1.585 -1 1.005 0 (1.4905 O 1.182 ¢ (1.182 @) 1.230 0 €1.230 O 1.246 0 (1264 O 1.27 0 {1,247 0}
2.512 -1 44358 -1 (4.357 -1) 5.850 -1 (5.850 -1) betl3 ~1 (Boblyd -1) 6.629 -1 (6.628 -1) 64639 -1 (6.637 -1}
34381 -1 1.608 -1 (1.608 -1) 2.228 =1 (2.228 -1} 2,451 =1 (2.4540 -1) 24530 -1 12.529 -1) 2.516 -1 (2.515 -1}
6.310 -1 5.514 =2 (5,514 =2) 72346 =2 (7.346 =2) 70827 -2 (7.827 -2} 7.993 -2 (7.992 -2) 7,942 =2 {7.940 -2)
1.000 0 1.876 -2 (1.876 =2) 24295 =2 12,295 =-2) 2.388 =2 (2.383 -2} 2e334 -2 (2.394 -2} 2e3492 -2 (2.392 -2)
1.585 0 6,051 =3 (6.051 =3) 7.004 =3 (7,004 =3) 7T.073 =3 (7.073 -3 7.125 -3 (7.125 -3) 7.213 -3 (7,213 -3)
2.512 0 1.999 -3 (1.3999 -3} 24156 =3 (2.156 -3) 2155 =3 (24155 -3} 2.160 =3 (2.1860 -3) 24171 =3 (2.170 -3
3.981 0 6e 454 =4 (bo4S4 -4) ba574 =4 (6.bT4 =4) 65632 <4 (6,632 =4) £.639 -4 (6.639 -4) 6eB74 -4 (6,674 -4}
6.310 0 2.074 =4 (2,074 -4) 24063 =4 (2,063 -4) 2.064 ~4 (2.064 ~4) 2.073 -4 (2.0973 -4
1.000 1t Ge84 =5 (6,484 =5) 5.460 =5 (6.460 -5) 6.463 =5 {b.463 =5) 6.481 -5 {(b.4d1 -5)
1.585 1 2.031 -5 (2.031 -5) 2.031 -5 (2,031 ~-5) 2.035 -5 (2.035 -5)
2,512 1 8.339 -6 (6.339 -6) 6.407 -6 (6,407 -6)
3.981 1 2.019 -6 12.019 -86) 2,020 -6 (2.020 -®&)
6.310 1 6378 =7 (6,378 -7)
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