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T H E  THEORY O F  THE O P T I C A L  W E D G E  BEAM S P L I T T E R  

Yardley Beers 

An o p t i c a l  wedge beam s p l i t t e r  c o n s i s t s  of  a prism of t r a n s p a r e n t  

material with a very small apex a n g l e ,  u s u a l l y  about  one degree.  I f  

a p e n c i l  beam of r a d i a t i o n  i s  i n c i d e n t  upon i t ,  a p o r t i o n  e n t e r s  t h e  

material and undergoes a series o f  r e f l e c t i o n s  a t  t h e  s u r f a c e s .  

each r e f l e c t i o n  a r e f r a c t e d  beam emerges from t h e  material. 

g ives  t h e  b a s i c  theory f o r  computing t h e  r a t i o  of  t h e  i n t e n s i t y  of t h e  

i n c i d e n t  beam t o  the i n t e n s i t y  of any s e l e c t e d  emerging beam and a l s o  

f o r  computing t h e  d i r e c t i o n  of  t h e  emerging beam, assuming t h a t  t h e  wedge 

a n g l e ,  index of  r e f r a c t i o n ,  a n g l e  of inc idence ,  and number of  r e f l e c -  

t i o n s  are known. 

A t  

%is  paper 

The paper a l s o  g ives  t h e  r e s u l t s  of numerical c a l c u l a t i o n s  based 

upon t h i s  theory  f o r  sample s i t u a t i o n s  which are of  i n t e r e s t .  It i s  

shown t h a t  p o l a r i z a t i o n  e f f e c t s  can be minimized by t h e  u s e  o f  a small 

wedge angle  and by t h e  proper  s e l e c t i o n  of t h e  angle  of incidence.  I n  

p a r t i c u l a r ,  i t  i s  shown t h a t  i t  is  p o s s i b l e  by the u s e  of  four  r e f l e c t i o n s  

and a wedge a n g l e  of one degree t o  o b t a i n  a t t e n u a t i o n  f a c t o r s  of  about  

400,000 (56db), and t h a t  t h e  e f f e c t  of changes i n  p o l a r i z a t i o n  on t h e  

a t t e n u a t i o n  f a c t o r  can be h e l d  down t o  about  one percent .  

Key Words: O p t i c a l  a t t e n u a t i o n ,  o p t i c a l  beam s p l i t t e r .  

1. INTRODUCTION 

A wedge beam s p l i t t e r  i s  a prism of  t r a n s p a r e n t  material such as g l a s s  with a very  

small apex angle .  

it p e n t r a t e s  t h e  prism and undergoes m u l t i p l e  r e f l e c t i o n s .  

t h e  beam is r e f r a c t e d  and g ives  rise t o  an  e x t e r n a l  beam, as i l l u s t r a t e d  i n  f i g u r e  1. 

v a r i o u s  beams are i d e n t i f i e d  by a number, which we  s h a l l  c a l l  

which i s  t h e  number of  r e f l e c t i o n s  t h e  r a d i a t i o n  has  encountered between incidence upon t h e  

prism and emergence from i t .  It i s  t o  be noted t h a t  t h e r e  are two f i r s t  o r d e r  beams, de- 

noted by -1 and +1, r e s p e c t i v e l y .  

gu ish  between t h e s e  beams us ing  a n o t a t i o n  which i s  i n  t h e  vocabulary of  any computer: 

I f  a narrow p e n c i l  beam i s  approximately a t  normal inc idence  t o  one f a c e ,  

A t  each r e f l e c t i o n  a p o r t i o n  of 

The 

$he "order" of t h e  beam, 

The + and - s i g n s  are a r b i t r a r y  l a b e l s  used t o  d i s t i n -  
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Figure  1. Propagat ion of a penc i l  beam i n  a wedge of  small angle .  

o therwise  they have no s ign i f i cance .  

Therefore  i t s  p r o p e r t i e s  are independent of t h e  wedge a n g l e ,  and they are an even func t ion  

of t h e  ang le  of inc idence  B: t h a t  i s ,  they  are t h e  same f o r  +B as f o r  -B. The p r o p e r t i e s  

of a l l  t h e  o t h e r  beams depend upon t h e  wedge a n g l e ,  and ,  i n  genera l  they do not  have t h e  

same va lues  a t  -B as a t  +B. 

The -1 beam i s  r e f l e c t e d  from the  f i r s t  su r f ace .  

There are two p r i n c i p a l  uses  f o r  such a device.  

source  o f  r a d i a t i o n  which v a r i e s  i n  the  emi t ted  power. 

upon a power meter, while  another  is  used f o r  some o t h e r  purpose. The o t h e r  i s  t o  provide 

a f ixed  amount of  a t t e n u a t i o n ,  which can be determined by both experiment and theo ry ,  and 

i t  i s  our  purpose t o  i n d i c a t e  how t h e  a t t e n u a t i o n  can be determined from theory.  

One i s  t o  permit t he  monitor ing of  a 

I n  such a case, one beam i s  i n c i d e n t  

I n  p r a c t i c e ,  t h e  experimental  va lue  of  t h e  a t t e n u a t i o n  f a c t o r  i s  more r e l i a b l e  i n  most 

c a s e s ,  s i n c e  t h e  theo ry ,  f o r  s i m p l i c i t y ,  must make some assumptions such as t h e  neg lec t  o f  

s u r f a c e  s c a t t e r i n g  and imperfec t ions  i n  t h e  g l a s s .  Also w e  are assuming t h a t  t h e  i n c i d e n t  

beam i s  l a r g e  enough t o  be considered a po r t ion  of a p lane  wave but  small enough such t h a t  

t h e  va r ious  beams do not  ove r l ap  and produce f n t e r f e r e n c e  e f f e c t s ,  Laser beams can not 

always be a c c u r a t e l y  desc r ibed  as p l ane  waves. Thus our assumption impl ies  an approximation. 

I n  f a c t  i t  has  been [1,21 shown t h a t  t h e  mode s t r u c t u r e  of  a laser beam can change on r e f l e c -  

t i on .  On t h e  o t h e r  hand, t h e  theory  g ives  guidance as t o  which beam t o  employ f o r  any given 

purpose,  and what 

t i o n s  i n  ang le  of  

serves as a check 

cond i t ions  t o  use  t o  make t h e  a t t e n u a t i o n  as nea r ly  independent of  v a r i a -  

inc idence  o r  t h e  s ta te  of  p o l a r i z a t i o n  as poss ib l e .  

upon experiment: any l a r g e  d iscrepancy  may be the  r e s u l t  of  s c a t t e r e d  l i g h t .  

Furthermore the  theory  
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It i s  d e s i r a b l e  t o  make t h e  a t t e n u a t i o n  f a c t o r  as n e a r l y  independent of t h e  s ta te  of 

p o l a r i z a t i o n  as p o s s i b l e ,  as o f t e n  the  s t a t e  of  po lar iza t ion  is unknown, or  we may wish t o  

compare sources  of d i f f e r e n t  p o l a r i z a t i o n s .  Also, t h e r e  has  come t o  our  a t t e n t i o n  t h e  case 

of a l a s e r  whose power output  w a s  reasonably cons tan t  but whose s ta te  of p o l a r i z a t i o n  w a s  

s u b j e c t  t o  l a r g e  f l u c t u a t i o n s .  We s h a l l  show t h a t  t h e  a t t e n u a t i o n  r a t i o  depends very  l i t t l e  

upon t h e  s ta te  of  p o l a r i z a t i o n  i f  t h e  wedge angle  i s  very small and i f  approximately normal 

inc idence  i s  used a t  t h e  f i r s t  s u r f a c e ,  and under t h e s e  condi t ions  e r r o r s  due t o  p o l a r i z a -  

t i o n  e f f e c t s  u s u a l l y  are n e g l i g i b l e .  

I n  p r i n c i p l e ,  p o l a r i z a t i o n  e f f e c t s  can be e l imina ted  by u s i n g  a symmetrical  arrangement 

of two i d e n t i c a l  beam s p l i t t e r s  i n  cascade with t h e i r  apex l i n e s  perpendicular  t o  one 

another .  

and i s  incorporated i n  a commercial device.  However, such an  arrangement involves  a number 

Such an  arrangement i n  a p a r t i c u l a r  conf igura t ion  i s  descr ibed i n  a U.S. P a t e n t  [ 3 1 ,  

of  obvious complicat ions.  We, t h e r e f o r e ,  a r e  focusing our  a t t e n t i o n  on t h e  u s e  o f  a s i n g l e  

beam s p l i t t e r  and i n  f i n d i n g  under what condi t ions  t h e  e r r o r s  are n e g l i g i b l e .  

We s h a l l  r e f e r  t o  t h e  p o i n t s  where t h e  v a r i o u s  beams emerge, (such as b y  c y  d ,  e..... 

i n  f i g u r e  1)  as "ports" .  I f  w e  assume as an approximation,  t h a t  t h e  energy l e f t  i n  t h e  

i n t e r n a l  beam a f t e r  t h e  m'th r e f l e c t i o n  i s  n e g l i g i b l e ,  t h e  s p l i t t e r  can be considered 88  

t h e  analog of a 2m p o r t  microwave junc t ion .  The s i g n i f i c a n c e  of  t h e  f a c t o r  of 2 w i l l  become 

apparent  l a t e r  when we cons ider  i n  d e t a i l  t h e  .p roper t ies  of t h e  plane i n t e r f a c e  between two 

t r a n s p a r e n t  media. 

I n  developing t h e  theory  i t  i s  convenient t o  keep i n  mind t h e  l i m i t i n g  s i t u a t i o n  when 

t h e  wedge angle  goes t o  zero :  i .e. ,  when t h e  s i d e s  o r  t h e  g l a s s  a r e  p a r a l l e l ,  as i l l u s t r a t e d  

i n  f i g u r e  2 .  A l l  of t h e  beams emerging from the  f a r  s i d e ,  t h e  even o r d e r s ,  are a l l  p a r a l l e l  

I h l  1 I 3 5 

Figure  2 .  Propagat ion of  a p e n c i l  beam i n  
t r a n s p a r e n t  m a t e r i a l  with p a r a l l e l  p lane  

s i d e s .  

2 4 6 
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t o  t h e  i n c i d e n t  beam I N C  but  disp?.aced from it by an  amount which depends upon t h e  a n g l e  of  

inc idence ,  the th ickness ,and  t h e  index of  r e f r a c t i o n .  Under p r a c t i c a l  condi t ions  t h i s  d i s -  

placement i s  small, and t h e  e f f e c t  o f  changing t h e  a n g l e  of  inc idence  i s  minor. The odd 

o r d e r  beams are parallel  t o  each o t h e r  but  d e v i a t e  from t h e  i n c i d e n t  beam by twice t h e  angle  

of incidence.  

The r e f l e c t i v i t y  R i s  def ined as t h e  r a t i o  of  t h e  power p e r  u n i t  area of  t h e  i n t e r -  

f a c e  i n  t h e  r e f l e c t e d  beam t o  t h e  power per  u n i t  area of  t h e  i n t e r f a c e  of t h e  i n c i d e n t  beam. 

For beams of  f i n i t e  c r o s s  

r e f l e c t e d  beam t o  t h e  t o t a l  power i n  t h e  i n c i d e n t  beam. 

t h e  r a t i o  of t h e  t o t a l  power i n  t h e  r e f r a c t e d  beam t o  t h a t  i n  t h e  i n c i d e n t  beam. 

t h e s e  are f u n c t i o n s  of  t h e  a n g l e  of  inc idence  

of  p o l a r i z a t i o n .  

N ,  it may be used as an independent v a r i a b l e  i n s t e a d  of  

s e c t i o n  t h i s  i s  t h e  same as t h e  r a t i o  of t h e  t o t a l  power i n  t h e  

S i m i l i a r l y ,  t h e  t r a n s m i s s i v i t y  T i s  

I n  g e n e r a l ,  

B ,  t h e  index of  r e f r a c t i o n  N, and t h e  s ta te  

Since  t h e  angle  of r e f r a c t i o n  C i s  given by S n e l l ' s  l a w  i n  terms of  B and 

N. 

L e t  us  d e f i n e  t h e  a t t e n u a t i o n  f a c t o r  F as t h e  r a t i o  of t h e  power i n  the  i n c i d e n t  beam 

t o  t h e  power i n  t h e  m'th o r d e r  beam. 

i s  homogeneous, and t h a t  s c a t t e r i n g  and a b s o r p t i o n  are n e g l i g i b l e ,  f o r  t h e  

Assuming t h a t  t h e  s i d e s  are p a r a l l e l ,  t h a t  t h e  g l a s s  

-1 beam, 

F = 1 / R ,  

and f o r  any o t h e r  o r d e r  m 

F = 1/(T2Rm>, 

I n  eq (2) it i s  assumed, as w i l l  be shown la te r ,  t h a t  T has t h e  same v a l u e  f o r  the i n c i d e n t  

beam as f o r  t h e  emerging beam. For g l a s s  of  low index of  r e f r a c t i o n  (e.g., 1.5) R i s  

about  1 /25  while f o r  h i g h  index (e.g., 1.75) it i s  about  1/13. For rough c a l c u l a -  

t i o n s  T may be taken t o  be approximately u n i t y .  I n  terms of d e c i b e l s ,  t h e  a t t e n u a t i o n  

f a c t o r  i s  about  14 db per  r e f l e c t i o n  f o r  low index g l a s s  and about  11 db per  r e f l e c t i o n  f o r  

h igh  index g l a s s .  These f i g u r e s  can s e r v e  as a rough guide i n  pre l iminary  design.  

Because of  t h e  p a r a l l e l i s m  of t h e  beams, a p i e c e  of  g l a s s  with p a r a l l e l  s i d e s  i s  n o t  

g e n e r a l l y  u s e f u l  as a beam s p l i t t e r ,  s i n c e  t h e  beams are i n s u f f i c i e n t l y  separa ted  t o  be d i s -  

t inguished  by most d e t e c t o r s .  

a n g l e  between t h e  s i d e s  a l lowing  t h e  a d j a c e n t  beams t o  d iverge  as shown i n  f i g u r e  1. Later 

it w i l l  be shown t h a t  success ive  angles  of  inc idence  f o r  beams i n s i d e  t h e  g l a s s  on t h e  same 

4 
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s i d e  (going from l e f t  t o  r i g h t  i n  f i g u r e  1) i n c r e a s e  by 

For angles small enough such t h a t  t h e  s i n e  of  an a n g l e  can be replaced by the  a n g l e  i n  

r a d i a n s ,  it fol lows t h a t  success ive  emerging beams i n  a i r  deviate by an  angle  ZNA, approxi-  

mately.  However, because of t h e  a d d i t i o n  of  success ive  increments of  2A, t h e  angle  of  

inc idence  u l t i m a t e l y  g e t s  so  l a r g e  t h a t  t h i s  approximation does n o t  ho ld .  

modest va lues  of A ,  it may g e t  so l a r g e  t h a t  i t  exceeds t h e  c r i t i c a l  a n g l e ,  and then t h e  

2, where A i s  t h e  pr ism angle .  

I n  f a c t ,  even with 

i n t e r n a l  beams a r e  t o t a l l y  r e f l e c t e d .  R and T are independent of  t h e  s ta te  of  p o l a r i z a -  

t i o n  f o r  normal inc idence ,  and t h e i r  v a r i a t i o n  with t h e  p o l a r i z a t i o n  i n c r e a s e s  w i t h  t h e  a n g l e  

of incidence.  Therefore ,  i n  g e n e r a l ,  p o l a r i z a t i o n  e f f e c t s  are more s e r i o u s  with t h e  h i g h e r  

o r d e r  beams. 

As f a r  as t h e  forward (even o r d e r )  beams are concerned, r o t a t i o n  of  t h e  beam s p l i t t e r  

h a s  l i t t l e  e f f e c t  on t h e i r  d i r e c t i o n s  i f  t h e  wedge a n g l e  i s  small: t h e  beam s p l i t t e r ,  o t h e r  

than  g iv ing  r ise t o  t h i s  divergence of  t h e  beams a c t s  approximately l i k e  a p iece  of  g l a s s  

with p a r a l l e l  s i d e s .  However, t h e  p o s i t i o n  of  any backward (odd order )  beam may be s h i f t e d  

t o  any a r b i t r a r y  d i r e c t i o n  by r o t a t i n g  t h e  prism. 

h i g h e r  order  beams are devia ted  towards t h e  base  of  t h e  prism and away from t h e  apex l i n e ,  

under condi t ions  which normally p r e v a i l  i n  p r a c t i c e .  

I n  g e n e r a l ,  as suggested by f i g u r e  1, t h e  

2 .  PROPFRTIES OF THE PLANE INTERFACE BETWEEN TWO MEDIA 

The c a l c u l a t i o n  of t h e  a t t e n u a t i o n  f a c t o r  F f o r  any a r b i t r a r y  beam r e q u i r e s  knowledge 

of  t h e  c o e f f i c i e n t s  R and T a t  each encounter  between the  r a d i a t i o n  and t h e  i n t e r f a c e  

between g l a s s  and a i r .  And t o  e v a l u a t e  R and T w e  must determine,  us ing  t h e  laws o f  

geometr ical  o p t i c s ,  t h e  ang e of incidence a t  each encounter .  

The c a l c u l a t i o n  of R and T f o r  t h e  plane i n t e r f a c e  between two homogeneous i s o t r o p i c  

media i s  d iscussed  i n  most books i n  o p t i c s  and i s  w e l l  known, For convenience we summarize 

t h e  r e s u l t s  h e r e .  

some d e t a i l s  which we s h a l l  supply t h a t  do not  seem t o  be wel l  known. 

I n  f i g u r e  3 f ' t  and f s  denote t h e  boundary rays  of a p e n c i l  bearh i n c i d e n t  on t h e  i n t e r -  

f a c e  i n  medium 1 (which f o r  t h e  moment w e  s h a l l  assume t o  be a i r )  a t  an angle  of incidence B. 

For b r e v i t y  w e  s h a l l  denote  t h i s  beam as f ,  and w e  s h a l l  u s e  an analogous n o t a t i o n  f o r  t h e  

I n  s p i t e  of  a l l  t h a t  has  been w r i t t e n  on t h e  s u b j e c t ,  t h e r e  a r e  a l s o  
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Figure  3. R e f l e c t i o n  and r e f r a c t i o n  a t  
plane i n t e r f a c e .  

1' h 

o t h e r  beams. This  g ives  r ise t o  a r e f l e c t e d  beam g a t  a n  angle  of r e f l e c t i o n  B and a 

r e f r a c t e d  beam h a t  an a n g l e  of  r e f r a c t i o n  C ,  where, o f  c o u r s e ,  from S n e l l ' s  Law,  

s i n  B = N s i n  C ,  (3)  

where N is t h e  index o f  r e f r a c t i o n  o f  t h e  second medium ( g l a s s )  r e l a t i v e  t o  t h e  f i r s t  ( a i r ) .  

If w e  send t h e  l i g h t  on t o  t h e  i n t e r f a c e  backwards a long  t h e  d i r e c t i o n  of g ,  w e  

produce a beam backwards a long  f .  The beam h is  not  produced, but  we produce a d i f f e r e n t  

r e f r a c t e d  beam j a t  a n  a n g l e  C measured i n  t h e  o t h e r  d i r e c t i o n .  S i m i l a r l y  i f  the  in-  

c i d e n t  l i g h t  is s e n t  backwards a long  t h e  beam d i r e c t i o n  h ,  the  beam j is e x c i t e d  by re- 

f l e c t i o n  and f by r e f r a c t i o n ,  whi le  i n c i d e n t  l i g h t  a long  j e x c i t e s  beams h and g. 

Thus w e  have a s i t u a t i o n  analogous t o  a hybrid c i r c u i t  i n  e l e c t r i c a l  c i r c u i t  t h e o r y ,  the  

b e s t  known s p e c i a l  case of  which is  t h e  microwave "Magic Tee" junc t ion .  

I n  genera l  f o r  c a l c u l a t i n g  t h e  t r a n s m i s s i v i t y  T and t h e  r e f l e c t i v i t y  R ,  w e  must 

d i s t i n g u i s h  between t h e  case where t h e  e l e c t r i c  v e c t o r  of  t h e  i n c i d e n t  r a d i a t i o n  is perpin-  

d i c u l a r  to t h e  p lane  of inc idence  (denoted by t h e  s u b s c r i p t  e )  and when it is p a r a l l e l  (de- 

noted by t h e  s u b s c r i p t  a ) .  As can be found i n  many tex tbooks ,  [41 

Re = s i n 2  (B-C)/sin 2 (B+C), 

(5) 
2 2 Ra = t a n  (B-C)/tan (B+C), 
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2 Te = ( s i n  2B) ( s i n  2C)/s in  (B+C) , 

and 

(7) Ta = ( s i n  2B) ( s i n  2C) / ( s in  2 ( B H )  cos 2 (B-C) , 

I n  p r i n c i p l e ,  by t h e  use  of S n e l l ' s  Law, eq ( 3 ) ,  t h e s e  c o e f f i c i e n t s  can be given as 

€unct ions of  B and N r a t h e r  than of B and C ,  bu t  t h e  form of these  equa t ions  i s  no t  

convenient.  

When B and C are small, t h e  s i n e s  and t angen t s  can be approximated by t h e  appro- 

p r i a t e  ang le s  i n  r a d i a n s ,  and w e  n o t e ,  approximately,  Re = R a ,  T = T and p o l a r i z a t i o n  

e f f e c t s  disappear .  

e a '  

However, a t  normal incidence i t s e l f ,  B = 0, C = 0,  and eqs (4-7) become indeterminant .  

I n  such a case  i t  can be shown t h a t  [ 4 ]  

and 
T = 4N/(N+1) 2 . 

Also,  f o r  a l l  c a s e s ,  i n  accordance with conse rva t ion  of energy,  

It i s  t o  be no ted ,  t h a t  i n  eqs (4-7), R and T a r e  func t ions  only of B + C and t h e  

magnitude (not  t h e  s i g n )  of B - C. Also i n  eqs (8) and (9), R and T are i n v a r i a n t  with 

the  replacement of N by 1 / N .  Therefore ,  f o r  a beam r e f l e c t e d  i n  medium 1 a t  an ang le  B ,  

R has  t h e  same va lue  a s  f o r  a beam r e f l e c t e d  i n  medium 2 with an ang le  C ,  where B and C 

a r e  r e l a t e d  by eq ( 3 ) .  S i m i l a r l y ,  f o r  a beam i n c i d e n t  a t  an  ang le  B i n  medium 1 and 

t r ansmi t t ed  i n t o  medium 2 ,  T has  t h e  same va lue  f o r  a wave i n c i d e n t  a t  an  ang le  C i n  

medium 2 and t r ansmi t t ed  i n t o  medium 1. 

There fo re ,  i n  p r i n c i p l e ,  a l l  of t h e  R and T c o e f f i c i e n t s  involved i n  a high o rde r  

beam a t t e n u a t i o n  f a c t o r  F can be determined experimental ly .  For example, i f  w e  want t o  

know R and T a t  t h e  po in t  f i n  f i g u r e  1, w e  send i n  a c a l i b r a t e d  beam backwards 

along t h e  d i r e c t i o n  t h a t  t h e  t h i r d  o r d e r  beam had emerged. This gene ra t e s  a r e f l e c t e d  beam 

a t  f 

s u i t a b l e  c a l i b r a t e d  d e t e c t o r ,  and i f  t h i s  power is  divided by t h a t  i n  t h e  i n c i d e n t  beam, t h e  

(which is no t  shown i n  t h e  diagram), I f  t h e  power i n  t h i s  beam i s  measured by a 
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ratio is 

At the same time the transmission coefficient at 

given by 1 - R by eq (10). 

R, and this is the same for the internally reflected beams shown in the diagram. 

f for the emerging third order beam is 

3. STEPWISE DETERMINATION OF ATTENUATION FACTOR 

For a finite wedge angle A, eq (2) must be replaced by 

F = 1 /(Ti% R1R2.. . .Rm-lTm> , 
where Ti 

is the transmission coefficient at the point of exit of the is 

the reflection coefficient at the point of emergence of the k'th order beam. These co- 

efficients, of course, are assumed to be evaluated at the appropriate respective angles of 

incidence. 

is the transmission coefficient at the point of entrance of the incident beam, Tm 

m'th order beam, and % 

Now let us suppose that the incident beam had been backwards along the direction of the 

original emergent beam of order m. 

face, it can be inferred that a beam would emerge in the direction of the original incident 

beam. Since the order of the factors in eq (11) is unimportant, the attenuation factor F 

is the same as for the original configuration. In other words, in the language of circuit 

theory, the beam splitter is a reciprocal device. 

From the discussion of the properties of a single inter- 

Next let us multiply numerator and denominator of eq (11) by TmI2, where m' is inter- 

mediate between 0 and m, and group the factors as follows: 

In principle, each quantity in brackets can be determined experimentally. The first 

quantity is just the attenuation factor of the m' order beam. The last factor is the 

attenuation factor which applies when the incident light is sent backwards along the direc- 

tion of the 

port (but leaving the surface with an opposite angle to the normal). 

can be found by sending a beam backwards along the original 

its -1 reflection. This gives Rml directly, and Tm, can be found from it by eq (10). 

m order beam, and when the observation is made on a beam emerging from m' 

The middle quantitity 

m' beam direction and observing 
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Therefore  i f  t h e  o r i g i n a l  f a c t o r  i s  too l a r g e  t o  be measured d i r e c t l y  because o f  t h e  

l i m i t e d  range of the instruments,  i t  can be broken down i n t o  t h e  product of  quantities which 

can be brought w i th in  range ,  and y e t  i t  i s  no t  necessary t o  measure ind iv idua l ly  every co- 

e f f i c i e n t ,  as had been suggested earlier. 

4 .  CALCULATION OF ANGLES 

I n  applying t h e  formulas t h a t  have been given f o r  c a l c u l a t i n g  the  ind iv idua l  R and T 

c o e f f i c i e n t s  and thus  f o r  c a l c u l a t i n g  the  a t t e n u a t i o n  f a c t o r ,  i t  remains f o r  u s  t o  develop 

formulas f o r  t he  angles  o f  incidence.. For t h i s  purpose w e  r e f e r  t o  f i g u r e  4 ,  which dup l i -  

cates t h e  f i r s t  few beams of  f i g u r e  1 with t h e  same n o t a t i o n  b u t ,  f o r  c l a r i t y ,  with an ex- 

panded s c a l e  and with t h e  ang le s  made much l a r g e r .  

By applying the  theorem t h a t  t h e  sum of  t h e  angles  o f  a t r i a n g l e  i s  180' t o  t he  t r i a n g l e  

a b c ,  w e  f i nd  t h a t  
E 1 = A i - C  

By applying t h i s  theorem t o  the  t r i a n g l e  bcd, w e  f i nd  t h a t  

G1 = 2E1 -C 

= c + 2 A .  

Thus, G exceeds C by 2A. 1 
We can see by in spec t ion  t h a t  i f  w e  were t o  r epea t  t h i s  argument t o  t h e  t r i a n g l e s  cde 

and def  w e  can show thak 

G2 ,= G1 + 2A , 

and, i n  g e n e r a l ,  

GL = C + 2LA, 

where L i s  any in t ege r .  

By a similar argument w e  can show t h a t  

= 2(L - 1) A + El 

a C + (2L - l ) A  . 
It i s  important  t o  po in t  ou t  t h a t  t h e r e  is an implied s i g n  convention with regard t o  

t h e  angles  B ,  C ,  EL,  and GL. 

t he  inc iden t  beam assoc ia t ed  with any of t hese  beams should be on t h e  oppos i te  s i d e  of t h e  

r e s p e c t i v e  normal t o  t h e  i n t e r f a c e ,  it should be considered as a negat ive  angle .  

These angles  are a l l  p o s i t i v e  a s  shown i n  f i g u r e s  1 and 4 .  I f  
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Figure  4. Details of  propagat ion i n  a wedge. 

For nega t ive  va lues  o f  t h e  ang le  of  inc idence  o f  t h e  e n t e r i n g  beam B ,  some of  these 

ang le s  may become nega t ive ,  and i n  extreme cases t h e  l i g h t  may be propagated i n t e r n a l l y  t o -  

wards t h e  apex of t h e  prism. However, u l t i m a t e l y ,  when L becomes l a r g e  enough, t h e r e  are 

enough increments  o f  2A t o  make and GL p o s i t i v e ,  and t h e  l i g h t  i s  reversed  i n  d i r e c -  

t i o n .  Then t h e  h ighe r  o rde r  beams emerge d i r e c t e d  towards the  base. I n  t h e  u s u a l  s i t u a t i o n  

p reva len t  under p r a c t i c a l  cond i t ions ,  even o rde r  beams emerge d i r e c t e d  towards the  p lane  

of  t h e  base ,  and,  t h e  odd o rde r  ones emerge i n  t h e  sequence shown i n  f i g u r e  1. 

Since  EL and G are smaller f o r  nega t ive  va lues  of  B than f o r  p o s i t i v e  ones ,  t he  L 
minimum p o l a r i z a t i o n  e f f e c t s  occur  a t  small  nega t ive  va lues  of  B ,  a s  t o  be shown la ter  by 

t h e  graphs which have been based upon c a l c u l a t i o n s  from t h e  theory.  Therefore ,  e s p e c i a l l y ,  

i n  working with h ighe r  o r d e r  beams, one should avoid  us ing  a p o s i t i v e  va lue  of B. 

It is convenient  t o  record  the  r e l a t i o n s h i p  between t h e  beam o rde r  m and t h e  index L .  

For odd o r d e r s ,  

m = 2L - 1, 

and f o r  even o r d e r s ,  m = 2(L - 1 ) .  

The ang le s  o f  r e f r a c t i o n  of  t h e  emerging beams, FL and HL may be c a l c u l a t e d  by 

S n e l l ' s  law from 5 and GL r e spec t ive ly .  I n  p r i n c i p l e ,  i t  i s  poss ib l e  t o  d e r i v e  ex- 

p re s s ions  f o r  e x p l i c i t  formulas f o r  t hese  i n  t e r m s  o f  A ,  B ,  and N ,  but  i f  t he  exac t  form 

1 0  



o f  S n e l l ' s  l a w  i s  used ,  t h e s e  formulas become v e r y  cumbersome, and we s h a l l  no t  d e r i v e  them. 

I n s t e a d ,  f o r  convenience,  we s h a l l  assume t h a t  t h e  angles  are small enough so t h a t  their  

s i n e s  may be approximated by t h e  a n g l e s  i n  r a d i a n s .  Under p r a c t i c a l  c o n d i t i o n s ,  t h i s  ap- 

proximation i s  e x c e l l e n t ,  a t  l e a s t  for  beams of low order .  

computations c a r r i e d  o u t  by a computer it i s  e n t i r e l y  p r a c t i c a l  t o  u s e  t h e  exact form of t h e  

law throughout ,  and such has  been done i n  t h e  p r e p a r a t i o n  of t h e  graphs t o  be presented  

la ter .  

On t h e  o t h e r  hand, with numerical  

With t h i s  approximation,  i t  can be shown t h a t  

and 

t h e r e f o r e  

F = B + (2L -1)NA, 
L 

HL = B + 2LNA . 
= 2NA, FL - FL - 1 

and 

HL - - = 2NA . 1 

The d e v i a t i o n  of t h e  -1 beam from t h e  i n c i d e n t  beam is  given by 

D = 2 B .  

For o t h e r  odd o r d e r s  i t  is given by 

L D = B + H  

= 2B + 2LNA. 

For even o r d e r s  i t  is  given by 

D = F  - B - A  L 

= (2L - l)NA - A , 
which i s  independent of  t h e  angle  of inc idence  B. Experimental ly ,  t h e s e  even o r d e r  beams 

are. found t o  s h i f t  i n  p o s i t i o n  s l i g h t l y  with changes i n  B, These s h i f t s  are due t o  t h e  

breakdown of t h e  approximation t h a t  t h e  s i n e s  of  angles  be replaced by t h e  angles .  

The wel l  known case of  the  minimum d e v i a t i o n  o f  t h e  zero  o r d e r  beam occurs  when C = El ,  

g i v i n g  

B = -NA/2 . 
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5. PRACTICAL MEASUREMENTS W I T H  BEAM SPLITTERS 

The measurement of the  a t t e n u a t i o n  f a c t o r  f o r  t h e  beam of o r d e r  m ,  which now w e  s h a l l  

denote  by 

o r d e r  beam. I n  g e n e r a l ,  t h e  power o f  the beam can no t  be expected t o  remain c o n s t a n t ,  

a l t hough ,  i f  i t  is reasonably c o n s t a n t ,  the  e f f e c t s  of i n s t a b i l i t i e s  can be e l imina ted  t o  a 

l a r g e  e x t e n t  by a l t e r n a t i n g  t h e  obse rva t ions  and t ak ing  the  average. 

Fm, r e q u i r e s  p u t t i n g  a d e t e c t o r  f i r s t  i n  t h e  i n c i d e n t  beam and then i n  t h e  M'th 

However, t h e  e f f e c t  

can be e l imina ted  by observing two beams s imultaneously,  but  n e i t h e r  of t h e s e  obviously can 

be t h e  i n c i d e n t  beam, a s  a d e t e c t o r  placed i n  i t  prevents  t h e  r a d i a t i o n  i n  reaching t h e  beam 

s p l i t t e r .  The re fo re ,  i n  many a p p l i c a t i o n s  which are too obvious to  enumerate,  one i n t e r e s t e d  

i n  the  r a t i o  of two o t h e r  beams m and m ' .  The re fo re ,  it i s  convenient t o  d e f i n e  t h e  beam 

s p l i t t e r  r a t i o  Sml a s  such a r a t i o ,  and 

which can be c a l c u l a t e d  t h e o r e t i c a l l y  by a p p l i c a t i o n  o f  eq (11).  

I n  o r d e r  t o  apply t h e  theo ry ,  it i s  necessary o f  cour se ,  t o  have va lues  of N and A. 

The measurement o f  t h e s e  q u a n t i t i e s  i s  contained i n  a s t anda rd  course i n  elementary o p t i c s .  

However, when t h e  wedge ang le  

impossible  t o  apply.  

A becomes very small t h e  s t anda rd  methods a r e  d i f f i c u l t  o r  

'The s t anda rd  method of measuring t h e  ang le  A i s  t o  mount t h e  prism on a spectrometer  

with an angu la r  s c a l e  and t o  u s e  with i t  a t e l e scope  with a Gauss eyepiece.  

one f a c e  i s  made perpendicular  t o  t h e  a x i s  of  t h e  t e l e s c o p e ,  and then t h e  prism i s  r o t a t e d  

through an a n g l e  u n t i l  t h e  o t h e r  f ace  i s  perpendicular .  Then A i s  j u s t  180 degrees  minus 

the  ang le  through which t h e  prism i s  r o t a t e d .  

a laser beam i n s t e a d  of a t e l e scope  and t o  a d j u s t  t h e  p o s i t i o n s  of the  prism t o  produce beams 

t h a t  a r e  r e f l e c t e d  along t h e  i n c i d e n t  beam. When t h e  ang le  A i s  l a r g e ,  t h e r e  i s  no d i f -  

f i c u l t y  i n  recognizing when the  beam i s  r e f l e c t e d  o f f  t h e  f r o n t  f ace  ( i . e o ,  the  -1 beam). 

However, t h e r e  a r e  a l s o  two p o s i t i o n s  where t h e  

beam, and when A 

laser method has  a d i s t i n c t  advantage i n  i d e n t i f y i n g  t h e  beams, s i n c e  even with a low powered 

l a s e r  it i s  u s u a l l y  p o s s i b l e  t o  observe t h e  second and t h i r d  o r d e r  beams, and, s i n c e  under 

p r a c t i c a l  c o n d i t i o n s ,  t h e s e  a r e  i n  t h e  sequence shown i n  f i g u r e  1, they may be used t o  d i s -  

With t h i s ,  

The modern ve r s ion  of t h i s  method i s  t o  u s e  

+1 beam is  a l s o  r e f l e c t e d  along t h e  i n c i d e n t  

is  small  i t  may be d i f f i c u l t  t o  i d e n t i f y  which beam i s  which. Here t h e  
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t i n g u i s h  between t h e  two f i r s t  o r d e r  beams. A t  any ra te ,  t h i s  method of determining A i s  

l i k e l y  to have low precis ion,  since it is necessary t o  take the small d i f f e r e n c e  between 

two l a r g e  angles .  I n  p r a c t i c e ,  it may be b e t t e r  t o  o b t a i n  A i n d i r e c t l y  as d iscussed  be- 

low and t o  u s e  t h e  d i r e c t  va lue  as a check. 

The s tandard  method f o r  measuring t h e  index of r e f r a c t i o n  of a pr ism of l a r g e  a n g l e  A ,  

which h a s  prev ious ly  been determined,  i s  t o  measure t h e  angle  o f  minimum d e v i a t i o n  D and 

with t h e  formula f o r  i t  t o  c a l c u l a t e  N. However, as w e  have seen,  with small va lues  of A ,  

t h e  angle  of  d e v i a t i o n  i s  e s s e n t i a l l y  independent o f  the  angle  of inc idence ,  and t h e  formula 

can not  be appl ied .  

A s  a more p r a c t i c a l  procedure,  i t  i s  suggested t h a t  t h e  index of r e f r a c t i o n  N be de- 

termined by measuring t h e  beam s p l i t t e r  r a t i o  A. 

To reduce t h e  e f f e c t  of inhomogeniet ies ,  measurements should be made on both faces  and t h e  

average computed. By a p p l i c a t i o n  of  e q s ( 2 5 ) ,  ( 1  ) ,  and (11) it can be seen t h a t  

So-l, which i s  independent of t h e  angle  

However, i f  t h e  wedge angle  A i s  small and i f  n e a r l y  normal inc idence  i s  employed, w e  may 

drop t h e  s u b s c r i p t s  on t h e  r i g h t  and by u s e  of eq ( lo)  see t h a t  

2 
(27) SOm1 = (1-R) /R 

and so- l  The r e f l e c t i o n  c o e f f i c i e n t  R i s  found by i n s e r t i n g  t h e  measured va lue  of 

s o l v i n g ,  and then  t h e  index of  r e f r a c t i o n  i s  found by s u b s t i t u t i n g  t h i s  va lue  of  R i n t o  

eq ( 8 )  and so lv ing .  

The q u a n t i t y  NA can be determined by measuring t h e  angular  s e p a r a t i o n  between two 

adjacent  beams (which, i n  r a d i a n s , i s  2NA). For t h i s  purpose t h e  most convenient p a i r  are 

-1 and +l. 

s u f f i c i e n t l y  d i s t a n t  t o  a l low an  a c c u r a t e  measurement of t h e  separa t ion .  F i n a l l y  t h e  va lue  

of A can be obta ined  by d i v i d i n g  t h e  prev ious ly  determined va lue  of  N i n t o  t h i s  r e s u l t .  

With a laser s o u r c e ,  t h e s e  can make b r i g h t  s p o t s  on a s c r e e n ,  which should be 

I n  determining a h igh  o r d e r  a t t e n u a t i o n  f a c t o r  o r  beam s p l i t t e r ' r a t i o  exper imenta l ly ,  

i t  i s  d e s i r a b l e  t o  make observa t ions  o f  the  weak beam with t h e  d e t e c t o r  a t  var ious  d i s t a n c e s  

from t h e  beam s p l i t t e r  because o f  p o s s i b l e  s c a t t e r i n g  due t o  d i r t  and imperfect ions of  t h e  

13 



s p l i t t e r .  

l i g h t  v a r i e s  approximately with t h e  i n v e r s e  square  of  t h e  d i s t a n c e .  Therefore  c o r r e c t i o n  

f o r  e f f e c t s  of s c a t t e r i n g  can be accomplished by e x t r a p o l a t i n g  t h e  observed r a t i o  quadra t ic -  

a l l y  t o  i n f i n i t e  d i s t a n c e .  

The i n t e n s i t y  o f  t h e  t r u e  beam i s  independent of t h e  d i s t a n c e  whi le  s c a t t e r e d  

6 .  NUMERICAL RESULTS AND CONCLUSIONS 

The equat ions  t h a t  have been presented i n  t h e  e a r l i e r  s e c t i o n s  have been incorpora ted  

i n  a computer program which, given t h e  wedge angle  A ,  t h e  index of  r e f r a c t i o n  N ,  t h e  angle  

of incidence B ,  and t h e  o r d e r  of  t h e  r e f l e c t i o n  m, c a l c u l a t e s  t h e  angular  p o s i t i o n  and t h e  

a t t e n u a t i o n  f a c t o r  of  t h e  emerging beam f o r  both p o l a r i z a t i o n  of t h e  i n c i d e n t  beam. 

I l l u s t r a t i o n s  of  a t t e n u a t i o n  f a c t o r  c a l c u l a t i o n s  are contained i n  g r a p h i c a l  form i n  

f i g u r e s  5 through 14. I n  t h e  upper l e f t  p o r t i o n  of t h e  f i r s t  of t h e s e ,  f i g u r e  5 ,  i s  shown 

t h e  a t t e n u a t i o n  f a c t o r  f o r  t h e  perpendicular  p o l a r i z a t i o n  as a func t ion  of the  a n g l e  of in -  

c idence f o r  a range of  

t h e  va lue  of t h e  a t t e n u a t i o n  f a c t o r  i s  normalized t o  t h e  maximum value .  The a c t u a l  va lue  a t  

t h e  maximum i s  given on t h e  l e f t  a x i s  of t h e  graph ,  and t h e  a c t u a l  va lue  a t  any o t h e r  a n g l e  

can be found by mul t ip ly ing  it  by t h e  o r d i n a t e  of  the  graph f o r  t h a t  angle .  

* 5” from t h e  maximum f o r  t h e  -1 o r d e r ,  f o r  A = 1’ , and f o r  N = 1.75,  

The graph i n  t h e  lower l e f t  corner  g ives  t h e  r a t i o  of t h e  a t t e n u a t i o n  f a c t o r  f o r  t h e  

p a r a l l e l  p o l a r i z a t i o n  t o  t h a t  f o r  t h e  perpendicular  p o l a r i z a t i o n  f o r  t h e  same parameters  as 

t h e  graph above. It  appears  t h a t  t h i s  h a s  a minimum value  z L t  t h e  same angle  as t h e  maximum 

i n  t h e  graph above. 

graphs which fo l low,  but  t h e  equat ions  a r e  too  complicated t o  make t p r a c t i c a l  t o  prove 

whether t h e s e  s t a t i o n a r y  v a l u e s  occur  a t  

r a c y  of t h e  graphs they  appear  t o  occur  a t  t h e  same angle .  

Such a correspondence appears  t o  hold with a l l  o f  t h e  o t h e r  p a i r s  of 

e x a c t l y  t h e  same angle  o r  n o t ,  but  w i t h i n  t h e  accu- 

The graph of  t h e  r a t i o  of t h e  two a t t e n u a t i o n  f a c t o r s  is u s e f u l  f o r  e v a l u a t i n g  t h e  

l i m i t  o f  e r r o r  which r e s u l t s  i f  the  a t t e n u a t i o n  f a c t o r  i s  measured o r  c a l c u l a t e d  f o r  one 

p o l a r i z a t i o n  and then t h e  s p l i t t e r  used with a beam of unknown p o l a r i z a t i o n .  

one laser used by our  co l leagues  has  a n e a r l y  cons tan t  power o u t p u t ,  but  i t s  s ta te  of 

p o l a r i z a t i o n  i s  s u b j e c t  t o  s e r i o u s  f l u c t u a t i o n s . )  

n a t e  from t h e  graph and s u b t r a c t i n g  u n i t y  from i t .  

g r e a t e r  i n t e r e s t  than t h e  p a r a l l e l  one s i n c e  some of t h e  b e t t e r  engineered l a s e r s  have beams 

( I n c i d e n t a l l y ,  

This  e r r o r  i s  given by t a k i n g  t h e  o r d i -  

The perpendicular  p o l a r i z a t i o n  i s  of 
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tha t  are v e r t i c a l l y  p o l a r i z e d  and,  i f  they are used with beam s p l i t t e r s  t h a t  are o r i e n t e d  t o  

spread t h e  beams o u t  i n  a h o r i z o n t a l  d i s t r i b u t i o n ,  t h i s  i s  t h e  r e l e v a n t  case.  

t h e  a t t e n u a t i o n  f a c t o r  f o r  t h i s  p o l a r i z a t i o n  was chosen f o r  t h e  o r d i n a t e  i n  t h e  l e f t  hand 

graph. 

Therefore  

The two graphs on t h e  r i g h t  s i d e  o f  t h i s  page ( f i g u r e  5) are analogous r e s p e c t i v e l y  t o  

t h e  two on t h e  l e f t  except  t h a t  t h e  index of  r e f r a c t i o n  had been changed from 1.75 t o  1.5. 

The graphs on t h e  next  page, f i g u r e  6 ,  p e r t a i n  t o  t h e  same set  of c o n d i t i o n s  (order  -1) 

as t h e  ones i n  corresponding p o s i t i o n s  i n  f i g u r e  5 except  t h a t  t h e  wedge a n g l e  A h a s  been 

changed from 1' t o  2" .  

The remaining p a i r s  of  f i g u r e s  are arranged i n  t h e  same manner except  t h a t  succeeding 

p a i r s  p e r t a i n  r e s p e c t i v e l y  t o  o r d e r s  m = + 1, 2 ,  3 ,  and 4. 

I n  view of t h e  f a c t  the r e f l e c t i o n  f o r  the -1 o r d e r  is independent of  A ,  f i g u r e s  5 

and 6 are i d e n t i c a l  except  f o r  t h e  l a b e l i n g .  

From t h e  examination of  t h e s e  graphs ,  it is  p o s s i b l e  t o  draw s e v e r a l  u s e f u l  conclus ions :  

(1) A s  w e  have s a i d  b e f o r e ,  t h e  maximum a t t e n u a t i o n  f a c t o r  and minimum p o l a r i z a t i o n  

e f f e c t  angle  occur  a t  e s s e n t i a l l y  t h e  same a n g l e  of incidence.  I n  o r d e r  t o  minimize t h e  

p o l a r i z a t i o n  e r r o r  and t h e  e r r o r  due t o  u n c e r t a i n t i e s  i n  t h e  a n g l e  o f  inc idence ,  a t tempt  

should be made t o  u s e  t h i s  a n g l e  of inc idence  i n  experimental  s i t u a t i o n s .  

(2) A s  suggested by t h e  previous theory ,  t h i s  optimum angle  of  inc idence  i s  n e g a t i v e  i n  

s i g n  and becomes l a r g e r  as t h e  beam o r d e r  i n c r e a s e s .  

(3) The p r i n c i p a l  e f f e c t s  of  i n c r e a s i n g  t h e  index o f  r e f r a c t i o n  N i s  t o  lower t h e  

a t t e n u a t i o n  f a c t o r  f o r  the beam of any given o r d e r  and t o  widen the angular  s e p a r a t i o n  between 

a d j a c e n t  beams. 

( 4 )  Increas ing  t h e  wedge angle  A h a s  l i t t l e  e f f e c t  upon t h e  a t t e n u a t i o n  f a c t o r  of  any 

given beam but  i t  makes t h e  p o l a r i z a t i o n  e f f e c t s  more s e r i o u s .  

incidence i s  s h i f t e d  t o  l a r g e r  nega t ive  value.  

Also t h e  optimum a n g l e  of  

(5) By r e s t r i c t i n g  the wedge angle  A t o  1" o r  less and by t h e  u s e  of t h e  optimum 

a n g l e  of  inc idence  it i s  p o s s i b l e  t o  produce a t t e n u a t i o n  f a c t o r s  of  t h e  o r d e r  of  400,000 

(56 db) with p o l a r i z a t i o n  e r r o r s  of j u s t  s l i g h t l y  more than  one percent .  It is  d o u b t f u l  

whether such a t t e n u a t i o n  f a c t o r s  can be measured o r  c a l c u l a t e d  t o  such a n  accuracy.  

f o r e ,  wi th  a t t e n u a t i o n  f a c t o r s  of t h i s  s i z e  i t  seems unnecessary t o  go t o  the complicat ion 

There- 

of 

i s  

two symmetr ical ly  p l a c e  beam s p l i t t e r s  t o  cancel out p o l a r i z a t i o n  e f f e c t s  i f  proper  care 

taken 
16 
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survey issued quarterly. Annual subscription: $20.00. 
Send subscription orders and  remit tances  fo r  t h e  pre- 

ceding bibliographic services to  the U.S. Department  
of Commerce, National Technical Information Serv- 
ice, Springfield, Va. 22151. 

Electromagnetic Metrology Current  Awareness Service 
(Abs t r ac t s  of Selected Articles on Measurement 
Techniques and Standards of Electromagnetic Quan- 
tities f rom D-C to Millimeter-Wave Frequencies). 
Issued monthly. Annual subscription: $100.00 (Spe- 
cial r a t e s  for multi-subscriptions). Send subscription 
order  and remittance to  the Electromagnetic Metrol- 
ogy Information Center, Electromagnetics Division, 
National Bureau of Standards,  Boulder, Colo. 80302. 




