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In this paper we analvze the behavior of the fraquency shift caused by a spurious speciral
comporent in the microwave specim against variaton of the excitation microwave Seld
The theory of the shift cansed by the presence of spurs in the microwave spectnom was
investzated in depth over many vears, however for historical reasons the bebavier was
naver analyzed when muicrowave power is varied far sbove opnimum The theoretical
predictions are significantly different form the thenmal beam case.

Furthermore the pulsed operatien of 3 Fountam, with generally 2 well defined cycle time,
et SOme new consTaints on the size of carrier sidebands even when they are symumermic.

L INTRODUCTION

For the past several decades, promary
freguency standards were based on thermal atonuc
cesium beams. The thennal wvelociny dismibuton of
these beam standards in general did not allow operaton
ar high microwave power. High microwave power
however became widely used in laser cooled devices o
leverage the observation of varous frequency shifis
related o mdcrowsve excitation imperfections. In a
typical Cs fountain primary frequency standard a
sampla of cold atoms passes through the Famsey caviny
at @ spead of ~3 m's with a spread in the average
valpoity dus to the thenmal disorbution of only ~1 cm's.
Experiments where the Fabi frequency of the atoms in
the microwsve field is waried to many tmes the
optinnm (with palse areas ranging from 2, Ix2, 32,
. N2 with W = 13}, are commonly nsed to test for a
variery of nucrowave mduced anomalies and frequency
shifts. Specifically, fGequency shifis relaed 1o
micTovwave  specmmmi, microwsve  leakage  and
dismibuted cavity phase are generally imvestgated by
the use of this methed [1-3]. This rechnigque may offar
leverage in the detection and calibration of the above
mentioned shifis. However, as has been demonsirated
for both the case of microwave leakage and dismbuted
cavity phase shifis [§, 7], the behavior of the frequency
shift ar lugh power can be quite different from that
obtained with sn exmapelation performed sround the
optimnm powser and the presence of functons periodic
in the Rabi frequency, tend o domdnse the physical
behavior of the shift Thersfore these tasts must be
camied out with a zreat dezl of care znd rigorous
artznfion to the theoretcal predictions.

II. THEORETICAL REESTULTS

The effect of spurious components in the
specinun of the microwsave excitation has been analyzed
by many anthors [B-10]. A complete theory of the shifis
camsed by smele-sideband spurs in Cs beam primary
frequency standards can be found in [11] and is the
bazis for the analysis reported bera. From a theoretical
pomt of view the anzlysis of the shift in freguency
standards based on thermal beams or on laser cooled
fonntains 15 indistnguishable, with the exception that m
fonntain  frequency smndards integramon over the
velocity dismibution is net stictly necessary. Also, the
rztio of the Fabi o Famsey lengths (LL) 15 replaced by
the ratio of the respectve mwansit dmes (7T,) for the
varying velocity of the atoms during their ballisnc flight
m a Foumtam cycle. The anzlyfical derivation of the
shift camed out in [11] is quite complete and obtained
with only the approwimations that esch excitaton has
constant amopliiude apd that the spur power 15 mach
smaller than optimmom power or the camer power. We
recall here for the reader’s conventence the main resul
obtained for mono-velecity atoms in [11]:
hiza I—b'—':_,T + 1, cos| AT, )+ z, sl AT, || ]

x By

where sca 15 the frequency shuft, ris the interaction fdme
mside the nucrowave cavity (Fabi dme), T, is the free
flight dme (Famssy time), & and & are the Bl
frequencies of the spur and the carmer respectvely, J is
the demuming of the spur fequency from the camier, and
¥, £; and 7, are periodic fimctions of the excitation Fabi
frequency and are ziven by the following formmlae:
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It is evident from (2) that at those Babi frequencies
where byt equals Nx the shift zivem by Eg. (1),
diverges. This has no particular physical mesming since
at those pomts no pucrowave excitanon acours (the
wanstion probability 15 zemo). Further, even with the
very namow velocity dismibunon in 2 fountain, the Rabi
frequency iz not exactly the same for all the atoms.
However the shift behavior iz dominated by those
divergences and zlso m this case the precise satting of
the excitation power s exmemely imporiant to minimize
the frequancy shift.

Evwen if it is clear from (1) that the skift 15 proportionzl
1o the spur power (whean no other parameter varies with
the spur amplitude), this statement is essentially of no
practical wility, since as we will show, in almest all
practical casas the theory predicts a complesely different
behavior for vananon of the excitation power.

In the following sections of the paper, the anzlysis of
the frequency shift mduced by spurs will be divided in
rwo parts, first 2 spur within the Fabi pedestal A S br
znd second a spur cutside the Babi pedestal A > br .
In the followng figures and theoretical evaluations and
plots a Fabi mne of 10 ms and 2 Famsey time of 5 sis
assurnad if not stated differently m the text.

III. 5PUR. WITHIN THE EABI PEDESTAL

Within the Fabt pedestzl the freguency shif
associated with a spur of 2 given amplitude is a fast
varying function of the frequency denming from the
camer (figure 1). If the axcitation power iz proparly set,
this finction is smooth, and the shifi variation is
“proportonal” to 1/, while if the Fabi frequency of the
camer is not exzcily set, a fast oscillaton, whose
fregquency is egual to 1'T, appesrs.
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Figmma 1 — Freqoezcy shift gunemied by 2 spur whose ameplimde is 20
dBe, for exact sxcHation poanar (x'2 pulss) and for 10F <2 pudse

Ar higher excitaton power the finctonsl behavier
changes completely as can be seen in fisure 2. For
exampls, when the excitation power comesponds o
exactly a 3m'2 pulse, we find the behavior shown m
figura 2. If the spur power is kept constant, the modulus
of the shift decreases with respect wo the =2 case On
the other hand, if the rade berween the spur and carner
power is kept constapt, the shift can be arther larger or
stualler in modulus depending on the spur frequency. A
' 2-5n1 test (for exzmple) to enbhance the shifring effect
of 8 generic spurous compopent can therefore be
meaningless nnless it is careflly coordinsted with the
appropriate theary.
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Figmma 2 — 5hift cansed by 2 spur for excitafion pownr comesponding

to =2 and Ju2 pulss

In Fiz. 3, we show the predicton and
experimental data for the case of 2 single-sideband spur
which is kept at -20 dBc while the frequency of the spur
15 varied. The data in red miangles are for the case of
optimmm Fabi frequency so that the pulse area is w2
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while the data m blue circles are fiom measurements
whera the Fabi fraquency was such that the pulse area is
3m2. All of the experimental datz showm here wers
obtained with a Famsey mme of 0.565: and an effecave
Fabi tmme of 5.59 ms. The thecretical curves for these
condidons, as pradicted by Eq. 1, compars reasonably
well with the exzperimentsl data. We believe the
discrepapcies bemween the predicion and dsta ame
mastly dua to the pulsed operaton of the fountain in the
case of the o2 data while these effects alonz with small
mis-zdjustments of the Fabi frequency are probably
both apparent in the 3Imldara. The shape of the
excitation profile inherent in the theory is different fom
the experimentsl excitation profile which is most
evident af spur detuning larger than half the Fabi width
{~15 Hz).
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Figure 3 — Exparimental romlts obizined for 2 spor of anmplicsda -
MdEc for sxcittion poanr coresponding to o2 2zd 32 pulses.

We now znalyze the frequency shift with excifatdon
power in the neighborhood of optinnu excitatons, e,
whera the mansinon probability approaches wury. We
find that the wvalne of the frequency shift depends
sivpnely on both bow closely opimnm microwsve
power 15 obtained and on the details of the spur
frequency ralatve to the Flabi and Famsey times. In Fig.
4, the value of the frequency shift cansed by a spur 50
Hz from the carrier as well 25 one af 49 Hz, with a
power  -30 dBc is shown for the cases of opfimum
power, aptimum power £1% and optmam power 2 %
for the lowest ocowrences of unity wansidon
probability. It is difficult fo set the excitation power at
opfinmm berer than 8 faction of a percent in practce,
both becanse the xtom trajectory throngh the microwave
cavity as well a5 variztions in itz velocity affect the
opfinnmm microwave power. It is evident from the
siriking differences berween these two curves that the
behavior of the freqguency shuft is quite rich. The value
of the fequency shuft ar hizgh microwsve excifation
smplimdes 15 dooninsted by whether the microwsve
field is shghtly sbowe or balow optmmm amplitde in
the case of 2 50 Hz spur while a very small change in

the spur frequency causes the frequency shift to be
essentzlly umaffected by small wvanatgons o the
microwave field ampliide. The messured freguency
shift at a given mmldple of 2 may therefore be
determuned mastly by the fact that the microwave power
15 differsnt from oprimum power and or by the details of
the spur fraquency with respect fo the Fabt ome. Srall
changes in launch velocity can therefore change the
frequency shift associated with a spur in a relatively
large fashion. Given the apparent large senmsiovity to
these effecrs it seems quite difficult in practice fo nse
high power microwave tests alone to look for frequency
shifts cansed by spurs m the microwsave speciman.
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Figma 4 - Fraquency shiff calculated Sor 2 spor 22 50 Hr and 49 He,
for smcitetion powscs not precisaly set.

IV.5PUR OUTSIDE THE EAEI PEDESTAL

A different bebavior can be observed when the
spur lzys well oumside the Fabi pedestal. For spur
frequencies up to few humdred Hz, small oscillations are
still present, however the bebavior of the shift becomes
quickly monotonic for spur fequencies well outside the
Fabi pedestzl; the shifr decreases with respect to the
spur frequency as LA (fpure 5) In figwe 5 the
frequency of a spur, whose smplimde is -40dBc, is
vared from 200 Hz to 10 kHz.
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Figure 5 — Frequancy shift caloolesed for a spur owtside the Rabt
padertal

Amnalyzing the behavior of the spur with respect o the
excitation power, when the spur freguency iz well
cutside the Fabi eovelope, the behavier of the shift
changes dramatfically baczuse the v term in (1) becomes
dominant as the Famsey stmcture dimimishes. The
period of the singnlartes doubles with respect to the
previous case, occurming at b,r=2NT, and the behavior
shown in Fig. 4 changes to a sirong oscillation in the
frequency shift pattern “Bi-stzble” linear bebavior with
microwave amplinude (and not power) can be observad,
25 shown m fizure 6.
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If the Fabi fequency of the carmier is changed without
changing the spur amplimde, (this can be the case of an
experiment where the camier power is changed thronzh
the FF channel of a Mixer, while the Spur is originated
in the L channel), the magnimde of the shift decreases
with mcreasing excitation power (fizare 7).
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V.PULSED OPEEATION

Becauze most fountain frequency standsrds
operate in the pulsed regime, it iz wonbwhile tw
exarnins the consequences of pulsed operatton. If we
consider the time-domain pictare of the nucrowave fisld
a3 sean by the atoms it s geperically simular to thar
showm in Fig. & The microwave fisld is zero untl the
atom enters the Famsey caviry. If tums on smoothly o a
maximm and then fums off smoothly back to zeroe over
a time T (the Fabi time). The microwave field is then
zarg for a dme Ty (the Famsey time) at which poiut the
microwave field again turns up smoothly fo 8 maxinmom
and then back to zero. This pamern is then repeated for
each cycle of operation.

Suppose an  momwanted pure  fequency
moedulation st frequency @, is pressof on the carrier
The extranecus phase inreduced by this medulzton can
be wrinen as:

B -:a-s'::sn,:l (33

whete £ is the modalaton index {F= A7 f where 4F
15 the frequency deviaton produced by the frequency
medulaton). We assume that the atoms are centered m
the cavity on the way up atr t; and azzin on the way
dowa at fy=Ig+r+ 1 where =0 is taken as the lannch
fme. The change in phase between the two nieractions
due to the modulstoen is then grven by:

g = Olcosar — :us.:'.:n,:,] - .
—2Fsinals + 47, + Lr)sina LT, +17) 5

Associzted with this phase difference would be a
frequency shift of order Sp/T, . W fountam cycles later
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the phasa difference wonld be the same with o,
angmented by Mo,
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Fig. § - Axmplitads modulation of e microwave powar, 25 ss by the
atoans, durizg a fomntzn cycle

As long a5 @ T, is Dot an integer times = (or ao
infeger fimes & rationsl fracton of =), thus phase
difference and any acoompanying shift will average to
zero after mawy fountain cycles. But if for example, the
madulation frequency iz 50 Hz and the cycle fme is
exactly 1.020 s (51 cycles at 50 Hz), the same phase
difference will ocour dunng each fountain cycle and the
associated shifi will persist.

From a freguency point of wview the microwave
spectmum effectively has all the harmonic components
that are multples of LT, . If one of these specmal
components 13 coincident with 3 component of the
frequency modulzted specmuum, it will produce an
asymumamic sideband. Hence balanced sidebands present
in the synthesizer can cause frequency shifis, because
the pulsed operaton of the foumtam awtomancally
zenerates amplinide sidebands that may interfiere.

VI CONCLUSIONS

Given the exmemaly complex behavior of the
frequency shifis cansed by the presence of spurious
components o the microwsve excitafion specmum we
conchde that high-power microwave fests are not well
swited for the detaction of anomalies due to the presence
of spurtous component in the microwave specmun. And
these test when applied should be careflly anzlyzed by
comparison with appropriate theory. In gensral, no
leveragze can be expectad with experiments carmed out
at bigher excitanion power. The amplituds and sign of
the shift can wary widely, depending on the spur
frequency, the Fabi-padsstal width, the Famsey time
and whether the microwave power is slighily above or

below optimum It is therefore very difficnlt fo comect
for shifts related to speciral components. This difficaley
15 compounded by the pulsed operzion and possible
synchromicity berween the spur frequency and the
fonmtzin cycle tme. Thersfore, to guarantee a Ziven
level of accuracy in a fountzin frequency standard, we
st esmunate the maxinmu rane of acceptable spur
camier in the specmum, snd ensure that this ratio has
besn met with independent measuremsents. For example,
assnme that a fountain is operated with Ty =05 sand
= 0.01 s and mmst be accurate at fracmonal level of
1=107" lavel. A spur within the Rabi pedestal nmst be
reduced to almost -60 dBc. For a spur far off resonance
the consmaints are more relaxed since larger denming
allow higher spur powers. For example, a spur 50 kHz
from the camier can be -20 dBc and soll allow an
accaracy of 1107
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