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ABSTRACT

Previously obtained results for scattering of radiation in the presence of collisions are restated
in a density matrix formalism which employs an irreducible-tensor description of the radiation field.
This formalism is particularly useful for problems associated with radiative transfer theory. The
redistribution is then extended to include the effect of a weak magnetic field. By averaging over a
finite bandwidth which is on the order of the Doppler width, simplified expressions of physical
significance for the scattering in the Doppler core and the Lorentz wings are obtained. Expressions
are also obtained for the corresponding source function of radiative transfer theory.

Subject headings: magnetic fields — polarization — radiative transfer

I. INTRODUCTION

In a preceding paper (Omont, Smith, and Cooper 1972, hereafter referred to as
Paper 1), we derived the general expressions for the intensity of scattered light as a
function of incident and emergent polarizations and frequencies. The formalism of
Fiutak and Van Krandendonk (1962) was closely followed, and the radiation field was
described in terms of “pure” polarization states. In the present paper, these results
will be restated in a more general formalism which employs an irreducible-tensor
description of the radiation field. This formalism will be particularly useful for the
multiple-scattering problems which arise in radiative transfer theory. This density
matrix formalism is outlined in § II and a detailed discussion is given in Appendix A.
. The theory is extended in § III to include the effect of a weak magnetic field. To
simplify the mathematics, the incident and scattered radiation are averaged over a
finite bandwidth A which is on the order of the Doppler width. The physical signifi-
cance of the results obtained for frequencies in the Doppler core or in the Lorentz
wings are discussed in §IV. In § V, the corresponding expressions for the source
function of radiative transfer theory are presented; it is shown that these expressions
can be reduced to very simple form for the core as well as for the Lorentz wings of
the line. In the Doppler core, Hanle effect and depolarizing collisions are important
processes; in the wings, only the coherent-scattering term is to be taken into account
for polarization computations, as was pointed out by Zanstra (1941).

In this paper (as in Paper I) we stress the details of collisional effects on the frequency
redistribution of polarized light. For a broader review of the density matrix formula-
tion applied to emission and absorption of polarized light, the reader is referred to
Lamb (1971), Lamb and ter Haar (1971), and the review of optical pumping by
Happer (1972).
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II. DENSITY MATRIX FORMALISM

In Paper I we calculated the probability of scattering an incide’nt,p_lane wave with
frequency w,, propagation vector k,, and polarization vector €, into’an’outgoing plane
wave wg, Ky, €, In equations (41) and (42) of Paper I this probablllty was expressed in

the form 5 G

.
Fw;, wg) = Z[Mlelx(“’lwz) + Mza"fzs"(wlwz)], . RO

where f,* and f55* are frequency-dependent (line shape) factors. The amplltude factors
M,% and M,3¥ were given by equations (47) and (48) in the form )

11 ~
MF =32, + 1)A,,e{, } 2 (~1)%P_gF(ex*e;)PoF (e, *e,)
Jr di J G

Mys* = AneW(jijijeK) z (= 1)°P_o"(e1€,*) P (es€2%) #))
Q

where j, j., j; refer to the initial, excited, and final atomic states involved in the
scattering and Py* is a Kth-rank polarization tensor formed from the tensor com-
ponents of the polarization vectors €, and €, (see eq. [B4] of Paper I):

Po¥(ea*er) = ~ 2 <11gq'| K@) (ea*)eler)e - €)

In order to express these results in a density matrix formalism, we consider the
density matrix (or polarization matrix) for an incident plane wave w,, k. This density
matrix is given by equation (A3) of Appendix A in the form

prel@1) = Zﬁ Pkan(w1)|(k)ea><(k)eﬂ| 4

(the subscript R is used to distinguish radiation field operators from operators on
particle states). Using equations (1)-(4), the density matrix for the outgoing plane
wave w,, k' is just

1 K
s (@) = ZAm[3<zfe+ 1){ ) J}ﬁ s 3, (= P~ e e Pefes*es)

afK i

+ WK a9 T (= 1)°P~0K(eaeﬂ*)PoK(eﬁlea,*)]pkaﬂ(wl) e

where e,, ¢; and e,, ¢, are the various unit polarization vectors orthogonal to k and
k' respectively.

Notice that this result does not depend on the directions of k& and &’ (except that
e,, ez and e,., e, must be orthogonal to k and k', respectively). This is a property of
electric dipole processes; that is, the absorption dépends on the electric field strength
at the atom but not on its spatial distribution. One is therefore led to consider a matrix
representation which is independent of k. Several such representations are discussed in
Appendix A, but the one of interest here is the multipolar or irreducible-tensor expan-
sion (see eqs. [A9] et seq.)

pr = ZQ (=% _o*|R; 11KQ)) , (6)

[R; LIKQ)) = 2 (—1)*~C11g — ¢'|KQ)Jo <o Y]
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where v, (¢ = 0, £1) is a unit vector in spherical tensor notation (eq. [AT7]). The
transformation from the p,; representation to po¥ is shown to be (see eq. [A14])

P (wy) = zﬁ: Py (es™, ex)pas(ewr) , ®

and similarly for pg®(w;). We therefore use the identity (verify using Messiah 1966
eq. [C34])

> (=1 _ g (e e)Po¥(es*es)
Q

(1 1 K , ’
=S ek 0] | S (D et P erten)
X’ Q

to transform the f;* term, and the identity
P_o5(ese5*)Po"(egen™) = P_o"(es*e)Po™(ex*es)

to transform the f5,* term. Multiplying equation (5) by P_o%(e; *e,-), summing over
o'B’, and using >, (€x) - p(€a*)y = (—1)%8, . (see eq. [A8] and note that >, p,ppes® =
8,4), We finally obtain

poo(wg) = Am[Wu,jijeKyzaK(wlw» +3Qi + D3 (CDFFCR + 1)

LA e, o

which is the desired density matrix formulation of the scattering process.

In the irreducible-tensor density-matrix formulation, the scattering is diagonal in
K and independent of @; this is a consequence of the spherical symmetry of the prob-
lem, and it shows that this formalism is particularly well suited to spherically sym-
metric problems.

Equation (9) may be regarded as an identity for the 3 x 3 density matrix which
describes the electric dipole part of the radiation field. That is, equation (9) is more
general than our derivation (based on the density matrix for a single plane wave) would
indicate; for example, for a unique plane wave, p(w,) could be brought to the form
of a 2 x 2 matrix pg.(w,) by a suitable transformation (see Appendix A), but in the
general case this is not possible. We have introduced the density matrix formulation
as a simple generalization of the more elementary results of Paper I, although a more
formal a priori derivation is also possible. One feature which is not obvious from our
generalization of Paper I is the fact that, in the presence of a magnetic field, the real
functions f,% and f,5* become complex functions of both K and Q, as we shall see in
the following section. In equation (A12) of Appendix A we show that the Hermitian
nature of py requires that the matrix elements of poX satisfy (po®)* = (—1)9 _o%,
which requires that £,%° = (f,¥~9)* and similarly for f,5%° (cf. eq. [9] or [20]).

III. WEAK MAGNETIC FIELD

We now consider the effect of a small magnetic field on the light scattering. The
atomic Hamiltonian becomes

Hy = Ho+ Hy = Hy + 2 hwd,, (10)
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where H, refers to the unperturbed atom, H,, is the Zeeman Hamiltonian, the z-axis
is parallel to the magnetic field 5, and w, is the Larmor frequency of the state «. The
magnetic field is assumed to be small enough that w,7, « | where 7, is the mean
duration of a binary collision. This means that binary collisions are unaffected by 32,
hence the operator ¢ which describes collisional relaxation (see egs. [12] and [14]
of Paper I) is unchanged. The effect of the magnetic field is then included in the results
of Paper I by simply writing the operators 4 in the form (cf. eq. [12] of Paper I)

A(r) = exp [—in(Ly + Ly — i®D)], (11

where L, is the Liouville operator corresponding to the Zeeman Hamiltonian H,y,.
The operator Ly, is defined by its action on any matrix B (where B is a matrix operator
on atomic states)

LyB = [Hy, B]. (12)

The evaluation of the scattering process could now proceed as in § IV of Paper 1
using the coupled basis states |j,j,KQ)) defined by equation (25) of that paper. The
only new feature of the weak-magnetic-field problem is in the operators L, or H,,
which, unlike the unperturbed operators L, or H,, are not diagonal in |j,j,KQ>>.
This results in a rather complicated coupling of tensors which would tend to obscure
the physics of the problem with unecessary mathematical complications. We will
avoid this problem by the artifice of frequency averaging.

We assume that the spectrum of the incident radiation has a spread A about the
average value &;. This bandwidth is assumed to be much larger than the natural
widths, the collision frequency (pressure width @), and all Larmor frequencies. We
also assume that the scattered radiation is smeared out over a bandwidth A about &,.
This approximates the smearing effect of Doppler broadening when A is on the order
of the Doppler width Ap. This model should adequately describe the depolarization
due to collisions or magnetic rotation (Hanle effect). It will not be adequate for the
absolute Zeeman shifts which are used in magnetographs (see, e.g., Stenflo 1971);
however, these shifts give only small effects, which are hidden in the overall Doppler
width.

A comparison of A with |w; — w,l, jws — @}, and jo, — w,; — wy + w,,| leads
to the consideration of five separate cases:

Case A: @, — wy| KA, |@; — we| KA;

Case B: [&5) — wyl > A, |@; — wy] € Aj

Case C: &, — wy| KA, |@, — we| » A

Case D: |&5; — wy| ® A, @z — wy| > A, & — wy — @z + @y »>A;
Case E: @) — wy| > A, |@y — wy| > A, @, — 0y — &y + 0| KA, (13)

where @, and @, are the mean frequencies of the incident and scattered light.
We now consider the Fourier transform the the 4 operators (see egs. [9], [10], and
{11] of Paper I). The required integrals are all of the general form

f exp [(wp, — Lo — Ly + i®)7]dr = i(w, — Lo — Ly + i0)71, (14)
0

where w, represents the various frequencies +w;, *ws, +(w; — wy), and 0. Since
H, is degenerate within a multiplet, L, may be replaced by its eigenvalues w,, when
it operates on |ab))> = |j.m,j,m,>», where a or b can equal e, f, i (see eq. [13] of Paper
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I). There are three cases of interest (see eqs. [20], [21], and [22] of Paper I) which

become, under the frequency averaging discussed above,

@) + A2 g + A2
G) = (i/A%) deo, f dwrg({fe|(wy — woy + Ly — iD)~2[fed>
@y~ B2

@1 -Al2
x (fil(wy — wgy — @y + wep — Ly + @)~ fid)
X <<ei](w1 — wy — Ly + i(D)‘1|ei>> , (195

@y +4/2 Gg+ A2
(i) + (i) = (i/A?) dwlf dwy({ fe|(wy — wor + Ly — i®)" | fe)>
By —Al2

@y -Al2
x (Kee|(Ly — iD)"|eed)
x [(Ke[(w; — @y + Ly — i®)"ied) — <Leil(wy — we —~ Ly + i®)"ei)>], (16)

where we have used |fi>) as a shorthand notation for |jm,jm,>>, etc. The functions
F(i) and F(ii) + F(iii) are obtained from equations (15) and (16) after multiplying by
the matrix elements of e-p and summing over m as in equations (9), (10), and (11)
of Paper I or equations (B1) and (B3) of the present paper.

These expressions will now be discussed for each of the different cases defined in
equation (13).

Case A: |&, — wy| K A, |@y — we| « A. The absorption and emission are both
resonant, hence we extend the limits of the integrals to (o0, —o0). Since the matrix
elements of L, are real and the real part of @ is positive (cf. eq. [14] of Paper I), the
w, integral in equation (15) is of the form

® dw
f_w(w—a)(w—ﬁ)zo’ (n

where « and B are complex numbers whose imaginary parts are positive. The integrals
over equation (16) are of the form

f des =In(—~17F i0) = Fin. (18)

The (i) term thus vanishes by equation (17) and
(i) + (i) = (/A% felfe>>
x (Cee|(P + iLy) " |eedp[{eileid) + (ieliey)]. (19)

In the weak-magnetic-field case, one still obtains results in the general form of
equation (9). For case A which we have been considering, the f; term is zero [because
the (i) term integrated to zero] and equation (9) becomes

p-o"(wa) = ApW(jijijeK) 4" p - 0" (@1) , (20)
faF0 = 2@/B) (v " + iQuye) ™t 1)

This result could have been deduced from equation (46) of Paper I by averaging over
w, and w, and replacing y,® by (y,% + iQwy,) corresponding to the diagonal ele-
ments of (® + iL,) (recall that y,,"® is the real part of @, ®: see eqs. [30] and [32]
of Paper I). Notice that the KQ term of the incident radiation field induces only a KQ
component in the excited state.




288 A. OMONT, E. SMITH, AND J. COOPER Vol. 182

Case B: |@, — wy| » A, |@y — we,| « A. This corresponds to absorption of a
photon in the Lorentz wings and reemission in the Doppler core. In this case the
integral A~ [ dw, simply replaces w, by @;. Further, since |@; — wy| » |@; — w,,
we will expand factors like (@) — w, — wy + we; + Ly T iD) to lowest order in
powers of (@, — w,)~*. The w, integral is evaluated by using equation (18), and one
obtains

(D) = —(@/A)@, — w)™ L fel fer) L fil fid) LLeileid> 22
(i) + (i) = (#/A}@) — w.)” X fe|fe)><{{ee[(P — iLy)™"|ee))
x [Keil(® + iL)lei>) + {ie|(P + iLy)|ied>], (23)

where it was necessary to expand (@; — @, — Ly £ i®)~! to second order in
(&, — wg) ™' in equation (23) because the first-order terms cancel.

In Appendix B it is shown that these results can again be put in the form of equation
(20) with

S5 = ()@, — 0a)"2Qra® — v O + Qe . 24)

Case C: @, — w,| « A, |@y — w,y| » A, This case is essentially the same as case
B; the (i) term is the same as equation (22) except that (@, — w,) is replaced by
(@, — wer) and, in the (ii) + (iii) term, we again expand (wy — wy — Ly — i®) 7! to
second order in (&; — w,,)~2 because the first-order term vanishes due to the require-
ment that /X9 = (f¥-9)* discussed in § II. In this manner we obtain

9 = @D @ = we) X2y — 7Oy + iQue) - (25)

Case D: '51 - we,] > A, Iaz b Q)efl > A, !52 — Wy — 51-1 -+ wej'[ > A, Both Wy
and w, are replaced by their mean values &, and &,. There is no more integration;
hence the expressions are more complicated. Following the methods of Appendix B,
one can show that

fDK Q

[ ST

(27e/(1) + iQwy,) [(27ei(1) + iQupy,) _ 1] +.-
(@) — W) @z — wer)® [ (e + iQuy,)

2yo® — 7,5) [ 2y ® — .yeuo)] .
2 (@1 — w)H (@2 — we)? + (¥ E + iQwg) + > (26)

where the first term in the brackets of the first equation comes from (ii) + (iii), the
—1 term comes from (i), and the dots denote additional terms arising from (i) which
are independent of the magnetic field and which vanish when ., = .V and y,, % =
0 (e.g., when i = fand there is no quenching in the ground state). The calculation of
equation (26) is not given in Appendix B, but it is obtained by a straightforward
though tedious application of the techniques presented there.

Case E: (@) — @y > A, |@y — wy| > A, |@; — w,y — &y + w,r] < A. This is the
case of “coherent” scattering. The leading term comes from equation (15) where
integration over |w; — w, — wy + w,y| yields

Je = (#/A)&, — w.)72. @7

IV. DISCUSSION OF RESULTS

The physical interpretation of the frequency-dependent (line shape) functions given
in § V of Paper 1 was based on a two-state model atom. This model is not sufficient
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for a discussion of magnetic field effects, so we consider instead the case j; = j, = 0,
Jje = 1, where the upper level has three magnetic substates; we also neglect perturba-
tion of the lower level. From equation (32) of Paper I we see that y,® is the sum of
the collisional damping rate for the 2€-pole moment of the excited level %, and the
radiative damping rate I', (the natural life of the excited state is 1/I',). The term y,¥
is given by the sum of the mean radiative damping rate (I, + I';) and the collision
broadened line width for e < i transitions y,*V. From equations (30), (61), and (A4)
of Paper I we see that 2vy,,°Y is just the total collision rate:

yot D = Re{1 - %2 <1me|S[lme>}M. (28a)

Similarly we see that %@ is the rate at which collisions destroy (quench) the excited
states by inducing inelastic collisions out of the j, = 1 level:

7,50 = {1 - % z |<1me|Sllme'>|2}Av. (28b)

Meme’

The terms v,*Y and y,*® are respectively the collisional destruction rates of the
orientation (magnetic dipole) and the alignment (electric quadrupole) of the excited
state. These rates are both larger than ,%® because alignment and orientation are
destroyed by the y,%® ““quenching” collisions and also by “depolarizing” collisions
which induce transitions between the magnetic substates m, of the j, = 1 level.

It is important to make a distinction between K = 0 and the cases K = 1, 2 when
discussing the meaning of the various scattering terms. The K = 0 equations describe
the scattering isotropically without regard for the polarization whereas the K = 1, 2
results are sensitive to both the direction of propagation and the polarization.

Most of the new results due to the magnetic field appear in the magnetic depolariza-
tion factor y,®/(y ¥ + iQuy,), where Quy, is the difference in Larmor precession
frequencies for the magnetic substates m, and m,” where Q = m, — m,’. If the Larmor
frequencies are much smaller than the relaxation rate, wy, < y.%, the relative phases
of the various m, states do not change appreciably during the lifetime of the 2¥-pole
moment of the excited state and the magnetic depolarization factor is essentially unity.
If the precession frequency is large, the polarization of an emitted photon can be much
different from that of the photon which excites such a state, and it is exactly this
depolarization which is described by the term y,®/(y. "> + iQwy,). For K = 0 we
have @ = 0, and the magnetic depolarization factor does not appear.

It must also be noted that we have averaged the incident and scattered radiation
over a bandwidth A which is greater than all Zeeman splittings and collisional line
widths. Because of this smearing, our results will not show the detailed structure of the
line center which is produced by the splitting and relative intensities of the individual
Zeeman components. Our results will describe bulk features such as the relative im-
portance of magnetic as opposed to collisional depolarization and the effects of these
mechanisms on the redistribution of radiation from the Lorentz wings to the Doppler
core, etc. We also note that, due to the frequency averaging, the probability for
resonant emission or absorption (within +A/2 of the line center) is given by 1/A rather
than the usual line shape function.

We note finally that a constant (2=%/T",) must be factored out of the functions /%<
and combined with A;,, to produce the appropriate normalization (see eqs. {49] and
[55] of Paper 1).

Case A: The scattering proceeds via resonant absorption and emission, each
with a probability 1/A. Equation (21) thus contains the depolarization factor
YO l(y. L + iQuwy,) multiplied by A~2, the normalization factor (2#%/T,) and the
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“branching ratio” T',/y,® for radiative decay of the excited state without destruction
of the 2%-dipole moment. This branching ratio was discussed in § V of Paper I (for
K = 0), where it was noted that our redistribution function is normalized not to
unity but rather to I',/y.®; this represents the fact that inelastic collisions reduce the
scattered intensity in the frequency region of interest around &,.

Case B: With |&, — w,| > A, the probability for absorption is given by the
asymptotic wing of a Lorentz profile y¢V/n(@; — w,)?. This may then be multiplied
by the probability (2y.™ — y.%)/2ya™ of having a collision which redistributes
radiation over the line profile without destroying the 2¥-pole moment, and by the
branching ratio for radiative decay I'./y.® (see the discussion following eq. [66] in
Paper I). Finally, multiplying by the resonant emission probability 1/A, the depolariza-
tion factor y,B/(y & + iQuy,) and the normalization 2#%/T,, we obtain the result
stated in equation (24).

At this point it is interesting to elaborate on two of these factors by noting the
identity

Fe ye(K) - I.‘e Zyel(l)
7eP (re® + iQuwpe) 274 2y + iQwse)

© 2Yei(1) (2')’e1(1) —_ ,ye(K))]n
X - . 29
nZO [(27ei(1) + leHe) 2'}’et(1) (29)

The left side of this equation represents the probability of emission before destruction
of the 2%-pole moment multipiied by the amount of magnetic depolarization which
occurs before destruction of this moment. The right side of the equation contains
the probability 2y, — 7.%)/2y* of having a collision which redistributes the
radiation without destroying the 25-pole moment multiplied by the amount of mag-
netic depolarization 2y /2y + iQwy,) which takes place between these collisions;
this product is raised to the power #, representing a sequence of z such collisions, and
summed over all possible sequences from # = 0 to n = 0. The remaining multiplying
factors on the right-hand side represent the magnetic depolarization which takes place
before the first collision occurs multiplied by the probability of radiative decay
T'./2y.®. Thus the right-hand side of this equation is a sum over all possible sequences
of events which could occur before destruction of the 2¥-pole moment, and the effect
o'ii all these possibilities is represented collectively by the simple product on the left
side.

Case C: This case corresponds to resonant absorption in the Doppler core followed
by emission in the Lorentz wings. The physical interpretation of the scattering terms
is exactly the same as case B.

Case D: The second line of equation (26) can be written as a product of the
normalization factor (2#%T,), the probability y, /7X@, — w.) (@2 — w,;)? for
absorption and emission in the wings, and a factor which is a sum of two terms.
The first term contains the probability for a redistributing collision 2y — y.*)/
27, multiplied by the probability for radiative decay I';/2y.". The second term
contains the probability for a redistributing collision multiplied by (I'efy."){y®/
(7. + iQuy,)] which was discussed following equation (29). To understand these
two terms, we must first recall that the probability for emission or absorption in the
wings, where w; ~ w,; » 2y, > T, will be negligibly small in the absence of col-
lisions; that is, an atom can “absorb” a photon w, only within (w; — w,)~* seconds
of a collision. Bearing this in mind, we interpret the first term in case D as an absorp-
tion and emission due to the same collision (cf. eq. [29]). The second term represents
an absorption due to one collision followed by a sequence of redistributing collisions
and emission due to yet another collision. It is interesting to note that the first term
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contains no magnetic depolarization because the time between emission and absorp-
tion is the order of [(w; — we) ™' + (wy; — w,;) 1] which is too short for any appreci-
able depolarization to occur since Quy,[(w; — @)~ + (wy — wy) "]« L.

Case E: This case represents coherent scattering in the line wings (spontaneous
emission occurring during a virtual excitation) which is independent of collisions and
the magnetic field because the virtual excitation lasts only a very short time. Equation
(27) can be interpreted as a normalization factor (2#%/T,) multiplied by the absorption
probability v, /m(&, — w.)? and the probability T',/2y.,* that radiation occurs
before a collision can take place; the resonance factor 1/A comes from the resonance
of (@, — we) With (@, — w,;) (cf. the integral A~! [ dw;8(w; — w,) in eq. [60] of
Paper I).

We next consider the high-field regime where the splitting between the Zeeman
components is greater than the collision-broadened line width (wy, > 2y,;). In most
problems, one considers incident light produced by a resonance lamp or by a white
light source, both of which may be described entirely by cases A and C. For Q # 0,
the scattered intensity is inversely proportional to the magnetic field strength (see egs.
[21] and [25]), hence the Q = O terms dominate the scattering in the high-field regime.
The Q = 0 terms would show the normal Zeeman pattern of lines if we had not
averaged w; and w, over the large bandwidth A (see House 1970 for a discussion of
results without this frequency smearing). In order to interpret this result we note that
the radiation field need not excite a pure j,m, state, it may instead excite a state which
is a linear combination of j,m, states. The quantum number Q = m, — m,’ describes
the magnetic depolarization of such a linear combination when @ # 0. For example,
during the time the atom Is excited, the state m, will precess about 3 at a rate m,wy,
and, after a time ¢, the phases of m, and m,” will differ by Qwg,t; in the high-field limit
(A > Quwy. > 2y, ), this phase difference becomes greater than unity (on the
average) before the excited state relaxes, hence the incident polarization is rapidly
destroyed for @ # 0 excitations. Summarizing the above argument, one frequently
says (House 1970) that the diagonal elements (Q = 0) represent normal Zeeman
scattering while off-diagonal elements (Q # 0) represent modifications of the normal
results due to “coherence” or the interference of Zeeman sublevels (the latter being
negligible in the high-field limit when the Zeeman levels do not overlap).

In connection with the above, it is interesting to note that coherent scattering in the
wings (case E) is an example of a coherence effect which does not vanish for @ # 0
in the high-field limit. This is due to the fact that the virtual excitation responsible
for this process does not last long enough for phase differences Quwy,t (or collisions,
for that matter) to become significant. It should also be mentioned that this process
is not important if excitation is produced by a resonance lamp or a white light source
(for white light, eqs. [15] and [16] would be integrated over all w,; giving the results
of cases A and C with A replaced by some other normalization constant).

Note also that the result for case D does not go monotonically as 1/Qwy, in the
high field regime; it goes instead to a constant value which is y,/2y,* smaller than
its value at Quwy, = 0. The residual contribution in the high-field regime is due to
emission closely following the absorption. A similar residual contribution appears in
the higher-order terms in cases A, B, and C; to study this effect for these cases it
would also be necessary to include corrections due to integrating w; and w, over
(—4/2, +A/2) rather than (—c0, +0).

A measurement of incoherent scattering in the line wings would provide an interest-
ing test of the theory as well as a means of measuring both elastic and inelastic cross-
sections. In the very low field regime Quwy, « ¥, the scattered intensity should be
independent of the magnetic field strength. As 32 is increased through the region
y® < Quy, < 2y,4Y, the scattered intensity will drop off and finally assume a
constant value in the high-field regime Qwy, » 2y.,*. The ratio of intensities in the
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very low and high field regions should be 2y,/%/y, 8. A measurement of this intensity
ratio as well as the collision width or the magnetic field strengths corresponding to
transitions into the very low or high field regions should give a fairly accurate measure-
ment of y,* and 9,%. For such an experiment, one might use a laser tuned to the
wings of some atomic resonance line; such an excitation source would be very useful
in avoiding signal-to-noise problems associated with the very small cross-section for
scattering in the wings {(e.g., redistribution from the center to the wings).

V. SOURCE FUNCTION

The expressions derived in the preceding sections give the emissivity of the medium
for scattering of spectral radiation. As the absorption (““true”” absorption plus scatter-
ing) is very well known, it is a simple matter to derive the source function. In this sec-
tion we write down the expression for the source function in the formalism of the
3 x 3 density matrix for the radiation field, pointing out its relation to the usual
formalism (see, e.g., Chandrasekhar 1950; Jefferies 1968) and discussing the important
simplifications arising in typical conditions of stellar atmospheres.

To simplify the discussion, we consider the case i = f and ignore the effect of
continuum. We further assume that the absorption profile ¢(w) is a Voigt profile with
a very small ratio y,,/Ap, of the Lorentz and Doppler widths (as noted previously, we
assume wy, < Ap and we neglect all terms of order wy,/Ap or smaller). Consequently
in the core of the line

Ho) 2 4) = o ep [0 = @07, o= aul ~Bos (O)
and in the wings
#(w) = () ~ (You/m)(w — we) "%, ]w - weil > Bp > Y- (€29

For the Voigt profile with y,; « Ap, the transition between the “core” and the “wings”
occurs very sharply at [w — w,| ~ 3Ap.

For the radiation field we define quantities Jo¥(w) proportional to the density
matrix elements po¥(1, w), such as

Joow) = J@) = 4= [ dOUHD, ) + (@, W), (32)

where I, and I, are the intensities of two orthogonal polarizations of the light traveling
in the direction Q (Chandrasekhar 1950), and J(w) is the usual J integral of the radi-
ative transfer theory (Jefferies 1968). The components S,*(w) of the source function
are defined in the same way; for instance, for isotropic and unpolarized radiation

So¥(w) = Sfw) + Sw). (33

In general the 2 x 2 matrix source function in the direction (f, ¢) is derived from the
components So* of the 3 x 3 source function through the method of Appendix A
(see eq. [A21]).

So¥(w) is of course proportional to pg®(w,) (§§ T and III) with a summation over all
incident frequencies, and a division by the absorption profile ¢(w). Consequently,
assuming complete frequency redistribution in the Doppler core, it is straightforward
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to show (using the results of § IT1), that the explicit expressions of the S ¥(w) are the
following: for the core

r
S K = W(iiiK e K d
-Q core(“uz) = (Jl]l]e )_ye(x) I lQ o {Jcore Jq (w1)¢c(w1) wy

2 -

e I N S e
Vei wings

This equation is correct only to lowest order in y., /A because in the calculation for

case A we have neglected higher-order terms which are the same order as the first

nonvanishing contribution to case B which corresponds to the second term in equation

(34). For the wings we have

e 2 ei T e(K)
S —QKwings(wZ) W(Jl]‘]eK){ JQK(w2) + s ‘2'}’ iy

% T, L o(2ye ~ ye(x))
'ye(K) + iQwHE core 47212

<1+ Zem] ) J_QK(wl)qbw(wl)dwl} ED

J - ()b fw)dw +

Y0 + iQuge

where the definition of the JoX and S,X is referred to the direction of the magnetic
field (the last term of eq. [35] is valid only if & = 0 since it comes from eq. [26]).

For K = 0 (Q = 0) this reduces to the expression of the two-level problem, par-
ticularly well known when I'; = y,%® = 0, where

r, 2
Sifmmsllon) = [y ) + p

[s@bondo,
For K # 0, there are a number of simplifications due to the following considerations:
first

[ #utarda / [ #utordo = [ gurdo = 2yafsnto < 15

this ratio is typically smaller than 10~2 in the solar photosphere. Consequently the
last terms of equations (34) and (35) are always very small, and negligible in most of
the cases.

Furthermore, at the optical depths where the wings are formed, the radiation in the
core is completely depolarized and isotropic, and Jo¥(w;) ~ 0 in the second term of
equation (395).

Consequently, for K $ 0, it seems a very good approximation to retain only the
first term in both equations (34) and (35). One sees that in the core, depolarization is
caused by the depolarization factor W (eq. [50] of Paper I), depolarizing collisions
(7.°®), and the magnetic field (Quwg.). In the wings (besides the influence of W) only
coherent scattering conserves the polarization, as was pointed out by Zanstra (1941).

The same conclusions remain without the assumption of complete redistribution in
the Doppler core; but the first integral of equation (32) should be replaced by the
exact Doppler redistribution function (Hummer 1962); the error in the computation
of polarization rates with the assumption of complete Doppler redistribution is not
always negligible. But of course the calculations in the wings are not directly affected
by this problem.
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To solve a concrete problem, the simplified equations (34) and (35) have to be
completed by the expressions giving the light intensities from the source function.
Except in situations of high symmetry, these equations couple Jo not only to S %
but also to other terms with different X’s and Q’s.

APPENDIX A
DENSITY MATRIX OF THE RADIATION FIELD

Since the introduction of the Stokes parameters in 1852 (Stokes 1852) the matrix
formalism has been extensively used to describe the polarization of light (see, e.g.,
Born and Wolf 1959; Chandrasekhar 1950; Fano 1949; Schmieder 1969; Whitney
1971); its meaning has become clearer with the development of quantum mechanics
and the introduction of the density matrix (see, e.g., Fano 1957; ter Haar 1961). The
interest in the density matrix to discuss the properties of the radiation field itself has
been underlined in the description of quantum electrodynamics experiments (see, e.g.,
Fano 1957; Fano and Racah 1959), and the density matrix formalism has reached a
new degree of sophistication with the development of quantum optics and coherent
light. Nevertheless, the use of the density matrix for light scattering phenomena does
not always seem to be well understood. We shall therefore review the basic features
of the photon density matrix which are relevant to electric dipole scattering (see also
Lamb and ter Haar 1971).

Electromagnetic radiation is usually described by a superposition of plane waves
of the form (Messiah 1966, p. 1031 ef seq.)

$a(r) = D V- "2e,a(k, o) exp (ik-r), (A1)

where k is the propagation vector, e, denotes a polarization vector perpendicular to
k, a(k, ) is an amplitude factor, and V is an arbitrary volume. The subscript R is
henceforth used to distinguish states of the radiation field from particle states; it is
not a quantum number or a physical parameter. In a Dirac notation where {r|(k)e,>
represents V' ~/2e_ exp (ik-r), equation (Al) would be written

bz = 2 alk, @)|(k)es , (A2)
k,a
which may be regarded as an expansion of a state vector for the radiation field in
terms of the plane wave states [(k)e,>.
The density matrix for a monochromatic radiation field (i.e., for a given k) may
be defined in the usual way

Prxc = Z Prasl (R)e>{(k)ey| . (A3)

This density matrix is proportional to the polarization matrix used in classical
optics (Born and Wolf 1959; Cohen-Tannoudji and Lale 1967). The diagonal elements
prae denote the relative intensities of the different polarization components of the
plane wave. The off-diagonal elements p,,; represent coupling or “coherence”
between the polarization states; for a fully polarized wave or “pure’ state, pyes =
a(k, w)a*(k, B).

The density matrix elements in this representation are frequently expressed in terms
of Stokes parameters Sy and the 2 x 2 Pauli o matrices with the usual convention for
these matrices (Messiah 1966):

Prx = oo + Sk-0%), (A4)
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where o, is the 2 x 2 unit matrix and the Stokes parameters are

Skz = (Pxaa — Pew) = S1 = Q/1,

Six = (Pras + Prva) = Sz = U/,

Sky = —ipxap — Prva) = S = V/I. (A5)

The parameters Q, U, and ¥ are unnormalized Stokes parameters, and [ is the inten-
sity of the plane wave. (Note that e, x ¢, = k/k.)

Since there are two orthogonal polarization vectors orthogonal to k, the density
matrix pg, defined by equation (A3) is a 2 x 2 matrix which depends on k. We could
obtain a 3 x 3 representation of pp by expressing the polarization vectors e, in terms
of the three Cartesian coordinate vectors u,, #,, and u,:

Pr = Z pislu<uyl, pij = Z Paitss™ Pras » Map = €Uy, (A6)
ii=xyz af

where p,, denote the components of the vector e, in the Cartesian coordinate system.
Another 3 x 3 representation, which is convenient from the point of view of tensor
analysis, is based on the coordinate vectors

Vo = U, Vyy = Flu, luy)/'\/z . ) (A7)
In this representation

Pr = Z Paelvd<vel
a7’
Peq = Z 'u“q'u'f"'*P‘f = Z :“'aql"ﬁq’*Pkaﬁ s
if B
ex = D, taade = 2, (—1)¥(ea)-ava (A8)
q q

where (e.), denote the spherical tensor components of the vector e, (see eq. [33] of
Paper I). Yet another representation may be formed by considering the linear com-
bination (cf. eq. [25] of Paper I).

|R; K@Y = > (=)' ~9<11g — ¢'|KQ)vg>ve] » (A9)

where {11g — ¢'|K@) is a Clebsch-Gordan coefficient in the notation of Messiah.
In this representation pg is given by

pr = g (—1)%_o%|R; 11KQ)> , (A10)
(=1D%-oF = > (=1*"%<1lg = ¢'|KQper - (ALD)

This representation is nothing more than a multipole or irreducible-tensor expansion
of pg. Such a representation can be quite useful for analysis of the angular distribution
and polarization of radiation emitted by systems which are simultaneously influenced
by other radiation or fields (Fano and Racah 1959). It should be noted that our 3 x 3
density matrix pp was constructed from the three components of the polarization
vector é for a single plane wave. Faroux (1970) has shown (see chap. 5) that these three
components correspond to the three components of the state vector for the electric
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dipole part of the radiation field. Equation (A10) therefore represents a multipolar
expansion of the density matrix for the electric dipole part of the radiation field; this
shoul;l not be confused with the more general result discussed by Fano and Racah
(1959).

We obtain a useful identity for the complex conjugate of po¥ by using the fact that
the density matrix gy is a Hermitian operator. Using p,- = p..* in equation (All),
it readily follows that

(Pa"™)* = (= 1)°p_o* . (A12)

This identity should not be confused with the definition of Hermitian conjugation of
a tensor operator T(k, q) as given, for example, by Edmonds (1960, p. 77). Our p*
is defined in terms of the matrix elements of an operator pg; hence po® is not itself an
operator in the sense used by Edmonds (p. 77).

We are now in a position to work out the change in equation (5) when we transform
from the 2 x 2 representation to the multipolar representation. Substituting p,,- from
equation (A8) into equation (A11) and using (see eq. {B6] of I)

(5% = (—1)¥[(es) - ]*, (A13)
we find
po* = ZB PrasPo(es*; €2) , (A14)

where PoX was defined in equation (3).

In practice it is convenient to have explicit formulae relating the density matrix
elements between the various representations. Such relations between po* and the
Stokes parameters for an arbitrary direction of k are given in Appendix A of Lamb
and ter Haar (1971) in a notation slightly different from ours. In table 1 we give the
unitary matrix relating the Cartesian components p;; of equation (A6) to the pg*:

Pis = Z Ay, xepa” 5 po* = Z Aijke*pis - (A15)
KQ 7]

It is also useful to have explicit relations between the po® referred to a coordinate
frame xyz and the Stokes parameters for a plane wave propagating parallel to an
axis z'. We define a coordinate frame x'y’z’ related to xyz by a rotation through the

TABLE 1

COEFFICIENTS Ay, KQ (eq. [A15])) RELATING THE DeNsSITY MATRIX ELEMENTS
IN CARTESIAN COORDINATES py; (€q. [A6]) AND IN THE IRREDUCIBLE
REPRESENTATION po¥ (eq. [A10))

P~

Pis 00 10 11 1-1 20 21 2-1 22 2-2
XX .o 1/4/3 0 0 0 +1/4/6 0 0 —1/2 ~1/2
7 2 1/4/3 0 0 0 +1/4/6 0 0 +1/2 +1/2
ZZoiii e 1/4/3 0 0 0 —2/4/6 0 0 0 0
XYoot unonnn 0 —ify/2 0 0 0 0 0 +1i/2 —if2
yx.. 0 +i[v/2 0 0 0 0 0 +if2 —if2
VZoiiiinonan 0 0 +i/2 —if2 0 —1if2 —if2 0 0
ZYie e 0 0 —if2 +1if2 0 —if2 —if2 0 0
ZXiii i 0 0 +1/2 +1/2 0 +1/2 —1/2 0 0
XZiveiiunonn 0 0 —1/2 —-1/2 0 +1/2 —1/2 0 0
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z z!

=~

’

X

F1G6. 1.—Polarization directions for Stokes parameters. The coordinate frames xyz and x’y’z’
are related through Euler angles (4, 4, 0). The polarization vectors are e, = —e.., e, = e,,, and
the propagation vector & points in the z’ direction.

Euler angles (¢, 6, 0) as shown in figure 1. We define Stokes parameters relative to the
polarization vectors ¢; = —e,. and e, = e,.:

I=15+1, 9=IL-1, (A16)

etc. The relation between po* and S, is given in terms of the matrix Byg (6, ¢) of
table 2 in the form

P = Z Bio,o(0, $)S./V2,
Salv2 = KZQ Bya.n*(60, $)pa” 5

z ByonBron™® = 8pn - (A1)
73

In radiative transfer theory, one generally uses the unnormalized Stokes parameters
1. Q, U, and ¥ (see eq. [A5]). The unnormalized tensor components proportional to
po* are thus given by

1o5(0, ¢) = 27V2[Bo.o(6, $) + Bra,1(6, $)Q + Byo,2(8, $)U + Bra,s(6, $)V1, (Al8)
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and one defines the corresponding integrals (eq. [32])

Jo¥ = /3 4i f 1,5(6, $) sin 6d6d (A19)

<1

where the constant /3 is introduced to ensure that (eq. [32])
T = J = 4iﬂ f (I, + L) sin 6d8ds . (A20)

The source functions for Stokes parameters (S; = S; + S, Sg = S; — S,, etc.), are
deduced from the So%’s by equation (A15):

SI(O, ‘f") = \/2 g on,o*(aa ¢)SQK >

So(6, 4) = «/2;20 Bra.1*(6, $)SoF, (A21)

etc.

APPENDIX B

The purpose of this Appendix is to derive equation (24) from equations (22) and
(23). We give here a derivation for pure polarization states only, but the generalization
is obvious. The explicit expression of F(i) obtained by substituting equation (22) of
this paper into equation (9) of Paper I is

Fi)= —=XRe > (mle* pljme

Meme' mymy
X (o€ | jyme mylea® | jome'> (om,'| €y | jimy) (B1)
where
X = 2n/D)2j; + 1) @), — wa)"2. (B2)

In a similar manner we use equation (23) of this paper and equations (10) and (11)
of Paper I to obtain

F(ii) + FGii) = X Re

MYy M MeMme Tere’Te”
X Jmslege | jome) (erel €2 ] jemed < jeme jor (P + iLp) =2 jeme'jor. D>
x [Cjimi|er* @l jere > <feme o [(® + iLyg)|jor."jimd > ot | €1+ wljom>
+ Jeme'|es-pljmy {jamyjor (@ + iLag)|jomjore">> Cimy' e * -l jer.>] . (B3)
The matrix elements of L, are (cf. egs. [10] and [12]) diagonal in j,m, and are given by
{JaMajorny| Lag| Jaafoie)) = (Mowpa — Mywpy) . (B4)

The ® operator is diagonal in | j, j,KQ)) states (eq. [28] of Paper I); hence we evaluate
the @ terms in the brackets of equation (B3) exactly as in equation (36) of Paper I
(except that we are now neglecting the pressure shift produced by the imaginary part
of @), and this bracket becomes

[2'}’1‘8(1) + i(me, - re’)‘”He]<jeme,[€1'p'[jimt> <jimi|€1*'p'|jerel> . (BS)
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We again use the tensors D_ X defined in equation (38) of Paper I to obtain

F(ii) + F(iii) = X Re > D _g®*(j,j, jre€a*) D _ o (jejejie1€:*)
KQ

X (2ya? + iQuu){jefeKQI(® + iLy)~*|jefeKOD> , (B6)
and we see that the f,; function (cf. eqs. [42] and [44] of Paper I) in case B is just

J2355% = (@[A)@1 — @) M2y + iQup)(yH + iQug)™t . (B87)
The f; function for case B follows in the same manner from equation (B1):
fi559 = —(#/A)@, — we) 2. (B8)

Notice that the /) function does not depend on KQ; such a situation was discussed
in Paper 1, where it was shown (eq. [52]) that f; simply adds to the f;; term to give
equation (24):

S35 = fi5"5° + fasp™®

= (@A) @) — @) " H 2y — ¥ FW(re® + iQune) . (B9)
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