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1. Introduction 

The technology o frequency control  and frequency s-andards 

has  made  possible  the real izat ion of osc i l la tors  having r m s  frequency 

deviations of one p a r t  i n  10 

that a clock cons t ruc ted  f r o m  such  a n  osci l la tor  could be  expected to 

gain o r  l o se  not much m o r e  than a second in  10  

y e a r s  of running t i m e .  

osc i l la tor  stabil i ty and clock accu racy  led  to some interest ing results. 

Var ious  assumpt ions  w e r e  made regard ing  the spec t r a l  densi ty  of the 

phase  and frequency var iance  of an  osci l la tor  and the corresponding 

fo rmulas  fo r  the rms time e r r o r  of a clock constructed f r o m  the 

osci l la tor  having the a s sumed  statistical p rope r t i e s  w e r e  obtained. 

10 . In popular exposition one often h e a r s  

10  

Attempts  to find the exact relat ionship between 

seconds o r  300 

2 .  Theory  Relating rms Time E r r o r  of a Clock 
to  the Stat is t ical  P r o p e r t i e s  of the Osci l la tor  

The  de ta i l s  of clock construction v a r y  considerably f r o m  one 

type of clock to  another ,  but modern  clocks in  cont ras t  to  the hour 

g l a s s  o r  water  c locks all have a periodic e lement ,  o r  osc i l la tor ,  which 

m a y  be mechanical  o r  e lec t r ica l .  In addition clocks contain an  inte-  

g r z t i n g  sys tem o r  counter  which displays a number proportional to  the 

17~ i ; lhc r  of osci l la t ions o r  the phase of the osc i l la tor .  

iliilc ~ r d i c a t e d  by a clock i s  proportional to  the elapsed phase shown by 

the  >Lr-tegrating device,  the constant of proportionali ty depending on the 

uni t  o f  t ime ,  the frequency,  and the unit of phase,  i .  e . ,  complete osc i l -  

l d t io?S ,  o r  r ad ians .  Thus  

The elapsed 

- 

T = a +  



where T is the elapsed t ime indicated by the clock, 

4 is  the elapsed phase i n  radians,  

and a is  the constant of proportionality. 

. The concept of an rms deviation of t ime indicated by a clock 

can be investigated by considering an ensemble of identical  clocks 

each  of which cons is t s  of an osci l la tor  and a counter that shows the 

number of complete cycles executed by the osci l la tor .  The  clocks 

a r e  se t  a t  the s a m e  instant which can be r e f e r r e d  to as t = 0. At 

t = 0 all the counters  r ead  ze ro .  A s  a resu l t  of fluctuations, o r  

noise, the instantaneous frequencies of the osci l la tors  in  the ensemble 

do not ag ree  at any instant t ;  but because all the osci l la tors  do have 

the same construction, the a.verage frequencies  approach a common 

limit w as the averaging t ime  inc reases .  The rec iproca l  of this  

common limit is the a of equation 1. At t ime t the instantaneous 

frequency of the i- th oscil lator of the ensemble i s  w -F h ! (  t \. the 

shows N ’ = -Eut  1 t +”. ( t )  - 4 .(O)]+ X where IXISl and the 
j 2sr J J 

t ime T , ( t )  indicated by the j - t h  clock a t  t ime t is 
J 

u t  t +: ( t )  - + :  ( 0 )  a[ f 2 1~x1. Here  + and +‘ the derivative of 

+ a r e  the random variables  and the se t  + ,  ( t )  constitute a s ta t ionary 

random process .  The counting e r r o r  represented  by X w i l l  be 
J 

neglected i n  o r d e r  to study the rms deviation of indicated t ime that 

’ resu l t s  solely f r o m  the random process  + , ( t ) .  F o r  the j - th clock - J 
the indicated t ime T . deviates f r o m  t ime t by an amount 

J 



4 

2 2 2 
(Tj - t )  = a * + j  

(3 )  

By stat ionari ty  one m a y  either average over j or consider  

var ious  s tar t ing t imes  to obtain the mean square  deviation of indicated 

t i m e .  The mean  square  phase discrepancy A +  m a y  be related to  

the autocorrelat ion function R+(t) of the random variable  + very  

- 
2 

I .  
1 ,  
, .' 

1 -  
eas i ly .  I '  

, , .. , <' 

A +  2 = average  over  t / of [ + ( t l  t t )  - +(t.)!2 

2 
= 241 - 2 K + ( t )  . (4) 

B y the Wiener -Khint chine 

R 

var iance of phase fluctuations G +  ( f )  o r  the spec t r a l  density of the 

var iance of f requency fluctuations G ( f ) .  Thus  

theo rem the autocorrelat ion function 

( t )  can be expres sed  in  t e r m s  of the spec t ra l  density of the 
9 

4 '  
f = m  

G ( f )  cos ( 2 ~ r t f ) d f  + R ( t )  = 
4 

- 
s ince  
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frequency var iance ,  admittedly a n  abs t rac t ion  f r o m  physical rea l i ty ,  

i s  a spec t r a l  density for  which equation 10 i s  meaningftrl despite the 

lack of convergence of equations 6 and 9. 

in  the derivation one can  introduce a spec t r a l  density which i s  white 

between some lower frequency f and some upper frequency f and 

is  z e r o  outside of th i s  range.  F o r  this  modified white spec t rum the 

der ivat ion of equation 10 is val id  for  any f > 0 and f < 00 . After 
1 2 

the integrat ion i n  (10) i s  pe r fo rmed  one can then let f -+ 0 and f +03 
1 2 

to  obtain a relat ionship that could be compared with experimental  

r e  sult  s . 

To circumvent the difficulty 

1 2’ 

3.  Resul ts  

It is convenient to  analyse the behavior of a fluctuating osc i l -  

l a tor  by considering a general ized noise source ,  which m a y  be e l e c t r i -  

cal ,  mechanical,  t he rma l ,  e tc .  followed by a filter whose output 

modulates  a n  otherwise constant frequency osci l la tor .  

were  obtained by .assuming noise  source  cha rac t e r i s t i c s  resul t ing i n  

the spec t r a l  density of phase var iance ,  Table 1, or  frequency var iance ,  

Table 11, shown i n  Column 4. 

ta ins  the intensity of the p r i m a r y  source  , the t r ans fe r  cha rac t e r i s t i c s  

of the f i l ter  )I and the proportionali ty factor  re la t ing instantaneous f i l t e r  

output to osci l la tor  phase or frequency. Column 5 g i v e s  the r m s  f r e -  

quency deviation obtained f r o m  equations I 1  and 7 in  Table E and f r o m  

equation I 1  alone in  Table 11, Column 6 gives an  exact express ion  for  

( T  -- t )  the meaPi square  t ime e r r o r  at any t ime  t ,  Column 7 gives 

a n  approximate express ion  for \ T  - t )  valid for  5nlall t ,  

Tables  I and I1 

The frequency independent factor  h con- 

2 

c 

2 
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. and Column 8 g i v e s  an approximate expression fo r  the mean square  

tirnc e r r o r  valid for  l a rge  t . 

4 .  Discussion and Interpretation 

The  s implest  assumption one could make regarding the 

spec t r a l  density of the frequency fluctuations, namely a white spec t rum,  

l eads  to  a mean square  t ime  e r r o r  of the indicated t ime T that in-  

c r e a s e s  in  d i rec t  proportion to the t ime that has  elapsed s ince the 

clock w a s  s e t .  F igu re  1 i l l u s t r a t e s  this behavior fo r  an  ensemble of 

c locks.  The abc i s sa  T i s  indicated t ime,  the ordinate y (  T ) is the 

distribution function defined so that y ( T ) d T is the number of clocks 

that indicate a time within a d T  neighborhood of T ,  and the p a r a m -  

e t e r  t is the physical t ime that has e lapsed since the clocks were  set 

at t = 0. The a r e a  under each  curve is constant and equals the total  

number of clocks N in the ensemble .  The var iance of each  dis t r ibu-  

t ion i s  proportional to t .  At t = 0 the distribution is N 6 ( t ), 

where  6( t is  the del ta  function. 

Y 
disrr i  - 
bution 
function 
of en-  

- semble  
of clocks T indicated t ime 



10 
A di rec t  increase  in  var iance of the indicated t ime with physi-  

ca l  t ime can be given a n  al ternate  explanation which is  somewhat l e s s  

fo rma l  than the explanation given by equation 10. This a l ternate  ex-  

planation te l l s  us that the distribution function y of Figure 1 i s  Gaussian.  

The s tar t ing point i s  the assumption that the inc rease  in  indicated t ime 

shown by a clock during a t ime interval  t / n  is  completely independent 

of the i -ncrease  i n  indicated t ime shown by the clock during any p r e -  

vious t ime in te rva l  of duration t / n .  

which i s  made to inc rease  without limit. 

the autocorrelat ion function of the frequency fluctuations i s  z e r o  for  

any argument  grea te r  than zero ;  consequently the spectrum of f r e -  

quency fluctuations i s  white so that  the s tar t ing assumption is equiva- 

In this  discussion n i s  an integer 

The assumption implies  that  

. 
lent to  the assumption used in  the 4th case  considered in  Table 11. 

The t ime T indicated af ter  counting for  a t ime t , which for a rgu -  

mentative purposes  i s  divided into subintervals of duration t / n ,  

the sum of the inc reases  i n  indicate< t ime during each of the n subin- 

te rva ls  into which t i s  divided. That is  

i s  

where T i s  the indicated t ime t units of t ime af ter  the 

clock was set .  

t 
T.(-) i s  the inc rease  in  indicated t ime during the j - th  in te rva l  

J n  
of duration t / n  into which t was decomposed. 

By the cen t r a l  l imi t  theorem of probability the var iance of T i s  n 

t imes  the var iance of T.(-)  and the T's shown by an  ensemble of 

clocks m u s t  be distributed in  a Gaussian fashion. Thus the mean 

t 
J n  

square e r r o r  of indicated t ime would be directly proportional to the 

t ime that has  e lapsed since the clock was se t .  
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In attempting to explain the behavior of actual clocks i t  would 

s e e m  that case  5 of Table I1 would be  m o r e  rea l i s t ic  than case  4 

which involves a white spectrum. Case 5 would a r i s e  i f  Johnson 

noise o r  shot noise passed through a low pass  fi l ter  and then l inearly 

modulated the frequency of the osci l la tor .  A second mechanism for 

the a s sumed  spec t r a l  density would requi re  that the frequency de ter -  

mining element of the oscil lator be  sensit ive to tempera ture ,  that  it 

be in the rma l  contact with a t he rma l  capacitance (i. e . ,  a body with 

ilon ze ro  mass and non zero  specific heat)  and that the thermal  capaci- 

tance be  connected by a finite t he rma l  conductance to an ambient which 

undergoes tempera ture  fluctuations that show a white spectrum. Still 

another mechanism would involve a microphonic frequency determining 

element  excited by mechanically-fi l tered white acoustic waves. In 

zny actual osci l la tor  frequency fluctuations can not occur  a t  infinite 

r a t e s ,  s o  that the introduction of a fi l tering t ime constant 7 is v e r y  

plausible. Fo r  the mechanism involving modulation of the frequency i 
by a voltage 'obtained by fi l tering white e lectr ical  noise with a low 

pass  f i l ter  7 is given by RC. I r respec t ive  of the mechanism that 

produces the spec t ra l  density of case  5 Table 11 whether i t  be e lec-  

t r i ca l ,  thermal ,  o r  acoustic,  the pa rame te r  a can be  charac te r ized  

by the following statement:  

h e r e  R i s  the autocorrelat ion functicn of the angular 

fr  eqcency fluctuations. 
9' 

c. The frequency deviation of the oscil lator a t  any instant is 

a lmost  independent of the frequency deviation a t  ea r l i e r  
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epochs separa ted  f r o m  the instant  by t imes  g rea t e r  than 

1 0  T .  

The mean square  change in  frequency during in te rva ls  

l e s s  than . 1~ i s  sma l l  i n  comparison to the mean  square  

frequency deviation. 

d. 

It i s  interest ing to  compare the tabulated mean  square  t ime  

e r r o r  - 

a clock whose frequency i s  determined by the fl ip of a coin at the 

beginning of success ive  in te rva ls  of duration T .  The frequency i s  to  

be one of the two values  w ,, or  w > w During the in te rva ls  be-  

t -! - 1 ) with the mean  square  t ime e r r o r  of 
a2h 2 -t T \ 

2 l '  

2 - Wl 
> T  units of t ime  2 tween f l ips  the clock will e i ther  gain 0 - 

9 2  

T units,  that  i s ,  the clock will gain o r  - -> 1 or  lose a 

lose ?(a2 - w ) seconds during each in te rva l  . After t / T  
1 

f l ips  o r  t seconds,  the probability W of accumulating a time e r r o r  

AT may be obtained by using the r e su l t s  of random walk theory.  

h e r e  C i s  the binomial coefficient. 
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(15 )  
2 2 

( A T )  = a t 7 .  (mean square  frequency deviation). 

F o r  l a rge  t ca se  5 of Table I1 gives 

2 2 2 ( A T )  = 2 a  t T(+ )  = 2 a  t 7  (mean square frequency 
de vi ati on). 

The expression given in Table I1 for the mean square  t ime 

e r r o r  can be put into the following f o r m  by using the r m s  relat ive 

t ime deviation and the rms relat ive frequency deviation. 

2 %  [(Y) ] = [($)“I% X ( t / 7 )  

where the left hand t e r m  is the rms relat ive t ime deviation, 

the f i r s t  factor on the right is the r m s  relat ive frequency 

deviation, and X (  t / T  ) i s  given by equation 17. 

I 
2 

X =  I - - t / 7  for t < < T  

- 
Values of X a r e  given in  Table 111. The smoothing factor X, which 

is  always l e s s  than I ,  tel ls  the effectiveness of the integrating process  

in balancing out periods during which the clock runs too rapidly with 

periods during which the clock runs too slowly. According to 
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equation 16 a clock with 7 = 1 s e c  and an  r m s  relative frequency 

deviation of 10 s e c  (r 300 yea r s )  af ter  being se t  have an  

r m s  relat ive t ime e r r o r  of 1.414 par t s  in 10 o r  an  r m s t i m e  e r r o r  

- 10 10 
will 10 

15 

This calculation neglects all sources  of of 14. 14 microseconds.  

e r r o r  other than those which resul t  f r o m  oscil lator instability and 

supposes that the spec t ra l  density of the frequency fluctuations is of 

the fo rm given in case  5 in Table I1 and that the a of equation 1 is 

known precisely.  

TABLE I11 

Values of the smoothing function X for var ious values of t / + 

Ratio of e lapsed t ime to 
life t ime of deviation 

t / r  
0.0 
.2 
1.0 
2.0 
4.0 

10.0 
100. 

1000. 
10000. 

Smoothing function 
X 

1.00 
. 9 7  
.86  
. 7 5  
. 6 1  
.42 
.14 
.04 

I .Ol 




