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Oscillating Magnetic Field Gradient

1

R. Srinivas,1,2,* S. C. Burd,1,2 R. T. Sutherland,3 A. C. Wilson,1 D. J. Wineland,1,2,4 D. Leibfried,1
D. T. C. Allcock,1,2,4 and D. H. Slichter1,†

Time and Frequency Division, National Institute of Standards and Technology, 325 Broadway, Boulder, Colorado 80305, USA
2
Department of Physics, University of Colorado, Boulder, Colorado 80309, USA
3
Physics Division, Physical and Life Sciences, Lawrence Livermore National Laboratory, Livermore, California 94550, USA
4
Department of Physics, University of Oregon, Eugene, Oregon 97403, USA
(Received 17 December 2018; published 26 April 2019)
We present a new method of spin-motion coupling for trapped ions using microwaves and a magnetic
field gradient oscillating close to the ions’ motional frequency. We demonstrate and characterize this
coupling experimentally using a single ion in a surface-electrode trap that incorporates current-carrying
electrodes to generate the microwave field and the oscillating magnetic field gradient. Using this method,
we perform resolved-sideband cooling of a single motional mode to its ground state.
DOI: 10.1103/PhysRevLett.122.163201

Coupling the internal spin states of trapped ions to their
motion is essential for applications in quantum information
processing, quantum simulation, and metrology [1–3], such
as quantum logic gates [4,5], simulations of many-body
spin systems [6–8], and quantum logic spectroscopy for
optical clocks [9] and molecules [10]. This coupling
requires a field gradient across the ions’ wave function,
and is usually accomplished using laser-induced interactions. However, photon scattering errors are a fundamental limit for laser-based spin-motion coupling [11], and
are the leading error in the highest-fidelity quantum logic
gates [12,13]. Laser-induced coupling is also sensitive to
fluctuations in the optical phase and intensity at the ion,
which can be experimentally demanding to mitigate.
Alternative laser-free methods, which are not limited by
photon scattering and offer improved phase and amplitude
stability, use microwave radiation and magnetic field
gradients to perform the spin-motion coupling. These fields
and gradients can be generated using current-carrying wires
integrated in a surface-electrode trap [14], a promising
platform for large scale quantum computing or simulation
with ions. The integrated microwave circuitry can also be
used to perform high-fidelity single-qubit gates [15,16] and
individual ion addressing [17,18].
Laser-free spin-motion coupling has been proposed and
demonstrated using either a static magnetic field gradient
with separate microwave fields [19–21] or oscillating
magnetic field gradients close to the qubit frequency
[22,23]. High-fidelity two-qubit gates have been performed
with these methods [24,25]. However, the near-qubit
oscillating gradient method requires large currents near
the qubit frequency to generate a strong gradient, which can
be technically challenging for typical gigahertz-frequency
hyperfine qubits. Furthermore, most entangling gates
0031-9007=19=122(16)=163201(6)

require multiple such currents at different frequencies in
the same trap electrodes. In contrast, the static gradient
scheme enables multiple interactions to be generated using
only a single strong gradient with multiple weak microwave
fields. However, the spin-motion coupling strength for this
scheme decreases rapidly with increasing motional frequency for a given microwave current. Higher motional
frequencies are desirable to mitigate the effects of anomalous heating [26] and to reduce the average phonon
occupation of the motional modes after Doppler cooling.
This reduces the time for ground-state cooling, a requirement for many quantum information and simulation
experiments.
In this work, we demonstrate a new technique for spinmotion coupling in trapped ions using microwaves and a
near-field magnetic field gradient oscillating close to the
ions’ motional frequency. This method is a generalization
of the static-gradient scheme, and enables stronger spinmotion coupling for a given motional frequency, gradient
strength, and microwave field amplitude. In particular,
strong spin-motion coupling with low microwave power
can be maintained even at high motional frequencies. This
near-motional gradient can be more efficiently generated
than an equivalent gigahertz-frequency gradient, and only
one strong gradient is required to implement multiple
simultaneous spin-motion coupling interactions. Here,
we characterize the spin-motion coupling strength by
tuning the microwave and gradient parameters and identify
optimal working regimes. We cool an ion to its motional
ground state as a proof of principle.
The physics underlying this spin-motion coupling
involves a magnetic field gradient which causes a spindependent spatial displacement of the ion. We consider the
case of a microwave-frequency hyperfine qubit, but in
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general this would apply to any two-level system, as long as
the gradient displaces one of the qubit states relative to the
other. The basic physics has been observed previously using
the intensity gradient from a running optical lattice [27],
but with the aforementioned limitations of a laser-based
approach. The harmonically confined ion has internal “spin”
states labeled j↓i and j↑i, separated in energy by ℏω0, as
well as motional states jni separated by ℏωr. In the absence
of any spin-dependent displacement, a microwave field
driving the j↓i ↔ j↑i transition can only drive spin flips
that leave the ion’s motional state unchanged (Δn ¼ 0).
However, if a gradient displaces j↑i relative to j↓i [see
Fig. 1(a)], the overlap between their corresponding motional
state wave functions is modified, enabling a microwave field
with detuning δ ¼ ωr from the qubit frequency ω0 to drive
motion-changing sideband transitions (Δn ¼ 1); this can
be viewed as a change in the Franck-Condon factors [28,29].
For small displacements, the sideband Rabi frequency
increases with the magnitude of the displacement Δx, and
for a static gradient, the explicit dependence of the sideband
Rabi frequency on the motional frequency is Ωsb ∝ ω−3=2
.
r
If the gradient is instead oscillating at a frequency ωg, the
spin-dependent displacement Δxg can be larger for a given
(a)

(b)

gradient strength if the ion motion is being driven closer to
resonance [30], as shown in Fig. 1(b). Sideband transitions
now occur at δ ¼ ðωr − ωg Þ, made apparent by transforming into an interaction frame oscillating at ωg and
making a rotating wave approximation. The gradient in this
frame appears static, with a modified “motional frequency”
ðωr − ωg Þ. The sideband Rabi frequency scales as
pﬃﬃﬃﬃﬃ
Ωsb ∝ ½ ωr ðωr − ωg Þ−1 , which grows larger as ωg → ωr ,
and reduces to the static-gradient case when ωg ¼ 0. Thus
the spin-motion coupling strength can be larger than
the static gradient case for a given ωr , gradient strength,
and microwave field amplitude. An additional, weaker
set of sidebands (highlighted by transforming into an
interaction frame oscillating at −ωg instead) appears at
pﬃﬃﬃﬃﬃ
δ ¼ ðωr þ ωg Þ, with Ωsb ∝ ½ ωr ðωr þ ωg Þ−1 .
The system Hamiltonian ĤðtÞ with fields oscillating at
ωg and ω0 þ δ can be written in the interaction picture with
respect to Ĥ0 ¼ ðℏω0 =2Þσ̂ z þ ℏωg â† â as
ĤI ðtÞ ¼ ℏΩg σ̂ z ½ðâ þ â† Þ þ ðâe−2iωg t þ â† e2iωg t Þ
þ 2ℏΩz cosðωg tÞσ̂ z þ ℏðωr − ωg Þâ† â
þ ℏΩμ ðσ̂ þ e−iδt þ σ̂ − eiδt Þ;

ð1Þ

where σ̂ z ¼ j↑ih↑j − j↓ih↓j, σ̂ þ ¼ j↑ih↓j, σ̂ − ¼ j↓ih↑j,
and â† and â are creation and annihilation operators for
the ion motion. The coupling of the qubit states by the
microwave field is characterized by Ωμ [31]. The spin and
motion are coupled (with strength ∝ Ωg ) by the gradient of
a magnetic field Bg along the quantization axis oscillating
at ωg . In this interaction frame, ignoring faster terms at 2ωg ,
the gradient appears static with a modified “motional
frequency” ωr − ωg . In general, Bg is nonzero at the ion
position, giving an additional term in the Hamiltonian
proportional to Ωz . We define Ωg and Ωz as

(c)

FIG. 1. Schematic description of a qubit coupled to a harmonic
oscillator with a spin-dependent displacement from (a) a static
gradient or (b) an oscillating gradient. An additional microwave
field drives j↓i ↔ j↑i transitions. (a) For a static gradient,
detuning the microwave field by ωr drives sideband transitions
with Δn ¼ 1. (b) An oscillating gradient at ωg is formally
equivalent to a static gradient in the interaction frame oscillating
at ωg , ignoring fast-oscillating terms. The sideband transitions
now occur at detunings ðωr − ωg Þ. (c) Schematic of the surface
electrode trap. The ion has three motional modes: a⃗ along the trap
axis and r⃗ 1 and r⃗ 2 perpendicular to the trap axis. The dc and rf
electrodes provide trapping potentials, while oscillating currents
in electrodes 1, 2, and 3 generate magnetic fields and magnetic
⃗ 0 parallel to the
field gradients at the ion. A static magnetic field B
plane of the trap defines the quantization axis ẑ.


r0 ðr̂ · ∇Bg Þ dω0 
;
Ωg ≡
4
dBz Bz ¼jB⃗ 0 j

Bg dω0 
:
Ωz ≡
4 dBz Bz ¼jB⃗ 0 j

ð2Þ

The sensitivity of the qubit frequency ω0 to changes in the
magnetic field Bz along the quantization axis ẑ (defined by
⃗ 0 ) is described by dω0 =dBz, and
a static
magnetic field B
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r0 ¼ ℏ=2Mωr is the ground-state extent of the ion wave
function for the motional mode along the r̂ direction for ion
mass M. This gives an implicit ω−1=2
dependence to Ωg .
r
By transforming Eq. (1) into the interaction picture with
respect to the terms in the first two lines [31], different
interactions are obtained for specific values of δ. Sideband
transitions occur at δ ¼ ðωr − ωg Þ or δ ¼ ðωr þ ωg Þ.
For the first case, the Hamiltonian is given by
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FIG. 2. Microwave spectroscopy in the presence of a magnetic field with a gradient oscillating at ωg =2π ¼ 5 MHz. Trap radial
frequencies are ðωr1 ; ωr2 Þ=2π ≈ ð6.2; 7.6Þ MHz. An additional microwave pulse with detuning δ from the qubit frequency is applied for
500 μs. The ion is initialized close to the Doppler temperature in the j↓i state, and the population in the j↑i state is measured at the end
of the pulse. Spin-flip transitions with Δn ¼ 0 (green dotted lines) occur when δ ¼ mωg , and blue (red) motional sideband transitions
with Δn ¼ 1 (Δn ¼ −1) [blue dashed (red dash-dotted) lines] occur when δ ¼ þðωri  ωg Þ [δ ¼ −ðωri  ωg Þ]. Weak sideband
transitions at ðωr2 − 2ωg Þ correspond to higher-order interactions [31]. Population error bars are omitted for clarity.

Ĥsb ¼ ℏΩsb ðσ̂  â† þ σ̂ ∓ âÞ;

ð3Þ

where the upper (lower) sign choice corresponds to the blue
(red) sideband interaction. The sideband Rabi frequency
is Ωsb ≡ 2Ωg Ωμ =ðωr − ωg ÞJ0 ð4Ωz =ωg Þ, where J0 is the
zeroth-order Bessel function of the first kind. For the case
δ ¼ ωr þ ωg , the denominator ωr − ωg in Ωsb is replaced
by ωr þ ωg. The Rabi frequency Ωsb is maximized when
the argument of J0 ð4Ωz =ωg Þ is zero, which corresponds to
Bg ¼ 0 (importantly, this does not imply ∇Bg ¼ 0). When
Bg is nonzero, the qubit frequency is modulated, enabling
spin-flip transitions that do not change the motional state of
the ion. These transitions occur when δ ¼ mωg for integer
m, and the resulting Hamiltonian is
Ĥm ¼ ℏΩm σ̂ x ;

ð4Þ

where Ωm ≡ Ωμ Jm ð4Ωz =ωg Þ is the spin-flip Rabi frequency, and Jm is the mth-order Bessel function of the
first kind. A similar effect has been observed from residual
magnetic fields generated by the rf trapping potentials [32].
In our experiment, the gradient and microwave fields are
generated by currents driven through electroplated gold
electrodes of a cryogenic (18 K) linear surface-electrode
Paul trap, labeled as electrodes 1, 2, and 3 in Fig. 1(c). A
single 25Mgþ ion is trapped ≈30 μm above the surface with
motional frequencies ðωa ;ωr1 ;ωr2 Þ=2π ≈ð3.2;6.2;7.6Þ MHz,
where a⃗ is along the axis of the trap, and r⃗ 1 ; r⃗ 2 lie in the radial
plane. We use the jF ¼ 3; mF ¼ 3i ≡ j↓i and jF ¼ 2;
mF ¼ 2i ≡ j↑i states within the 32 S1=2 hyperfine manifold
as our qubit, which has a transition frequency of ω0 =2π ¼
1.326 GHz in the externally applied magnetic field
⃗ 0 j ¼ 21.3 mT. The magnetic field sensitivity of this
jB
transition is ðdω0 =dBz Þ=2π ¼ −19.7 MHz=mT, and the
magnitude of the static field gives ∼100 MHz of spectral
separation between adjacent Zeeman sublevels. We prepare j↓i by optical pumping on the 32 S1=2 ↔ 32 P3=2
transition at 280 nm with σ þ polarized light. The qubit is

read out by detecting fluorescence from the laser-driven
j↓i ↔ j32 P3=2 ; F ¼ 4; mF ¼ 4i cycling transition. Before
detection, microwave pulses are used to shelve j↑i to the fardetuned j32 S1=2 ; F ¼ 2; mF ¼ −1i state. To realize spinmotion coupling, we apply simultaneous currents (which are
ramped on and off over 10 μs) to the trap electrodes at two
frequencies, ωg and ω0 þ δ. We apply up to 0.5(1) A rms per
electrode at ωg =2π ¼ 5 MHz, corresponding to 6(1) mW of
dissipation in the trap; dissipation from the drive at ω0 þ δ is
≪1 mW [31].
With the oscillating gradient applied, we perform
microwave spectroscopy by varying δ as shown in
Fig. 2. Spin-flip transitions occur at δ ¼ mωg since
Bg ≠ 0 for this experiment, and motional sideband transitions appear at δ ¼ ðωri − ωg Þ and δ ¼ ðωri þ ωg Þ,
where ωri is the frequency of the radial mode r⃗ 1 or r⃗ 2.
Weak higher-order sidebands are also visible [31]. We do
not see sideband transitions for the axial mode a⃗ as the
gradient along the trap axis is (by design) very small.
Following Eq. (4), the spin-flip transitions are characterized by measuring the Rabi frequencies Ωm as a function
of Bg . The values of Ωm versus Bg are shown for
m ¼ f0; 1; 2; 3; 4; 5g in Fig. 3.
Setting Bg , and hence Ωz , to zero maximizes Ωsb for
the sideband transitions described in Eq. (3); at this point,
Ωsb is insensitive to variations in Bg to first order. We set
Bg ¼ 0 by adjusting the relative phases and amplitudes of
currents oscillating at ωg in electrodes 1, 2, and 3 to
minimize Ωm¼1 , which is proportional to Bg as Bg → 0.
The magnitude of Ωsb is insensitive to components of the
⃗ 0 , which
oscillating magnetic field perpendicular to B
produce an ac Zeeman shift on the qubit of less than
100 kHz.
The sideband Rabi frequency also depends on the microwave Rabi frequency Ωμ with Ωsb ∝ 2Ωμ =ðωr − ωg Þ.
Because of the ac Zeeman shift from the microwave
[31], the detunings required for the sidebands are shifted
from δ ¼ ðωr − ωg Þ to
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FIG. 3. Dependence of the spin-flip Rabi frequency Ωm on Bg .
Here, we apply a current of variable amplitude oscillating at ωg to
electrode 2 in addition to a microwave field with detuning δ and
Rabi frequency Ωμ =2π ¼ 375 kHz. Spin-flip transitions occur
when δ ¼ mωg with Ωm ¼ Ωμ J m ð4Ωz =ωg Þ, where Ωz ∝ Bg . We
calibrate the horizontal axis scale by fitting the data for δ ¼ 0 to
jJ 0 ð4Ωz =ωg Þj. The theory curves (dashed) for m > 0 have no
adjustable parameters. Error bars are smaller than the data points.

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
δ →  ðωr − ωg Þ2 − 4Ω2μ :

ð5Þ

Thus, as 2Ωμ approaches ωr − ωg , δ approaches zero,
causing the microwave field required for the sideband to
drive spin flips resonantly. This sets a limit for the
maximum usable Ωμ for driving sidebands. Operating close
to this limit requires careful microwave pulse shaping to
minimize off-resonant qubit excitation. We experimentally
verify the relationship of both Ωsb and the ac Zeeman shift
to Ωμ as shown in Fig. 4(a). We determine Ωsb by cooling
the r1 mode to its ground state and driving the blue
sideband transition. We set ðωr1 − ωg Þ=2π ≈ 1.2 MHz
and vary 2Ωμ =2π from 0 to 1.1 MHz. A linear fit to the
(a)

(b)

FIG. 4. Sideband characterization. (a) The normalized blue
sideband Rabi frequency Ωsb =Ωg (black squares, left axis) and the
normalized microwave detuning δ=ðωr1 − ωg Þ from Eq. (5) (gray
circles, right axis) are plotted as a function of 2Ωμ =ðωr1 − ωg Þ.
Error bars are smaller than the data points. The red dashed line
denotes the limit on Ωμ described in the text. The black line is a
linear fit to the data; the gray line is a theoretical plot of Eq. (5).
(b) Populations in j↑i after blue (BSB, circles) and red (RSB,
squares) sideband analysis pulses on a ground-state-cooled ion in
j↓i versus the detuning of the microwaves from the r1 sideband
transition. Both the cooling and the analysis pulses are performed
using the oscillating gradient sidebands described in the text.
Lines are fits giving n̄ ¼ 0.09ð7Þ.

data yields Ωg =2π ¼ 1.383ð6Þ kHz, corresponding to a
magnetic field gradient of 49.4ð2Þ T=m along r⃗ 1 , in
agreement with simulations [31].
We can use the resolved red sideband at δ ≈ −ðωr1 − ωg Þ
to cool the r1 mode, as shown in Fig. 4(b). Starting from a
Doppler-cooled mean phonon occupation of n̄ ≈ 2, we use
a sequence of twelve 150 μs pulses with interleaved optical
repumping to reach n̄ ¼ 0.09ð7Þ. The total cooling duration
is ≈2.5 ms, more than an order of magnitude faster than
previous demonstrations of microwave cooling using the
static gradient scheme [33,34]. This speed-up is in part
from using higher motional frequencies, which results in a
lower initial thermal occupation after Doppler cooling.
For these experiments, we used a Blackman envelope [35]
to adiabatically ramp the microwave pulse on and off over
10 μs. This pulse shaping allows us to operate with
2Ωμ =ðωr − ωg Þ ¼ 0.9, and Ωsb close to its maximum value
of Ωg . Compared to the static gradient scheme, our scheme
allows Ωsb ¼ Ωg to be obtained for 2Ωμ ¼ ωr − ωg instead
of a larger 2Ωμ ¼ ωr =2. Thus, our scheme allows Ωsb to be
maximized for lower microwave currents. Larger Ωg, and
thus larger Ωsb, can be achieved by increasing the current
at ωg in the trap electrodes. The maximum current will likely
be limited by Joule heating in the trap electrodes. This
heating is significantly lower for a current at megahertz
frequencies than at gigahertz frequencies due to the larger
skin depth. Furthermore, the magnitude of induced return
currents in neighboring electrodes [36] is reduced for lower
frequencies, yielding a larger gradient for a given applied
current.
By moving ωg closer to the motional frequency, we can
maintain a given Ωsb with lower microwave drive strength
Ωμ . This produces a smaller ac Zeeman shift, reducing
decoherence due to fluctuations in Ωμ . Reducing ωr − ωg
also increases the strength of higher-order sidebands that
are proportional to ½Ωg =ðωr − ωg Þn [28]. However, the
finite impedance of the current-carrying electrodes gives
rise to an oscillating potential on these electrodes at ωg ; the
resulting electric field drives the ion’s motion to an
amplitude ∝ ðω2r − ω2g Þ−1 . Large-amplitude motion in surface-electrode traps samples increasingly anharmonic
regions of the confining potential, and in extreme cases
may cause the ion to leave the trap, setting a practical lower
limit on the detuning of ωg from ωr . For the maximum
measured Ωg with Bg nulled at the ion, we measure the
amplitude of this electric field to be ≈10 V=m [31,36]. The
effects of electric fields at ωg can be reduced for multiple
ions by choosing differential motional modes which are not
excited by a uniform electric field. Alternatively, one could
directly compensate these oscillating electric fields using
additional electrodes, or use trap designs which place the
current-carrying electrodes beneath a metal layer [37]
which shields electric fields more strongly than magnetic
fields and their gradients.
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In conclusion, we have demonstrated a new method for
spin-motion coupling in trapped ions using microwaves and
an oscillating magnetic field gradient with a frequency near
that of a motional mode. This and other laser-free techniques
for spin-motion coupling eliminate the photon scattering
errors inherent in laser-based schemes. Moreover, our method
addresses several technical limitations on the implementation
of previous laser-free schemes. We demonstrate this method
in a surface-electrode trap, where all control fields are
generated using trap-integrated electrodes. Our scheme enables multiple sidebands to be produced using a single strong
gradient and one weak microwave field for each sideband.
The multiple sidebands required for Mølmer-Sørensentype two-qubit gates, robust polychromatic two-qubit gates
[38,39], or mixed-species operations [40] can then be
implemented simply by adding relatively weak microwave
fields. Recent theoretical investigations show that our technique is well suited for new dynamical decoupling schemes
that reduce the complexity of microwave quantum logic gates
in trapped ions, and that high-fidelity two-qubit gates should
be achievable with realistic experimental parameters [41].
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