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Abstract— Cavity resonators are often used in low phase noise
oscillators that utilize carrier suppression. These oscillators are
employed in systems that measure phase noise in frequencies as
high as 100 GHz. In order to achieve the maximum suppression
needed in these low noise designs, the cavity must be operated
at critical coupling. However, this large coupling level loads the
cavity, which signiﬁcantly lowers its quality factor and shifts
its resonant frequency. In this paper, we present a matching
technique that can be used to minimize these loading effects by
controlling the input impedance of the cavity and optimizing its
response at resonance, thus producing the maximum amount of
carrier suppression.
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Fig. 1. Simpliﬁed diagram of the cavity circuit with input matching. Z0 is
the system’s characteristic impedance.

I. I NTRODUCTION
Research conducted recently at the National Institute of
Standards and Technology (NIST) successfully employed an
air-dielectric cavity as part of a discriminator circuit in a
low phase noise oscillator design [1]. An integral part of
this circuit’s signal processing utilized the reﬂected signal of
the resonant cavity to accomplish carrier suppression of the
input signal to the cavity. Carrier suppression methods fulﬁll
an important role in systems designed to measure or control
the phase noise of signals [2]–[5]. When resonant cavities are
used in these schemes, they are generally required to operate
at critical coupling to achieve the desired performance. With
respect to the cavity design utilized in [1], we present in this
paper an alternative approach to achieving carrier suppression
by compensating for the effects of critical coupling with a
matching network at the input of the cavity. Based on a
simpliﬁed circuit model of the cavity’s resonant mode, we
identify an input reference plane that allows us to compute
the cavity’s input impedance and reﬂection coefﬁcient. From
this, the cavity’s response in both magnitude and phase can
be optimized (i.e., the input reﬂected signal at resonance
equals zero.) For demonstration purposes, data measured with
two different cavities operating at different frequencies and
resonant modes are presented with theoretically derived results
for comparison.
Concerning notation, phasors are indicated with overhead
carets and numbered equations are refered to with parentheses.
II. D ESCRIPTION OF THE S YSTEM D ESIGN
The basic design of the system analyzed in this paper
is shown in simpliﬁed form in Fig. 1. The wave-guiding
structure for this circuit is a 50 Ω coaxial transmission line,
assumed to be lossless. The resonant device is a two-port, airﬁlled cylindrical cavity, constructed of aluminum and plated
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internally with silver and polished. A coaxial T-junction is
connected to either the input or output port of the cavity, and
a variable phase shifter is connected to the third port of the
T-junction as shown in Fig. 1. Isolation and signal processing
at the cavity’s ports are provided by circulators and isolators.
Coupling to the cavity is provided by loops constructed from
the center conductors of the coaxial lines.
III. C IRCUIT M ODEL OF R ESONANT C AVITY M ODE
For time-harmonic signals excited within lossless coaxial
lines, we know from transmission line theory [6] that electromagnetic ﬁelds propagate in the TEM mode and generate
travelling wave voltages deﬁned by
V (z) = Vm+ e−jβz + Vm− ejβz ,
where the z axis is aligned with the coaxial center conductor as
the direction of propagation, and β is the propagation constant.
The line impedance is given by

1 + Γ(z)

Z(z)
= Z0
,

1 − Γ(z)
with Z0 as the characteristic impedance of the line (real for
 as the reﬂection coefﬁcient. Since these
lossless lines) and Γ
quantities depend on the axial variable z, we must designate a
ﬁxed reference plane in order to analyze the cavity’s resonant
mode. This allows the resonance to be described with an
equivalent circuit model, which combines a frequency domain
analysis with phasor quantities. In this paper, the reference
plane (located at z = zL in Fig. 2) corresponds to the cavity’s
input connector.
Equivalent circuit models have been used successfully by
many researchers to analyze the resonant modes of a microwave cavity and their coupled interactions with input and
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Fig. 2. Circuit diagram used to analyze the cavity mode with a parallel
resonant circuit. Xs represents the coupling loop inductance. The input
reference plane is located at z = zL , which represents the input connector to
the cavity.

output signals [7]–[10]. Recently, Kajfez [11] introduced an
improved model of a one-port cavity that includes the effects
of a coupling loop on the cavity’s input impedance. In the
design shown in Fig. 1, the output port coupling is very small
(i.e.,  1) so we can, without loss of generality, use Kajfez’s
one-port model to explain the performance of the two-port
cavity. Two-port models can be used to apply the techniques
developed in this paper for more extensive results [12]–[14].
The one-port model used in our analysis is shown in Fig. 2.
Two terminal nodes are used to distinguish the coaxial input
to the cavity (labeled as 1) and a parallel resonant circuit representing the cavity mode (labeled as 2.) The coupling loop is
modeled as a series inductive reactance Xs , assumed constant
over the bandwidth of the cavity’s frequency response (legitimate for high Q cavities.) The resonant circuit impedance is
shown with real part R0 and the cavity parameters Q0 and
f0 (unloaded Q and resonant frequency) are represented by
the parallel capacitor-inductor combination. From the circuit
model, the unloaded input impedance is given by

−1

f − f0


Zin (f)
= jXs + R0 1 + j2Q0
.
(1)
z=zL
f0
Equation (1) is an approximation to the input impedance that
could be measured by a network analyzer with a calibration
plane at zL . Also, this expression was derived under the
assumption that the frequency bandwidth ∆f  f0 , which
is generally true for high Q cavities.
In practice, the cavity must be connected to an external
circuit with characteristic impedance Z0 , as shown in Fig.
3. The combined loading effect of the loop reactance and
the external circuit on the cavity mode can be analyzed by
calculating the reﬂection coefﬁcient at node 2 in Fig. 3. This
reﬂection coefﬁcient is given by
⎡
⎤
2κ
1
in (f) = Γ
 d ⎣1 −

 ⎦ , (2)
Γ
·
1 + κ 1 + j2Q f−fL
L

f0

where the coupling coefﬁcient κ is deﬁned by
κ=

R0 /Z0
.
1 + (Xs /Z0 )2

2

R0

Fig. 3. Loaded circuit representing the resonant cavity when attached to an
external system with characteristic impedance Z0 . The reﬂection coefﬁcient

Γin is calculated at node 2.

 d , deﬁned as the detuned reﬂection coefﬁcient,
The constant Γ
in for frequencies far from the
is the asymptotic value of Γ
resonant frequency f0 , such that
 d = jXs − Z0 .
Γ
jXs + Z0

(4)

The loaded values for Q and resonant frequency are given by
Q0
QL =
1+κ


κXs
.
fL = f0 1 +
2Q0 Z0

(5)
(6)

IV. C ONDITIONS FOR O PTIMUM R ESPONSE
In order to produce the maximum amount of carrier suppression needed for low phase noise oscillators, the cavity must be
engineered to operate optimally at its unloaded resonant frequency. From the equations presented in the previous section
 in (f0 ) = 0.
using the circuit model in Fig. 3, this means that Γ
In the following discussion, we identify the factors that play
a role in achieving this result
In his analysis of an aperture-coupled cavity, Collin [15]
deﬁnes critical coupling as the matched condition at resonance
when the cavity’s input impedance equals the characteristic
impedance of the waveguide. This is actually a very general
deﬁnition of critical coupling, and the one we will use in the
following analysis, although our cavity design utilizes loop
coupling. Applying this deﬁnition to equation (1) means that
we require
Zin (f0 ) = Z0 .
(7)
We also have that
Zin (f0 ) = jXs + R0 .

(8)

Since Z0 is a real number based on the assumption of lossless
transmission lines, these results imply that in order to satisfy
the requirement in (7), two conditions must be met: R0 = Z0
and Xs → 0.
Applying these conditions to the cavity when loaded by an
external circuit, we have from (3)

(3)
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lim κ|R0 =Z0 = 1.

Xs →0

(9)

(Limits are used because the loop reactance Xs cannot physically be set equal to zero.) Equation (9) is the standard deﬁnition for critical coupling as derived from circuit models used
to analyze resonant cavity modes. For the loaded frequency
fL in (6),
lim fL |R0 =Z0 = f0 .
Xs →0

This result is signiﬁcant because it says that, to the extent
that we can minimize the effect of Xs , the resonant frequency
measured at the input port will closely approximate f0 .
Finally, if the two limiting processes described above are
 in from (2), then we have the important result
applied to Γ
that

 in (f0 )
lim Γ
=0
Xs →0

R0 =Z0

 d → −1 as Xs → 0.)
(since Γ
V. C RITICAL C OUPLING
The coupling factor κ is often used as a design speciﬁcation
when describing the required performance of a resonant cavity.
However, this algebraic quantity, derived from simple circuit
models, does not completely characterize the necessary design
limits needed for optimum performance. If an application requires the resonant structure to be operated at critical coupling,
then as we’ve seen in the previous section, it isn’t enough to
require that κ = 1. Speciﬁcally, it is possible to obtain a value
of κ = 1 under less-than-optimal coupling conditions. This can
be demonstrated by conducting numerical experiments using
the equations derived from the one-port circuit model. In Figs.
 in from Eq. (2) for different values
4 and 5, calculations of Γ
of Xs are shown. For each of these curves, the coupling factor
κ = 1; however, as Xs → 0, the null of the magnitude
in moves closer and closer to the unloaded
response of Γ
resonance at f0 = 10 GHz. On the Smith Chart plot in
Fig. 5, the impedance at resonance approaches Z0 . As will
be shown later, these effects are even more pronounced with
measurement data.
These numerical calculations based on the simple circuit
model reinforce the idea that the reactance of the coupling
loop needs to be minimized as much as possible to achieve
optimal performance. The problem is that the reactance is a
physical property of the loop, and can’t be directly changed
once it is built. However, by using parallel matching networks,
there is a way to reduce the loading of the loop’s reactance.
In the next section, we describe a two-step process that can be
used to achieve this result with almost any resonant structure.

Fig. 4. Magnitude data calculated from 
Γin with different values of Xs (i.e.,
Xs = Z0 , Xs = 0.5Z0, Xs = 0.001Z0). For all curves, κ = 1, f0 = 10
GHz, and Q0 = 45000.

Fig. 5. Smith Chart data calculated from 
Γin with different values of Xs
(i.e., Xs = Z0 , Xs = 0.5Z0 , Xs = 0.001Z0). For all curves, κ = 1,
f0 = 10 GHz, and Q0 = 45000. The unloaded resonant frequency f0 is
indicated with ◦.

l

VI. I MPEDANCE C ONTROL T HROUGH M ATCHING
N ETWORKS
The results of the previous sections demonstrate that in
order to achieve optimum performance of the cavity’s response
at resonance, two things must happen to Zin : R0 → Z0 and
Xs → 0. The practical steps needed to accomplish these goals
are very similar to those required in the impedance matching
problems encountered in antenna design [6], [16]. As shown
in Fig. 6, an impedance matching network composed of a

Z(z)

ZA
d

Fig. 6. Circuit schematic of the matching network for a transmission line
 connected to an antenna with load impedance ZA .
with line impedance Z(z)
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Fig. 8. Simpliﬁed diagram of cavity circuit with output matching. Z0 is the
system’s characteristic impedance.

coupling loop
Fig. 7. Coupling loop matching in a resonant cavity analogous to the antenna
matching conﬁguration in Fig. 6 (loop depth d is exaggerated for clarity.)

A is
shorted stub in parallel with an antenna load impedance Z
used to match the antenna to the transmission line. By locating
the matching stub at the correct distance d, the real part of the
input impedance is matched to the characteristic impedance of
the transmission line. Adjustment of the stub length l so that
its parallel admittance cancels the admittance of the antenna
load completes the process, presenting a matched impedance
to the transmission line at the reference plane.
The algorithm we employ in our matching scheme for
critically coupled cavities is analogous to the antenna matching
problem. As shown in Fig. 7, the depth of the coupling loop
into the cavity is adjusted so that, close to f0 , the real part
of the input impedance at the measurement reference plane is
approximately Z0 and the imaginary part is very small. The
coaxial T-junction (shown in Figs. 1 and 8) allows connection
of a tuning device in parallel to the cavity so that it plays a
role similar to the shorted stub in impedance matching for an
antenna. Speciﬁcally, the tuning device’s susceptance must be
of the opposite sign as the loop susceptance in order to cancel
out its effect. Our design uses an electronic phase shifter as
the tuning device, which as an added beneﬁt, allows for servo
control of the cavity response in order to optimally maintain
 in (f0 ).
the minimum value of Γ
VII. I NPUT AND O UTPUT M ATCHING D ESIGNS
There are two basic approaches to implementing the
impedance matching methods previously discussed. The ﬁrst
design conﬁgures the matching network at the input port of the
cavity, as shown in Fig. 1. Since the input port is set at critical
coupling, this approach offers the advantage of greater control
of input impedance through variations of the phase shifter.
However, for input signals of relatively high power, electronic
phase shifters cannot generally be used and so it is preferable
to use an alternative design, as shown in Fig. 8. The phase
shifter is located at the output port, which allows input signals
of higher power to be used, but requires greater coupling
values in order to effectively control the input impedance of
the cavity. The phase shifter can be terminated with different
loads for different effects, but in practice, we terminate with
either a short or an open.

Fig. 9. Measured data of |S11 | at 10 GHz for different values of the variable
phase shifter shown in Fig. 8.

VIII. M EASUREMENT DATA
Two cavities of different designs were measured in order
to demonstrate the ideas presented in the previous sections.
As stated initially, both cavities are constructed of aluminum
and plated internally with silver. (Note: the resonant frequency
of each cavity was engineered to be slightly high in order to
allow for temperature tuning with a servo-controlled heater.)
Using the output matching scheme shown in Fig. 8, a 10 GHz
cavity operating in the T E023 mode produced the data shown
in Figs. 9 - 11. The three curves in each ﬁgure were produced
by varying the phase shifter connected to the output port until
the measured impedance at the input reference plane was equal
to Z0 at f0 . This can be seen on the Smith Chart of Fig. 11
where the lower curve intersects the center point (normalized
Z0 ) at f0 . The magnitude plot in Fig. 9 reveals a deep null
at this matched condition, approaching the asymptotic value
 in = 0 (or −∞ in dB). In Fig. 10, we see the dramatic
of Γ
improvement in the phase response of the cavity when the
matched condition is achieved. This is also indicative of the
discriminator curve obtainable with this matching technique.
A cavity operating at 40 GHz using the T E015 mode was
measured using the input matching conﬁguration shown in Fig.
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Fig. 12.

Measured data of |S11 | using a 40 GHz cavity.

Fig. 13.

Measured phase of S11 using a 40 GHz cavity.

Fig. 10. Measured phase of S11 at 10 GHz for different values of the variable
phase shifter shown in Fig. 8.

Fig. 11. Measured Q circle data of the input impedance of the 10 GHz
cavity, plotted on the Smith Chart to demonstrate the tuning effect of the
variable phase shifter. The resonant frequency fL is indicated by ◦.

1. Data at 40 GHz for this cavity’s response are plotted in
Figs. 12 and 13, clearly demonstrating that these results are
obtainable at higher frequencies.
IX. C ONCLUSION
We have described an impedance matching technique for
resonant cavities that allows the cavity’s input impedance
to be controlled with a variable phase shifter. This leads
to an optimization of the cavity’s response at the resonant
frequency, in essence nulling out the effect of the coupling
loop’s reactance with respect to the input reference plane.
We have used a simple circuit model of the cavity’s resonant

mode to explain how this procedure works, following closely
a similar approach used in impedance matching methods with
antennas. These results are general in nature, and could be
applied to almost any other resonant structure (e.g., dielectric
resonators on planar circuits, waveguide-coupled cavities, etc.)
And ﬁnally, we presented measured datum using cavities
operating at 10 GHz and 40 GHz that conﬁrm the concepts developed with the circuit model and realized with the matching
network.
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