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Confidence Estimates in Simulation of Phase
Noise or Spectral Density

Neil Ashby

Abstract—1In this paper, we apply the method of discrete
simulation of power-law noise, developed by Timmer and Konig,
Ashby, and Ashby and Patla, to the problem of simulating phase
noise for a combination of power-law noises. We derive analytic
expressions for the probability of observing a value of phase noise
L(f) or of any of the one-sided spectral densities Sy (f), Sy(f),
or Sx(f), for arbitrary superpositions of power-law noise.

Index Terms—Phase noise, power-law noise, simulation, spec-
tral density.

I. INTRODUCTION

OWER-LAW noise is widely used to describe the

performance of many types of clocks, particularly those
used in modern standards laboratories. Simulation of such
power-law noise can be very useful for testing software
algorithms that extract spectral density and stability infor-
mation from measured time deviations, and particularly in
predicting the probability of observing values of some clock
stability variances. In a series of investigations [2]-[4],
a method of simulating power-law noise has been developed
that is based on creating a spectrum for white phase noise,
modifying the spectrum in the frequency domain to corre-
spond to some chosen power-law noise, and then transform-
ing to the time domain, producing a time series with the
desired statistical properties. This method was first proposed
by Timmer and Konig [1] who applied it to the study of AGN
light curves. The method has been successfully applied to the
Allan and Hadamard Variances, with and without dead time,
in modified, overlapping, and nonoverlapping forms [3], [4].
In this paper, we apply the method to one-sided spectral
densities, thus not requiring a transformation to the time
domain. In Section II, we summarize the process of discrete
simulation of power-law noise and show how it leads directly
to simulations of the phase noise L£(f). In Section III, we
develop probability distributions for observation of phase noise
as a function of offset frequency, and discuss probability
distributions for observations of the various forms of spectral
densities. Section VIII compares the predictions for a particu-
lar type of flicker-like noise with real data from an amplifier.

II. SIMULATION METHOD

We imagine that the noise amplitudes at Fourier frequen-
cies f, are generated by a set of normally distributed random
complex numbers w,, having mean zero and variance ¢ that
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would by themselves generate a simulated spectrum for white
phase noise. These random numbers are then divided by a
function of the frequency, | f|*, generating a spectral density
that has the desired frequency characteristics. For ordinary
power-law noises, the exponent A is a multiple of 1/2, but
any value is possible. The frequency noise could then be
Fourier transformed to the time domain, producing a time
series that could be used to simulate one of the stability
variances. The time between successive simulated time mea-
surements is denoted by 7g. A natural frequency cutoff occurs
at fp = 1/(279). The time measurements are assumed to be
made at the times k7o, where k is an integer, and the time errors
or residuals relative to a reference clock are denoted by xj. The
total length of time of the entire measurement series is Nzg.
The possible frequencies that occur in the Fourier transform
of the time residuals are

m N N

fm:N‘L’o’ 2

ey
For a set of noise amplitudes in the frequency domain to
represent a real series in the time domain, the amplitudes must
satisfy the reality condition

W_ym = (wm)>‘< )

Thus, if w,, = u, + ivy, where u,, and v, are independent
uncorrelated real random numbers, then (w;;)* = u, — ivy.
N random numbers are placed in N/2 real and N/2 imaginary
parts of the positive frequency spectrum and then (2) is
used to populate the negative frequency part of the spectrum.
Since the frequencies +1/(27¢) represent essentially the same
contributions, we shall assume that vy, does not occur.
We shall assume that the variance of the noise amplitudes
is such that

((wn)*wa) = (up, +vp) = 20%0mn; m #0,N/2. (3)

Also, in order to avoid division by zero, we shall always
assume that the Fourier amplitude corresponding to zero
frequency vanishes. This means that the average of the time
residuals will be zero, and has no effect on any variance that
involves time differences. This model does not account for
drift.

The kth term in the discrete Fourier transform of white
phase noise generated by the random variable w,, is pro-
portional to the kth member of the time series for white
PM [3], [4]
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We multiply each frequency component by |1/f,,|* and insert
a proportionality constant K to determine the level of the
noise, and give the sequence of time residual measurements
the physical dimensions of time. This will generate the desired
power-law form of the spectral density or of the phase noise
when K and A are appropriately chosen. The simulated time
series will be represented by

N/2

1
Y=k 2 T

m=—N/2+1

_ 2mimk

Wy - (5)

To show how (5) gives rise to commonly used expressions for
spectral density, we shall compute the single-sided spectral
density arising from the time series. The average (two sided)
spectral density of time residuals is obtained from a single
term in (5)

K? <wm(wm)*> _ K?Nt(20?)
|\ AF | Il

where Af = 1/N1g is the spacing between successive allowed
frequencies. We double (6) to obtain the average one-sided
spectral density: S,(f;n) = 25,(fn). The average one-sided
spectral density of fractional frequency fluctuations is given
by the well-known relation

Sy (fu) = Qa fu)*Sx(fn)- (7)

The average one-sided spectral density of fractional frequency
fluctuations is then

5c(fm) = (6)

, K?Nt(202)
| fm]

for positive frequencies, where Sy (f) = hq f* is usually used
for a single type of power-law noise [5]. Therefore, we must
set

Ey(fm) 22(27Tfm) =haf$ (8)

a=2-2J ©)

K = o
~\ 167262(N1p)’

In a particular simulation run in which one set of random
variables (un,,vn,) is generated, resulting in a time series
as in (5), a spectral density will generally deviate from its
average value. We denote such particular values by omitting
the overbar, whereas an average is denoted by relations,
such as

and

(10)

ho fm
Q2 f, m)2 .
The averaged spectral density of fractional frequency fluctua-
tions is then

Sx(fm) = Y

Sy(fu) = @ fn)*Sx(fn) = ha f- (12)
The spectral density of phase fluctuations is [5]
%5
Sp(fin) = ~%Sy(fun) (13)

T

and its averaged value is
2
vy =

f2 Sy(fm) =

A particular simulation run will result in values of phase noise
at offset frequency f,, given by

Sp(fn) = (14)

g
72haln

vy ||
LUn) = 5 pahafi 7
Here, the factor of 1/2 arises when the IEEE definition of
phase noise £ is used. The average value of the phase noise
at a given frequency will be obtained by replacing |w,,|> by
its average value, 262, so the average value of the phase noise
will correspond to the definition

5)

2
Vo =

2
L=(c(n) =285, =220 (16)

252 212

II1. PROBABILITIES

ha fiu-

We are going to employ a representation of the delta
function of the form [6]

*dw . g _
oL~ L) = [ Sre ot

—00

A7)

The probability of observing a particular value £ of the phase
noise at offset frequency f;, can be obtained from

d md 714,2,,4—1),2”
P(L) = / 5(L—£<fm))"7§’"e

2w o
v2 —
_ / d_weiw(LMrzOf,% Sv(f)(ugn‘i’UZn))
) 2
d d 714,2,,-%—1),%,

where it is understood that all quantities refer to a fixed
frequency. We shall drop the subscript m where it is simpler
to do so. The delta function in the first line of (18) constrains
the normally distributed random variables to values which
satisfy the condition that a particular value of phase noise
is of interest, and the exponential representation of the delta
function (17) allows the integrals to be performed. An inter-
mediate result is obtained by performing the integrals over the
random variables

© dw eia)L
P(L) = / —
—00 2w iwv2S f) 2
1 + 0-y
(V1o =)
2f2 /00 do eiwL
Ve S 2, 207
o T T e = G
The integration contour can be deformed to encircle the simple
pole in the complex @ plane and the final result is

19)

2 2 g
— zf e SN
V(%Sy(f)

The average value of L£(f) obtained from this probability is

P(L) (20)

Sy(f)- 21

_ 00 1 2
E(f):/o LP(L)dL:E%
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Fig. 1.  Two million white FM measured data points were divided into

4096 files each with 512 points. For one of these files, the phase noise,
having 256 data items, was computed and compared with the limits given
in (24) and (25). The mean and rms deviations of the numbers of points
between the limits for the set of 4096 files was 126.5 £ 8.5.

The rms deviation from the mean of £(f) is a crude measure
of the confidence in the average value, and is

\// L2P(L)dL — L = 2f25)(f)

For any given power law for the spectral density of fre-
quency, the £25% limits on the probability can be determined
from (20). The cumulative probability will be

(22)

212¢
gSy()

L
(L) :/ P(LYdL=1-¢ (23)
0
Equating the cumulative probability to 0.25 or 0.75 gives
the values of corresponding to the £25% limits of observing
around the average. For the value corresponding to —25%

_2f%c
0250 =1—¢ "0
and solving for the phase noise
L] 259, = 0.2877 2f2 Sy ) 24)
similarly
L1250 = 1'38632f2 Sy(f). (25)

Fig. 1 shows a comparison between the +25% limits calcu-
lated above and the probabilities obtained from actual data.
Further analysis of the data is discussed in Section VIII.

IV. PROBABILITY DISTRIBUTIONS FOR
OTHER NOISE MEASURES

Because of the linear relationships between phase noise and
spectral densities, such as in (11)—(14), probability densities

can easily be derived for the spectral densities Sy (f), Sy(f),
and Sy (f). Thus

1 _S 271 £)? (27[/)25)5
P(Sx) = —e Sx = ( n-f)
Sy hafa
% 1 Sy
P(Sy) = =¢ % = e hal® (26)
(55 S, ho [
5% )
P(S¢) = —¢ S(/, — 2f p v%ha.fa .
S¢ vohaf

V. AVERAGING MULTIPLE RUNS

In this section, we consider what happens to the probability
when M independent measurements of the phase noise are
averaged. The probability of obtaining an average value (L)
can be expressed in terms of the independent values that are
averaged, using a representation for the J-function. We use the
subscript M to denote the average over independent simulation
runs. Then

P((L)y) = / g—:ei‘”(“““”%ﬁLK)dleLz...dLM
X P(L1)P(L3)...P(Ly) 27

where Lk denotes the value of the phase noise obtained in
the Kth simulation run. From (20), one of the independent
integrals in the product in (27) is of the form

o 272 LS (-t
/ dL 2_f UO ’ == T (28)
o s i 4+ 25,(f)
0
There are M such factors, so
© dw eiw(ﬁ)M
P = |57 a )
—oo 4T . 2f2
Lo + =
(M V(%Sy(f))

The contour integral can be closed in the upper half @ plane,
where it encircles the pole of order M on the imaginary axis at

2iMf?
0= —= (30)
) Sy f)
The result of the contour integration is
M=1 g opre2 \M _ 247
P({LYm) = (L) ( = i ) e S0 (31)
M =1 \v3S,(f)

This is a chi-squared distribution with 2M degrees of freedom.
If M is large compared with unity, a chi-squared distribution
can be approximated by a normal distribution, which in this
case is approximately given by

M 2f?
P = E(uéiy(f))
m( 272 \? v3Sy(N))2
77(”(2)31(/)) (ﬁ 22 ) (32)

From this expression, it is straightforward to see that the

average of Ly is

V(% S y f)
2f2

Ly = / LP(L)dL = (33)
0
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that is, there is no dependence on M. However, the rms

deviation from the mean is reduced by a factor of M~1/2
2Q 2
=2 = 2 [Ty s (voSy(f)
B (v(%Ey(f))z(M +0! (véiy(f))z
S\ 2f2 M(M!) 212
1SN
G

This might well have been expected for white FM, which
involves simple Gaussian noise, but it has been shown here
to be valid for any one of the power-law noises.

VI. SUPERPOSITION OF POWER NOISE PROCESSES

Probabilities, such as are given in (20), may be generalized
to an arbitrary superposition of independent random noise
processes. At a given offset frequency f,, let w? be the
random variable that contributes to the time residual from the
random power-law noise process described by the parameter o.
The superposition of time residuals will be the sum over the
processes that contribute

N/2 hafrz 2mimkzg
X = Vo w®  (35)
47[0'«/NT Z %Hl [ fn | "

where we have used (9) and (10). The contribution to the time
series Xy from a given frequency f, is

1 27rtmk10 Z /hafrz a
w,,.
47ra«/Nr P | fnl "

The two-sided spectral density of time fluctuations is the
absolute square of this quantity divided by the resolution

bandwidth, 1/(Ntg)
Vha fm
2

For a one-sided spectral densny, we must multiply by 2 and
take f;, > 0. Then, the simulated phase noise will be

Xi(fm) = (36)

sx(fm) = (37)

(47[0)2

L0 = 22 [ halu, ]
m_2f2 m) | fonl W
2
l(m ) (3]

(38)

As the random variables take on their values during the
simulation runs, the probability of observing a value of phase
noise will be given by integrating over all the possibilities,
subject to the condition that the phase noise is constrained by
expression (38)

P(L) = /5(£

(s )
(o))
(Y, (7)) -

2no?

To evaluate this expression, we first observe that the result will
be independent of the variance o; only ratios, such as u,, /o
and v,, /o, occur. Therefore, we can set ¢ = 1, simplifying
the expression. The integrations will be performed by diago-
nalizing the squared quantities occurring in the exponent due
to representation (34). Furthermore, we shall do this in such
a way that the Gaussian form of the probability distributions
remains essentially unchanged. We need an orthogonal trans-
formation of variables in order to accomplish this, as discussed
in [3] and [4]. There is a further simplification since if the
diagonalization can be accomplished for the variables u?,, the
same procedure will work for v%. Then, defining

2
Kn = % B
2fm)
the probability becomes

0o 2 oo 2
P(L) = /dw H du“ do% (M)

(40)

iw(ﬁ—Km[(za Jhagzus) +(2, mvm)z]).

(41)

xXe

This integral can be completely evaluated. First, we note that
the dependence on the real and imaginary contributions from
the random variables separates so that integrals can be done
separately. Consider the contribution from the real part

I :/eiwkm(zavham”?n)zn(%e(u%’)z). (42)

V2r
Obviously, the contribution from the imaginary parts will be
similar so the final result will involve the square of the above-
mentioned integral.
Let us define the symmetric real matrix by means of the
elements

[

Hop = (hahp £2£5)"2. (43)

Then, we look for eigenvalues ¢ and column eigenvectors
wp(€) of Hyp by solving

D Hupyp(€) = eyae). (44)
B

Study of the eigenvalue problem for a matrix, such as (43),
shows that there is only one nonzero eigenvalue, which sim-
plifies the calculation. We find for this eigenvalue

€= hafy=Sy(fm): (45)

To prove that there is only one nonzero eigenvalue, consider
a matrix of the form

ajl —e  JJanaxp JJanas;z N
Jaxnaiy  axn —e€  \Jaxas; N )
V@1l /@22 /annass Qpn — €

Multiply the first row by (az; /all)l/ 2 and subtract it from the
second row. The second row is reduced to

e —e 0 0 0 ... 0) (47)
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that is, the second row is reduced to only two nonzero
elements. Similarly, if we multiply the first row by
(ajj /ai1)'/? and subtract it from the jth row, that row will
be reduced to only two nonzero elements. Then, if we expand
the determinant along the rows 1, 2, 3, ..., n, it is obvious that
there will be a factor ¢”~! in the expansion of the determinant.
Thus, there will be n — 1 zero eigenvalues, and there can only
be one nonzero eigenvalue. To obtain an expression for the
nonzero eigenvalue, consider the product of all the diagonal
elements. It will be of the form

(—€)" + (—€)" a1 +axn + -+ am +0)

= (—€)""(—€ + Tr(a;))). (48)

since products, such as (—6)”’2, (—e)"’3,...and SO on, cannot
occur. Thus, the nonzero eigenvalue is just the trace of
matrix (43). We can proceed with the argument given that
only one nonzero eigenvalue will contribute.

In preparation for diagonalization of the quadratic forms that
occur in the exponent of (42), we define some new column
vectors by means of

T 2 1 0
U’ ={uy,u,, u,,...}

CT = haf g Jhosl. . )

where the upper indices label the power-law noise type. Then,
we can write

> Vhafu, =U"Cc=c"u.
[

(49)

(50)

Therefore

2
(Z‘/haf,gufn) = K,UTCCTU = K, UTHU. (51)

a

g
41z

Then, the integral (42) becomes

; du? (’4%1)2
I :/e—szmUTHU ( m e_(T)).
1:[ 2z

The orthogonal transformation O that diagonalizes the
quadratic form in the exponent of (52) is obtained by writing
the normalized eigenvectors of H in successive columns, say
in order of increasing eigenvalue. Then, it follows that:

(52)

HO=0E;: OTHO=E (53)

where E is a diagonal matrix consisting of the eigenvalues,
and we have used the fact that the inverse of an orthogonal
matrix is just the transpose
o'=o0". (54)
Thus, H = OEOT and
UTHU =UT0EO"U. (55)

We can then introduce a linear combination of random
variables with the same orthogonal transformation

v=o0TuU. (56)

The argument of the Gaussian distribution remains essentially
a sum of squares

Dwi)=v'v=v"00"U=Vv"V. (7
a

Also, the element of integration over the space of random
variables remains essentially unchanged because

dvidVs - =

ov
det ﬁ}dUldUz ... = |det(0)|dUdU>. ..
=dUidU;.... (58)

The expression in the exponent of (52) becomes

KnUTCCTU =K D eV}, (59)
¢
The integral that we seek is then
; dV; v?
[ = [ e ioKnXeeV? ( d eiT). (60)
/ H V2

i

Now, only one eigenvalue contributes. The factors from all the
zero eigenvalues just integrate out, and the result is

1
= —————. (61)
V1+2iwKye
There is one such factor from the real part, and an equal factor
from the imaginary part. The probability obtained from (41)

is, therefore
o 4 iol
o= [ ()
oo 2 \ 1 +2iwKy€

This contour integral may be evaluated by closing the contour
around the simple pole in the upper half plane, yielding for
any superposition of power-law noises

(62)

2 2,
_2F i
Yo 20 ha

which is the generalization of (20).

P(L) = (63)

VII. RANDOM WALK

To give a specific example, we discuss the case of random
walk FM. In this case, in the limit of continuous frequencies

Sy(f) =h-af (64)
SO
I ,Zf;af)
PL(f) = ——e 02 (65)
voh-2

The +25% limits on the probability can be determined from
this expression. These limits are

{0.14384v2(h_2/£*),0.69314Tv3(h_2/f 4. (66)
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Fig. 2. Flicker-like spectral density data from an amplifier. The

spectral density is given in units of rms voltage/~/Hz; the frequency range is
5-500 Hz offset from the carrier.

VIII. COMPARISON WITH EXPERIMENTAL DATA

In this section, we apply these methods to the calculation
of the probability distribution for a power-law spectral density
and apply it to actual measurements. From (7)-(9), before
averaging, a single-sided spectral density at a particular fre-
quency is simulated as

a

Sy(fm) = én (ufzn +vr2n)'

Following the procedure of (18), the probability of finding a
value S will be:

P(S) = /OO d_a’e"‘”(s’hz(l—fz'%(“g””’z”))
o0 2T

Xe 20

(67)

2no? (68)

The integrals over the random variables are straightforward;
no additional diagonalization is necessary. Each integral gives
the same factor so the probability is

p(s X dw ein e—S/(haf,Z)
()_/,OOE 1 +iohe f¢)  haf?
m m

For comparison of this probability distribution with measure-
ments, the Metrology Group at NIST in Boulder provided
1024 independent measurements of amplifier noise as a func-
tion of frequency offset from the carrier; one such run is
shown in Fig. 2. Usually many such runs are averaged and
the average spectral density is presented as the measure-
ment result. In Fig. 2, the frequency spacing between points
is Af = 0.61875 Hz. The conversion from time residuals to
spectral density is not known, but by selecting a small range of
frequencies and collecting data from many such independent
runs, the number of times a spectral density occurs within the
range of a particular bin can be reduced to a probability and
compared with (69). When these data are plotted on a log—log

(69)

150
2 100
3
s
E 50
z
0 |
0 20 40 60 80 100
Spectral density in units of 4.42x10™V/Hz
Fig. 3. Histograms of occurrences of spectral densities of flicker-like noise

at two offset frequencies; smooth lines are simulated results (69).
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Fig. 4. Comparison between probability function (69) and experimental data.
The dots are computed directly from the data at frequencies 75, 100, 126, 252,
and 400 Hz; 200 data files were used.

scale, it is found that the spectral density is proportional to
f* where a = —0.83 £ .070, so the noise process is similar
to flicker noise but the slope varies. We shall compare the
distributions of spectral density with simulations at the unique
slope —0.83. The probability function (69) is then determined
except for one overall constant, 4,, which is the unknown
conversion between time residuals and spectral density (the
density was provided as rms voltage per root hertz). Fig. 3
shows plots of the theoretical number of occurrences, propor-
tional to (69), at two frequencies, together with a histogram
of the number of occurrences constructed from the data. The
values of spectral density were collected into bins of width
4.415 x 10712 Volts?/+/Hz for plotting as a histogram. The
probability function (69) can easily be used to find the mean,
median, and 25% and 75% confidence levels of the spectral
density distribution and hence to compared with the data.
Fig. 4 provides these theoretical plots, with no additional
adjustment of parameters. The corresponding values obtained
from the data are given at several frequencies. The simulated
probability distribution begins to disagree with the data at
frequencies lower than about 70 Hz; use of a value o = —0.80
improves the agreement significantly at low frequencies.

IX. SUMMARY AND CONCLUSION

A method for simulation of power-law noise based on
generation of white phase noise in the frequency domain, then
division of each frequency component by an appropriate power
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TABLE I
PRINCIPAL RESULTS FOR PROBABILITIES

Probability Expression Equation
Sy
P(Sy) we Tel” (26)
P(Sz) e Fal® 26)
£254
2 T
P(S5) srigae ot 26)
22 7#
P(L) ae,me (26)
0 . _ 2Mf25,
PULL) R ane
R . —252¢
P(L) 2 evg Xahal® (63)

v 3o haf®

of frequency, has been applied in this paper to simulation of
spectral density and phase noise. The main results are sum-
marized in Table 1. The simulation method does not require
transformation to the time domain, and is simpler to apply
than applications previously discussed [3], [4] to Allan and
Hadamard variances. Probabilities for observation of values
of phase noise £(f) and related spectral densities have been
derived and applied to estimate confidence intervals for various
forms of power-law noise. Theoretical predictions compare
well to flicker-like experimental noise data obtained from an
amplifier, showing good agreement between simulations and
experiment over a wide range of frequencies.
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