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THEORY OF RESONANCE FREQUENCY SHIFT
DUE TO THE RADIATION FIELD

by

M. Mizushima
Department of Physics
University of Colorado

Boulder, Colorado

ABSTRACT

A new formalism is developed to calculate radiative transition
procesaes, and applied to calculate the shift of resonance frequency
due to the radiation field itself. The zeroth approximation gives the
Bohr resonance condition, but a shift proportional to the photon den-
sity is obtained in the next approximation.

The first order shift is made of two terms: electric and mag-
netic. Both of them can be interpreted as the second order Stark ef-
fect and Zeeman effect due to the oscillating field respectively.

A comparison with experimental data on Cs is made. A good
agreement is obtained by choosing the value of parameters suitably.
These values of parameters can be checked by a future experiment.
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‘in the non-relativistic approximation. In this formla € "1 s, and P
, ’

HAMILTONIAN

The Hamiltonlan of owr system is made of three parts, namely, that
of the radiation field, that of an atom in a vacuum, and the interaction
between them. The eigen value of the radiation field is well known to be
Zk X @, N, vhers o is the froquenéy and n_ is the qu-ntum mmber of
the k-th photon. The eigen value for the atom in vacuum is actually very
difficult to calculate, but can be measwecd by spectroscopic experiments.
The interaction between the radiation field =»nd the atom is

b wh (B
Hm"ifg;:-) Fyod - (5-;-1)‘.}21? o,/ £ )3, Vx1) ()

i
are the change, mass spin, and momentum of the i-th particle of the atom,

and A is the vector potentiel at the position of the i-th particle.
Thus we write

H-and.-on..+nm. (2)

This expression seems simple, but actuslly needs a long comment of
renormalization of charge and msl. By H‘. we mean the Hamiltonian of
the atom with renormalizad 'quarxbitiea. In tnds case some rarts of the
interaction Hamiltonian is slready included in the other pert.

The atom is in a :cavity which provides the boundary conditicns for
the field variable A. Since H__, 1s quadratic m'i, one can alvays find

normal cocrdinates to satisfy such boundary condit ion and exyress Hra a

as the sum of components due to each normal moordinate without interaction
between them. “lthough eome of these narmal vibrations have a wave length

comparable to the atomic dimension, only normal vibrations with longer.

Y
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wave length are excited in our case. ile thus consider only normel vibra-
ticn with a wave length very much larger that the atomic dimension. In
. -y
that case we can expand 4 in (1)and take the first few terms only. Thus
‘., z - - .2 s 2
Hot. (e/'A) Ped . ~3zet/2p) AQ

-2(e/2p )(L +5) . @, =) (3)
where P is the total linear momentum of electrons, A is the amplitude
of the WX =th norm-1 coordin~te, Z is the total number of electrons in this
atom, -i and S are total orbital and spin mguler momenta, respectively,
and K is the propagation vector of the X =th normal coordinate, The normel
coordinate is not necessarily a plane wave, but inside thé atomic vol-
ume it can be approximated ns a place wave. The propogaticn vector.f
should be interpreted in such an approximation.

‘ It is convenient ©© take a represemtation in‘which nrad. amd H.-. are
both diagonal. Neglecting the zero-point vibration of the field the di-
agonal terms of owr Hamiltonians in ‘sﬁch ‘a remresentation are

(n a‘rad‘n a) =n )ﬁo
(n, 2 “Ha.l nea) W, (L)
In ttis formula n, is the quantum mrber of the g~th mode, snd W, is the
energy of the atom in its a-=th state.
Using the matrix element i'ormnla.

(n [Am('n ") = (n 1l ¢ |ng) =[lngs2)m, € 7] V2 o
we have, for non-diagonal matrix elements,
(my o | By 18, #1 D) = 4e/2 )@z )-(a[L ¢ Blp)
/2 (6)
X (ng +1)/20, € 7] G
(n,a By, | md o) =44, (alEH, (o) |
x[¥ (n, +1)/2m,éov]1/2 G\ (7)
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(n n)\*h’Hint l n,+lny a) = -(Ze’/zf\)(h'/Z ¢ V) G G

Rn *1)(“).‘1)/“’\\“’;‘ (8)

where
- (Wa - Wc) /K ' (9)
-ﬁe - g 2 ?1 (10)

G and g' are electric and magnetic ﬁeld amplitude,
and @ is the umt vector parallel to A 0! & the polarization vector.

Atomic state ¢ is different from a and b but 2 and b can be the same,
Note that A? term has diaponzl matrix elements, as well as non-diagonal

matrix elemermts (8).

EIGEN VALUES AND TRANSITICN PRCBABILITY

It is very difficult to obtain eipen velues of the Hamiltcnian
matrix we obtained above, but sporoximete results can be obtained by
using the perturbation method. Ve are particularly interested in a

derenerate case where

Ont g = 28 /X (1)
is very smll compared to « itself., In such a2 case we take
§ In a)+N ln+1p) (12)

as the zeroth apraximation for the eiren function. In this formila S
" and N are the mmerical coefficients and n 18 the quantum munber for the
W ~th mode, or n is the atreviation for our previous n , Solving 2 x 2
sub metrix formed by |n a) and [n + 1 b) states given by (L) and (6) we
have

E % (n*1/2) o+ 2/2 (W, + W)

' 13
:[A‘ ¢ | (n alﬁm.l n+l p)l‘Jm ( ),

where (n alB,, 10+ 1 B) can be either (6) o (7). We obtain

n,o,p,*
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$¢ = (n G'Hint;.‘ n+1lp) /X'Y:ﬁ (1b)

UYL N SIER E N 1)
where
X= ['A‘ + |n °'Hint.‘n + 1)l a]l/h (16)
Y, =[x % /2 (a7)
From (6) and (7) we see 5+ and % _ ae both pure imaginary.
If we sét the above two approximate eipen functions as

4'* -3* Ina)+ M, [n+1p) (18)
$_ '5-'““)* X. In+1p) (19)

we See
In a) '§+ (P* ”(-rv- (20)
ln+2p) =1, b, - §, . (21)

Sinfe the wave function which is ‘n ag)at t = 01is

‘5 ’H’* exp (1B t/f ) +}, q)_ exp (-1E_t/K) (22)
the probability of finding state |n + 1) at time t starting from state
[na)att =0is |

S (nadWn+ 18, t)

-{HY\.‘Pt- Yrém[§, b, a Cmpem AR
etp (4E_t/) Jav |®
=Ml N, & (AEA0) = §# N exp (42 tA) |*

- 2]\’]3 lf““. [1 - cos (X* t/X)] (23)
«2](na lﬂm., nelp) [ [I - cos (21'1'./}[) ] /th

e D et Sl s G P bt A R T S R G AI
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Since
. 1
~= lim l=-cosxt _ :
T teoce —-;t—— 8(3) . (24)
¢ we see v
) 1m S (no—en + 1p,t) = | |
t-»ec oo
. = () | a (5, | nap)® S(2x2/) ¢ (25)
If we put (16) in we have
ST S(2/M) = 8w wﬂa) (26)
The (n a {H, . | n+ 1p) part of 4 will produce the natural line width if
not nerlected. Since we are not interested in the maturcl line width now
we Just meglected the matrix element of H, . in (26).
( Equation (25) gives the familiar trensition probability formula and

(26) gives the Bahr's expression of the resonsnce frequency
w - waﬂ | (27)

F{ECUENCY SHIFT

The conventional results obt~ined in the previous section c-n be
improved by taking higher order approximation to cur eigen value over (13).
the ordinary second order perturbation method can be used for »thatb
* prurpose. According to (6), (7),..and (8) owr state

gfm'a) + )(In*l n'g) (28)
interacts with the states listed in Table I. Calculating matrix elements

we have
' B a,p,e " DK+ (m1/2) Kr1/2 (W ) ¢ X
i < e
. nzgn'{lfzi et ol )P e p? [atan,, tagy )7+

W,m'



-6 -

+(m1) (e, M’Bb’) J l&,

2 (zef2 ! Y(K/2¢ Je)(2n+1)

Pl 1ol wep (02 ey 4o wogy )L o
AR ooy *eg s LY @2 002€ va><zm3)§

HS \ ](a‘Dla)‘a +hl \ ‘(alD\piﬂ (%aéov).l

G R NV T ey
+[n+2 [\{ 1 lialnlp)]2 (et ¢ 7)1 ,
(8L N E - 18, arcpintey « SEI AL B
alD‘p)] n(n - )‘1'/2 ' ‘- T
-& FRIPRE yplola) + ( Y1l l;,h )a|D(p) (me2)
(mnl/"‘} G2y W () F2 (€ v)"3/2 |
-{[: z (glpfa) + § 7( (a\Dlp)] n(ml)l/z
*qg : & "WC& % (g/ple) - g :; n,(alnlp)] (m_2)»(n+3)1/2 }
(zea/z,,)xl/z (20)™572 (¢ v73/2
-[s.r -3 (9 m

}(n'rz)(nr*l)l/2 (n+3):l‘/2 -n(n -1)1/2}_] x
x (Ze’/zr ) (Mm’é' ™)

If ' (ze-/z’,' )3()f/2nw€-’v') [(ml) n! (w%'mpa).l
+n(n'+1)(3e0=20! +ay )»1]

oIy (2e%/2p /2ot €3) [(202) (30 vt )
+ (1) (n'*1) (0 =2 ot = wpa)-lj (29)
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where _
D= 1(e/2,()[-('5 xK)-(T + B) 6, + 28, ¥H -BH E ) )r'lc.}
| (30)

Accarding to the discussion in the previous section En,a,b,* - En,a,b,-

gives the rescnance frequency. In calculating this quahtity from (29)
the following formula is useful,

oo -[ilr - =R R
We see i‘rom (29) and (31) -
E - 2x? - 201 (8/52) (32)

ny@y Byt Bﬂa“:ﬁo'
where ‘ ’
n‘- - z i a G '1

= Tl @en™ [nms,
0% 400!

)y 1.

v gy
* (1) (g, wug, ) ]

+ Tkl (20 € D™ [(m2)(0 + 0y + gy )™
(2)(=30 + gy oy ) e (28720 )K€ Jo) §

+H(C(Dl¢)|3 ;.|(B‘D\p)la . ',(alDl B)“] (as? Eov)'l

- {(dnlp)[® [(n+2)(m#1)2/2 = n(n-1)/2]x"2(2e /8y Ji2
X (%)'5/2 | (eov')"?/Z ) }‘

- (2*2p)* (K22 V)
-(zé’/z,; )i (Mm'é:va) r_(n*l) n' (o +2t + -”pa)-;l

¢ n(n'+1)(30 =2 th.l - (n¢*2) n' (=30 ¢ ' = Gbpa)-l
- (1)) = 20" =g ) "] (33)
Since from (32)
Bn,a,ﬁ,*-- Ens“:p:" -2 (xh -SL8) X2

a2+ R (3L)
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if{(na ’ Hint.‘ml B) and 0P are both negligible. The resonance condition
is thus |
o= ag+ SN ¢
that meana-Q /¥ is the first order correction to the resonance frequency.
Since n and n' are large nurbers we can neglect 1 or 2 compared to
them. We see in (33) that S contains terms with different powers in n

snd n', Neglecting small terms we can write

St e nf-Shaloli)® (2 €9 [(30 ¢ g+ ogy )
+ 20O (20 €0 (@ v0gy+ 0gy - Fel-Jurug y N)‘lﬁ

o - el e 0 [um,, wogy ) ¢ (ot oog )]

+ (=wtw !'"Bl) 1]

ay
Skelo\ 0] (20" €9 [ores, g Fet30t0, w0, 2}
vt (22 0 W/ 1) [u-a»--u )1- (-2t L]
(35)

Oper~tor D can be either electric dipole term given in (7) ar magnetic di-
pole riven in (6). ‘Hatrix elements of the electric dipole term is about
106 times those of the magnetic dipole term. The selection rule, however,
is such that the n@eﬁe di_.pole canv combine almost degenerate states, but
that is impossible far the electric dipole. The dencminators in (35) thus
can make the magnetic dipole term as important as the electric dipole term.
First examine the electric dipole term (7). Using (27) we see that

the part off)due to the electric dipole and proportional to n is
0, = o2 (s € §- Fhel 33,01 ey Mooy y )2 (g )72
«Zle 3%, ) ayy [amsgy 17 + (o 121
= o0 6} G €M {- 5 613, |91° lomy ) Pe e, 1)
| 37, 012 (v )+ (morag 72 1
= (g /i€) [, (@) + oy (@) ] (36)



where the dispersicn relationl is used by acding zero term

+ (ze® G2/2 'a)(){/ € Vo) (n=n) (37)

to the first expression. In the last expression of (36) we defined the
electric fheld energy density '

pe-n)wa:/v ' (38)
and the polarigability of the atom a e and a°p in the initial and the

final states, respectively. DNote that for a standing wave G? and p
depend on the position., ®ince the energy density is

pe = € EM2 (39)
where & 1s the average electric field intensity of the radiation field
at the position where the atom is, we see the dipocle term (36) is

Lo ® a,5lw) E3/2 = oy (W)E/2 (ko)

or the resonance frequency shift is given by the difference of the average
Stark shift of the initial =nd the final stete due to the radiation field
itself, : ’

The shift due to the mammetic dipole term is

2, =00y (e fo")-]{g(“ \@ x?)'ﬁml ”PEWGU')-I * (owy ]
- e -1 =1
e | @ xF O Loy )™ ¢ (g ) 1
2t (2l Fhefs e DH P Ly + (e 1]
- b, - -] -1
Tolk# D3, |l Lermg 2 + oy ) ¥ w
vhere - | ' > a
M =(e 24)L+B) (L2)
ar the magnetic dipole moment, 2nd B is the averaige magnetic flux density

of the radiation field itself, Formila (k1) can again be interpreted in
torms of the ordinary second order Zeeman effect. '

APPLICATION TO Cs 9 kMo LINE

The ground state of the Cs atom 15 75, , and the miclear spin of 7/2
split it into F=l and 3 states., F=l state is higher in energy than F=3



-10-

state by about 9 klic. Beehler, Snider and l-‘lOt:.k.'.l.el:'2

observed the thange
of the resonance frequency cue to the field intensity. In his experiment
atcmic degeneracy is removed by the static magnetic field B, 80 that our
theory is app]icablé. The transition F = Les3 is the magnetic dipole
transition.

There are two cases, namely, if the mapnetic component of the micro-
wave is parallel or perpendicular to the externel stotic mafnetic' field,
Ihey are called o and ¥ cases, respecf.ively. Tye selection rule for the
magnetic dipole transition 1s

AM = 0 for o case

AM = + 1 for ¥ case (L2)

Let us consider the alectric'divole‘shirt first. Since' the micro=-
wave frequency is very low the polarizability to be used in formula (LO)
is 2lmost equal to that with a static field.

In Beehler, Snider, rnd Hockler's experiment the electric component
of the microwave is Qlways perpendicular to the static magnetic field.
Haun and Zachar:l.a83 observaed the Stark effect of (F=3, M=0)&>» (F=l, M=0)
transition presumably in the s-me situation »nd obtained

AE/h = =2,9 x 1072 g2 cpe - | (43)

where & is the electric field in volts/m. We thus expect for M =0#0 transition

N (ows0)h = 2922072 p /€ cps

i =33x10p, s (W)
vhere Py is the electric ensrgy density of the microwave field in joul/x’.

The theory of the Stark effect (43) is proposed by the present
aubhcrh. According to that theory we expect the energy of both F=3 and
Fal; states to change as (AB_ + AE.M*)Z® with different constants due
to the external electric field. Thus the electric ahii‘t. of the = tran-
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sitions is expected to be given by
0, (eou)/h = (3.3 x 20° + Dif Yo, cps (L5)
and that of the o-transition must be

1, (Fe3, ME>Fely, W1)/h = (3.3 x 107 +Co2CH +DIf)p_ cps  (L6)

where G and D are constants.
As for the marnetic divole shift we see that it is negﬂ.zgible in the

o transitions, sinc: in the experiment such a transition is induced with
microwaves whose B component is completely parallel to the external
static magnetic field. ,

D (e M) =0 | (u7)

In the w=type transition, on £he other hand, we have the selection :
rule &AM = + 1, which makes the mgnetic dipole term imncrtant in the
frequency shift £2. If the microwave is line: .rly polarized, a2s in the
mresent cases, the transition (F=3 M )€» (F=L, M +1), for example, is
perturbed by (F=3, M )€» (F=L, M =1) very strongly since '-w*ma" is
equal to the separaticn of (F=l, I +1) level ard (F=L, M =1) level which
is very small compared to w. Cther transiticns (F=3, M J¢=>(F=3, M +1),
(F=b, M +1)¥(F=L, M ), and (F=4,M+1)63(F=h,Ms2) also contribute todl to

some, but to a much smaller extent. If the static magnetic field is Bo

the additional energy of Fs4 and 3 states is | ==.:':_
— [}

B, (e)(//‘-) M8  for F=3  (LB)  Fay ':"-.z

B (e)(/,() M/8 for Fs); (h9).

o

First consider (P=3,M)<—> (P=h,M+1)
transition. The frequency of this
transition is

@,#B,(eH/By)(2441) in.the zeroth - {
approximation.

e

The Shift due to (F=3,M) € (F=},M-1) .
: Fig. 1. Transitions
is, from (L1) Perturbing gn (F=3,Mce0)

~ (Fe=li, M ==1) Frequency.
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(6,2 n o p /2567 )(L-4) (5-1) (eW/p)* [(4 2 /Boe') - (%o)-lj (50)
while that due to (F=3, Mt2)M3(F=L, M+l) is

-(eh o p/osen () (H/ pu Uy e (b po )]

-]l . (51)
Neglecting (2@0) terms we have

Q2 /o= 60 Ko p(eH/6L ¥ 18 ) [Tkmb) (5= = (2-4)(3-1)]

= 1100 (p_/ B )(7-24) cpe (52)
where P is the magnetic field emergy density, and P, and Bo are in the
mks undt.

The same consideration gives the following form la for the msgnetic
shift of (F=3, M)&=p (F=l, M-1) transition,
L2 /n = 1100 (p/B ) (7+2%) (53)

COMPAIISCN ..ITH EXPT)L.IIENT

In Beehler, ASn:I.der s and lockler's experiment input power was measured,
but the energy densities p o and P in the cavity were not., We be;l.ieve,
however, that the input power is propertional to p, and p . Since the
cavity has Q of about 5000, we estimete that input power of 1 mw cor-
responds to p of about 10~ joules/x®. This estimation. however, can be
wrong by a fretor of 100,

Transitions so far observed are listed in Table II. S:nce they did
not observe any shift in Me04»0 transition it means -1.6l x 10°, Pg P8 13"
negligible in the observed range of input power up to about 10 mw,

lhearetical curves are compared with experiment-l data with the
following choice of parameters

Dpe/inp. ®» 41,9 cps/mw v (L)

ch/inp. . =3,2 " | (55)

/]
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L x 10° Pm/ inp = L.7 cps/ms (56)
where inp. is the imnput power in mi. Equation (56) shows that

Py =12 % 10~ joules/m (51
at 1 mw input, while from M=0 «>0 transition we see

Py < 107 joules/m> (58)
at 1 mw input. These values arevreasénable. A recsonable agreement is
shown in the medium power range #xcept in one case, In the lowest power
region the experiment~l inaccuracy is supposed to be large. In the higher
input region the experimemt shows larpe deviation from linear behavior.,
The reason is not known yet.

A complete disagreement is seen in F=l, He-2 €=) Fx=3, M= -3 case.
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For example, A, I. Akhiezer and V, B, Berestetsky, "Quantum
Electrodynamics, AEC=tr.-2876, p. 360 |

Beehler, Spider, and Myckler, private commnication
R. D. Hﬂun’ Jro and Jo Ro Zachariaﬂ, Ph&s. Rcvo -1;01’ 10, (1957).

M, Mizushima, to be published.
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STATES INTITACTIIG WITH
Sinn o)+ |n* 1 n'p)

ENEFGY DITTERTHCE

JATRIL DIZIEETS CIVE:l BY

STATES
|n=-1¥) (W/2) Garogy vmgy) %o by | m-29)
Iny ) (K/2) vy y *0g y ) q'(mlplﬂim.‘n ro)
In+2¥) (g vogy ) 58 [Bygy | B 2P
In+2Y) (W/2) (=3 *oopy) N "(me2pfHy |\ n*2 )
| | | §° (nafH,, |n-18)
- § ln-z;:) +\ \n-lp) | §(3(na Hint.‘ n=2a )
o .Na(mlplam_\n-lp )
o 2"“ Ay ol |20
N )n-20)= |§'n—1ﬂ) +§ "M (na lﬂm.\ n-2a)
-\ [bker2s|sy | m28)
b" (na IH ’ n=la)
20) + Nn . int
§)n-1) « | np) iy |59
o | K
s‘ \(m‘ﬂm.‘ n - la)
T' [n=1a) = ‘S'nﬁ) o 'sl,‘ .(ﬂ'lﬂ‘“ml 28)
151 o 20209
5‘3’1") ,l |m23) + N - (mlp‘niub .‘ n..zp)
| *e § "N (nalt, , |o+20)
A1) - [{fze) R0 2l | m2)
| W (2p hm | m#20)
5\::»2«) + \\nda) -2k JQb(na‘Hmol_mZa)
. e\ (2els, , | 5+38)

CONTINUZD
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T.BIE I. COWIIIUED

STATES ENEEGY DIFSE.ENCE  FATRIX ELELENTS GIVEN BY
L] *(w1plH, , | m+20)
Npe2a) = [Sfe3p) <2  +8" N(nal,, | oe20)
| IR MCETERE PR
$janta) + Yae1n'p) . - =(2e*/2 pIH2 eovm)[mﬂ(zmi)
o - +[[2(2m3)]
~unn'c:) - N ml n'g) -(Ze’/ZF.)(){/Z GOVw)

0§ n (zm1) -8 C23)]
ln#1 nt-20) ()f/z)(-w-am'maa) 5'(nn'alnim.| n+l n'=la)
Ja=1 n'+1a) (K/Z)(M'mpa) 4 (nn'alﬂm.l n-1 n'+la)

RECE T (K/2)(-3or 2w, ) Y (on2 n'glH, .| o*2 n'-1p)

Innp) (W2)(eutowg ) Y (2 n'ppm.ln nt+1 g)
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TA i‘.IE II

THEORETICAL SHIFTS IN cps. (p, #nd B_ are in Kis unit)

FAGNETIC

M(F=3) M(Fal) ELECTZIC

o o -3.3x10° p, 0

a 9« (=3.3 x 10°D) p, 0

*2 *2 (=3.3 x 10°+LD) Pe 0

43 +3 (=3.3 x 20°+9D) p, 0

#3 42 (=33 x20-50+D) p,  + L.L3x 20° (o /B,)

9

2 1 (33x2000P) By 43,21 x 20k (p /)
a0 (332100 p, ¢ 0.99 x 10° (p/B,)
0 a1 (-3.3x10%c) Pe + 0,77 x 20" ‘(pio )
a1 2 (33«x 1oz0ac+n) Po 4 0,55 x 104 (e /B,)
2 #3 (-3.3x20+54D)p, ¢ 0,33 x 20" (p/B,)
#3 #h (=3.3 x2047C9D) p,

+0.11 x 0% lo,/B,)
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TBLE III.
THFRCRETICAT. RESUIT WITH PARAMETELS GIVEN BY (5L), (55), and (56)

N(F=3) M(F=l) B,  frequency shift/ input over(cps/ma)

0 0 - (£1/50 )

1 1 - +1.9

0 1 2.5 x 1670 + 1.5

1 0 2.5x107 = 1.0

0 1 0.95 x 10~ * 8,5
-2 -3 | 071 x 1070 - 14

3 L 0.73x 2070 - 3.0
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