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Abstract:  We demonstrate a method to measure and actively reduce the
coupling of vibrations to the phase noise of a cavity-stabilized laser. This
method uses the vibration noise of the laboratory environment rather than
active drive to perturb the optical cavity. The laser phase noise is measured
via a beat note with a second unperturbed ultra-stable laser while the
vibrations are measured by accelerometers positioned around the cavity. A
Wiener filter algorithm extracts the frequency and direction dependence of
the cavity response function. Once the cavity response function is known,
real-time noise cancellation can be implemented by use of the accelerometer
measurements to predict and then cancel the laser phase fluctuations. We
present real-time noise cancellation that results in a 25 dB reduction of the
laser phase noise power spectral density.
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1. Introduction

Lasers locked to well isolated Fabry-Perot cavities provide the highest short-term fractional-
frequency stability [1]. For high-finesse cavities, the large signal-to-noise ratio (SNR) of the
Pound-Drever-Hall (PDH) stabilization technique [2] allows laser frequencies to track the cav-
ity resonance with negligible added noise. In this situation the laser’'s frequency stability is
determined primarily by the length stability of the cavity. Thislength stability islimited funda-
mentally by intrinsic thermomechanical noise[1,3,4], but the thermomechanical noise can eas-
ily be exceeded by vibration-induced length changes. Such frequency-stable lasers play a cru-
cia role in awide range of scientific investigations including: optical atomic clocks [5], grav-
itational wave detectors [6], and searches for the time variation of fundamental constants [7],
but their useis currently confined to quiet laboratory settings.

Since the first demonstration of thermal-noise-limited performance [1, 4], severa designs
have aimed at further reducing the sensitivity of the cavity reference frequency to external
perturbations [4,9, 10]. In these designs symmetries are exploited to reduce the sensitivity of
the spacer length to seismic vibrations. However, residual asymmetries inevitably remain due
to mechanical imperfections, limiting the sensitivity of the most vibration-insensitive cavities
to about SL/L = 1071%/g [8-10]. While this acceleration sensitivity matches the best radio-
frequency crystal oscillators, it is likely too high for use in non-laboratory environments, and
for field applications further reductions in sensitivity are desirable [11,12].

In this work we discuss the application of Wiener filters [13] to measure the vibration sen-
sitivity of alaser stabilization cavity, and to reduce this sensitivity with real-time corrections.
This technique yields information about the cavity’s vibration response function, which can be
used to improve the mechanical design and minimize the residual vibration sensitivity. Here the
natural vibrations of the laboratory floor act as the stimulus that allows the system’s response
function to be extracted. This simplifies the measurement, as no additional vibration drive is
needed, but the low level of ambient vibrations limits the available measurement signal-to-
noise ratio. Finally, the cavity response function is used to calculate real-time corrections to the
laser frequency from measured accel erations and demonstrate a vibration-sensitivity reduction
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Fig. 1. The setup used to measure the cavity response functions and perform real-time noise
cancellation. Six accelerometers (labeled 1-6) are positioned on the table such that (1,3,5)
measure accelerations in the vertical (z) direction while (2,4,6) measure accelerations in
the horizontal (x,y) plane. This combination of signals allows the measurement of all six
motional degrees of freedom. Thetest light is transmitted to the frequency comb through a
noise-cancelled optical fiber [14,15], and the heterodyne beat note (mixed to approximately
4 MHz) measured at the frequency comb returns through a coaxial cable.

of 25 dB. The technique may yield higher sensitivity-reduction factors in an environment with
stronger ambient vibrations.

2. Measurement setup

A schematic of the measurement setup is shown in Fig. 1. The laser for this experiment is a
1070 nm fiber laser that typically serves as the clock laser for probing the 1Sy to 2Py transition
in 2’Al* [5] (subsequently referred to as the test laser). The test cavity is built from a horizon-
tally mounted, low-expansion glass spacer with a free spectral range of 625 MHz and a mirror
reflectivity of R = 0.99999 at 535 nm (corresponding to a finesse of 314,000) [1]. A PDH
servo locks the second harmonic of the test laser to the optical cavity. When real-time noise
cancellation is enabled, the cavity is ‘corrected’ for vibration-induced phase excursions by an
acousto-optic modulator (AOM) that is driven by arapidly-tunable digital synthesizer. The cav-
ity, AOM and PDH opticsrest on a steel plate (250 kg) that can be suspended from the ceiling
with rubber bands [1] for passive vibration isolation. However, for many of the measurements
presented here, the plate rests on the laboratory floor, so vibration noise couples directly to the
optical cavity.

The phase of the test laser that tracks the stabilization cavity is measured via a heterodyne
beat note with one frequency component of a self-referenced optical frequency comb [16]
that is separately stabilized by locking it to an ultra-stable 578 nm laser [17]. The stabilized
frequency comb serves as alow-noise reference with which the vibration-induced phase excur-
sions of the test cavity can be measured through the phase excursions of the heterodyne beat
note. This beat note is first mixed to near 4 MHz, and further mixed to near 0 Hz with a com-
mercial demodulator circuit that yields separate in-phase and quadrature (I and Q) components
of the signal. The | and Q components are sampled by a 14-bit analog-to-digital converter and
further converted to phase sampleswith trigonometric functions. This system allowsfor adirect
continuous measurement of the test laser’s phase. To determine the cavity response functions,
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10 sto 100 s of acceleration and laser-phase measurements are recorded continuously on a PC
with asamplerate of 1 kHz to 100 kHz. The recorded datais high-passfiltered in software with
a1 Hz corner to remove the DC component and then the optimal Wiener filter is extracted from
the data.

When the system operates in real-time noise cancellation mode, the acceleration and phase
measurements are input to a field-programmable gate array (FPGA). The FPGA uses a set of
stored filter coefficients to predict the laser-phase excursions. After each phase prediction is
calculated, the FPGA sends a phase tuning command to a direct digital synthesizer (DDS) to
update the phase correction for the optical cavity viathe AOM. The Wiener filter coefficients
can be uploaded to the FPGA if they are available from previously processed data. Another
approach, used for the real-time cancellation presented here, is to estimate the Wiener filter
coefficients in real-time on the FPGA via a Least Mean Squares (LMS) algorithm [18]. With
six accelerometer channels and 500 filter coefficients per channel, the update period for the
system is about 1.4 ms. During this interval the following steps occur: eight analog-to-digital
conversions (6 accelerometers plus | and Q signal components), conversion of | and Q samples
to an absolute phase [19], Wiener filter coefficient update, phase prediction update, and finally
the DDS phase update.

3. TheWiener filter and cavity response functions

The Wiener filter algorithm uses time domain correlation functions between the inputs and out-
puts of alinear time-invariant system to determine the predictable part of the system response
in the presence of noise. For high SNR input data the algorithm cal culates a set of time-domain
filtersthat correspond to the finite impul se response of the system. We extend the discussion by
Jones [20] to six accelerometer inputs. The discrete-time system model is

6 N—
:ZZ mkam[n—k]. ()

Here, (ﬁ is the model’s predicted laser phase, n is the discrete-time variable, hy is the Kth
filter coefficient for the mi" input channel, am[n — k| isthe signal from the m" accelerometer at
time delay k, and N is the total number of filter coefficients used for each input channel. The
accelerometer signal's a, may be considered as the sum of true accel erations &/, and accelerom-
eter noise gy. The discrete-time n and continuous-time t are related by the the sample rate f:
t =n/f. The Wiener filter consists of the coefficients hy, k that minimize the difference between
the predicted phase ¢3 and the measured phase ¢ in aleast-squares sense. This quantity,

=Y (o pMn)? @

N=—co

is minimized by solving for the values of hy, that make € stationary, i.e., (9h =0 for dl
values of mand k. This condition may be written as

Z onan—j] = Z Zthkamn Klaj[n—il, ©)
N=—oco N=—com=1k=0
and further rewritten in terms of correlation functions as

6 N-1
= > Y hmkRa anli — K|, €)

m=1k=0
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where Rey[j] = X _.. X[n)y[n— j]. The resulting set of 6N equeations can be solved for the 6N
filter coefficients hy . Typically only one solution exists, which indicates that the calcul ated
stationary point of € isindeed a minimum. These coefficients represent the optimal filter for
predicting the effect of measured accel erations on the laser phase. In the limit of high SNR, h
is the system’s finite impul se response, i.e., the phase response to an impul se on accel erometer
m.

For spectral regions where the accel eration measurements have a high SNR, the coefficients
hmk can be used to determine the transfer function in the frequency domain. A discrete Laplace
Transform, commonly referred to as the Z-Transform, converts the filter coefficientsinto trans-
fer functions Hy(w) such that

6
¢(w) = lem(w)%(w)~ (5)

While noise on the phase measurement has the effect of increasing the uncertainty of the
transfer functions such that more averages are required to achieve a desired uncertainty in
Hm(®), accelerometer noise acts to change the values of Hy(®), because terms of type Rg, ¢,
enter significantly on the right-hand-side of Eq. (4). The functions Hyn(®) can beinterpreted as
transfer functions only when the accelerometer SNR is large. When the accelerometer SNR is
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Fig. 2. (a) Thetime domain performance of the Wiener filter algorithm. The measured |aser
phase (blue), predicted phase (green) and residual error (black) show that the Wiener filter
reduces the RM S phase fluctuations by more than an order of magnitude. The inset on the
lower left shows thefirst 0.5 seconds of the time trace. Here, the error isinitially large due
to the lack of accelerometer information for timest < 0s. By t = 0.2 sthere is a sufficient
history of accelerometer measurements to substantially reduce the phase error. The inset
on the lower right shows the Wiener filter suppressing the RMS phase fluctuations of the
laser by more than a factor of 10. (b) The phase noise power spectral density (PSD) of
the measured phase, predicted phase and residual phase error showing more than 30 dB

of noise cancellation at 12 Hz. The dashed traces show the velocity PSD measured by the
accelerometers.
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Fig. 3. () The fractional sensitivity of the cavity reference frequency to accelerations for
the three trandlationa (X,y,z) degrees of freedom in the 5-30 Hz spectral region. Threein-
dependent measurements were performed for each direction (markers) and the solid lines
show the average values. (b) The measured SNR of the phase and acceleration measure-
ments show that outside of the 5-30 Hz region, there is insufficient SNR to calculate the
cavity acceleration sensitivity.

small, detailed knowledge of the noise characteristicsisrequired to extract the transfer function.

To perform the Wiener filter analysis on the test laser, the cavity table was allowed to rest on
the laboratory floor, where ambient seismic vibrations cause significant phase noise. A sample
rate of 1 kHz and anomina measurement time of 100 s were used to record the laser phase and
accelerometer signals. The recorded data were then post-processed through the Wiener filter
algorithm to determine the filter coefficients and the associated phase predictions. Figure 2(a)
illustrates the time-domain performance of the Wiener filter with 600 filter coefficientsfor each
accelerometer channel. The error trace showsthat the residual phase noise after Wiener filtering
isreduced by more than 30 dB at the peak noise frequency of 12 Hz.

Figure 3(a) showsthe transfer functions for the translational degrees of freedom that resulted
from an average of threeindependent sets of accelerometer and phase measurements. Thetrans-
fer functions show that thereis alow-Q resonance for vibrationsin the z-direction (vertical) at
12 Hz. This resonance, together with the vibration noise peak near 12 Hz [Fig. 2(b)], accounts
for the oscillatory behavior seen in the insets of Fig. 2(a). Analysis of the rotational degrees
of freedom was unable to yield transfer functions, due to poor SNR. However, the large meas-
ured product of angular acceleration and cavity length suggests that the cavity is at least an
order of magnitude less sensitive to angular accelerations than linear accelerations. Finally,
Fig. 3(b) shows the measured SNR for both the phase and accel eration measurements. For the
laser phase, the measured SNR is the ratio of the phase noise spectrum when vibration noiseis
coupled to the cavity versus when the cavity is isolated from vibration. For the accelerometer
measurements, it isthe ratio of the measured accel eration spectrum and the accel erometer noise
floor. In spectral regions where these curves are close to 1, the transfer function calculation in
Eq. (4) would require detailed knowledge of the accelerometer noise charecteristics. We have
not attempted to calculate the transfer function outside of the high SNR region of 5 Hz-30 Hz
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shownin Fig. 3(b).

4. Theleast Mean Squaresfilter and real-time noise cancellation

To maintain high phase stability of the laser in noisy environments, the acceleration measure-
ments are input into the embedded processor of an FPGA, which uses the filter coefficients to
predict and then correct the laser phase in real-time. The recursive least mean squares (LM S)
algorithm “learns” the values of the Wiener filter coefficients with much lower computational
cost than the exact solution of Eq. (4) requires [18]. The LMS algorithm for six acceleration
inputs and one phase output has much the same form as the Wiener filter algorithm. To derive
the update equation for thisfilter, one follows the same procedure asfor the Wiener filter shown
in Egs. (1) and (2). From this point the LM S algorithm minimizes the squared error between
the model and the measured signal by relaxing the requirement that the minimization take place
over al times. Accordingly, the minimization equation takes the form

deln]?
ahm-

= —2e[njai(n—j) =0, (6)

(2H4 (s/w)) Aa>0jn

Phase noise (rad?/Hz)

10
Frequency (Hz)
10 T ma 7 T

—e- with vibration noise
10 " E|~* filterenabled
—e= vibration isolated

Fig. 4. (a) The laser phase PSD for three operating conditions: (1) the cavity table resting
on the floor with the filter turned off (blue), (2) the cavity table resting on the floor with
thefilter turned on (green), and (3) the cavity table suspended by vibration isolating rubber
bands (black). A real-time noise cancellation of 25 dB isachieved at 12 Hz compared to the
free running case, but still several dB more than the vibration isolated case. The direction-
averaged velocity PSD shows the effect of the rubber band suspension system in isolating
the cavity from laboratory vibration noise. (b) The Allan deviation for the test laser in the
three cases shown in (a). Without the LM S filter, the laser frequency instability increases
by more than an order of magnitude at 7 = 0.1 sand by afactor of 4 at T = 1 s compared
to the vibration isolated case (black). When the LM Sfilter is on, the test laser instability is
within a factor of 2 compared to the vibration-isolated case for all time-scales. The points
above and below each Allan deviation curve show the 90% confidence interval for the
measurement.
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where e[n] = ¢[n] — ¢[n]. From Eq. (6), an update equation for the filter coefficients is con-
structed:

oeln?
T

i

The coefficient u, referred to as the step size, determines the convergence rate and stability
of the LMS agorithm. This algorithm performs a gradient search for the set of coefficients by
that minimize the phase prediction error. At each time step the filter coefficients are updated
via Eq. (7), and the current filter coefficients are used to calculate the next phase prediction (13
This prediction is compared to the measured phase ¢ to determine e[n] for for the next filter
coefficient update. With the appropriate choice of u, the set of h; ; quickly converges (~10 s)
to the values obtained using the Wiener filter.

To perform real-time noise cancellation the filter updating is turned off (u = 0), and the now
static set of filter coefficients is used in conjunction with the accel erometer measurements to
predict the laser phase excursions. The laser phase is corrected by subtracting the predicted
phase excursion via the AOM in Fig. 1. Figure 4 shows the performance of real-time noise
cancellation. Unlike the case of post-processed filtering, the real-time filtering shows some
residua phase noise in the 8 Hz-20 Hz spectral region. The residual noise can be attributed to
a combination of excess accelerometer noise that was present in the real-time measurements
and the fact that the FPGA update rate had substantial timing jitter. Nevertheless, this initial
implementation of real-time active vibration cancellation reduces the vibration sensitivity by
25 dB for the dominant ambient vibrations.

In future investigations it will be useful to carefully filter accelerometer signals and control
the timing jitter of the FPGA output signals improve the real-time noise cancellation. Also, a
study of the time-invariance of the cavity response will be required to determine how often the
filter coefficients should be updated to maintain optimal noise cancellation.

hﬂj“:hﬂj - = h{'; +2uenja(n— j). (7

5. Conclusion

We have measured the acceleration sensitivity of an optical cavity frequency reference with
a Wiener filter algorithm that requires only ambient noise as the driving source. Furthermore,
we have shown that the accelerometer measurements can be used for real-time cancellation of
vibration-induced noise by up to 25 dB. Together with more robust and environment-insensitive
cavity designs, the measurement and cancellation techniques presented here may allow cavity
stabilized lasers to act as ultra-stable frequency references for non-laboratory applications.
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