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Enhancements to GPS Operations and Clock
Evaluations Using a “Total” Hadamard
Deviation
David A. Howe, Ron L. Beard, Charles A. Greenhall, Senior Member, IEEE, François Vernotte,
William J. Riley, Fellow, IEEE, and Trudi K. Peppler
Abstract—We describe a method based on the total deviation approach whereby we improve the conﬁdence of
the estimation of the Hadamard deviation that is used
primarily in global positioning system (GPS) operations.
The Hadamard-total deviation described in this paper provides a signiﬁcant improvement in conﬁdence indicated by
an increase of 1.3 to 3.4 times the one degree of freedom
of the plain Hadamard deviation at the longest averaging
time. The new Hadamard-total deviation is slightly negatively biased with respect to the usual Hadamard deviavalues are restricted to less than or equal to
tion, and
T =3, to be consistent with the usual Hadamard’s deﬁnition. We give a method of automatically removing bias by
a power-law detection scheme. We review the relationship
between Kalman ﬁlter parameters and the Hadamard and
Allan variances, illustrate the operational problems associated with estimating these parameters, and discuss how
the Hadamard-total variance can improve management of
present and future GPS satellite clocks.

I. Introduction
sing a type of Hadamard variance, the goal of this
paper is to reduce the uncertainty of long-term estimates of frequency stability without increasing the length
of a data run. For measurements of frequency stability, the
two-sample frequency variance known as the Allan variance was generalized to an N -sample variance weighted
with binomial coeﬃcients by R. A. Baugh [1]. The case of
the three-sample frequency variance that is used here is
the Picinbono variance [2] times 32 . However, in this paper
it will be called a Hadamard variance (following Baugh’s
work) that is deﬁned as follows. Given a ﬁnite sequence of
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frequency deviates {yn , n = 1, . . . , Nymax }, presumed to
be the measured part of a longer noise sequence and with
a sampling period between adjacent observations given by
τ0 , deﬁne the τ = mτ0 -average frequency deviate as
yn (m) ≡

m−1
1 
yn+j .
m j=0

(1)

Let Hn (m) = yn (m) − 2yn+m (m) + yn+2m (m) be the second diﬀerence of the time-averaged frequencies over three
successive and adjacent time intervals of length τ . Deﬁne
the Hadamard variance as
1 2
2
(2)
H σy (τ ) = Hn (m),
6
where · denotes an inﬁnite time average over n, and H σy2
depends on m.
The global positioning system (GPS) program oﬃce
uses this particular time-series statistic for estimating
Kalman algorithm coeﬃcients according to [3]; these coefﬁcients will be discussed in a later section. The Hadamard
deviation H σy (τ ) is a function that can be interpreted like
the more eﬃcient Allan deviation as a frequency instability
vs. averaging time τ for a range of frequency noises that
cause diﬀerent slopes on H σy (τ ). This is shown in Fig. 1.
For estimating Kalman drift noise coeﬃcients, H σy (τ ) is
inherently insensitive to linear frequency drift and reports
3
a residual “noise on drift” as a τ 2 slope, or what is commonly called random run frequency modulation (RRFM).
This is in contrast to the Allan deviation, which is sensitive to drift and causes a τ +1 slope. If the level of drift
is relatively high, it masks the underlying random noise.
It is customary to estimate and remove overall frequency
drift. Depending on the method of drift removal, this procedure can signiﬁcantly alter the Allan deviation in the
longest term τ region of interest, so estimating underlying
noise can be a formidable task for any given data span.
On the other hand, the Hadamard deviation is unaﬀected
by removing overall frequency drift. For this reason, it is
the preferred statistic in situations in which the frequency
drift may be above the random noise eﬀects, which is the
case with the use of Rb clocks in the GPS Block II satellite program. We do not imply that systematics such as
frequency drift can be ignored. Indeed, satellite clocks are
changed and these systematics must be learned as quickly
as possible to ensure a smooth changeover.
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Fig. 1. The Hadamard deviation (root Hvar) shows FM power-law noises as straight lines in addition to PM sources of noise for τ -domain
power-law exponent µ (that is, H σy2 (τ ) ∝ τ µ ) range of −2 ≤ µ ≤ 3. We deﬁne a new estimator that can be interpreted identically called
Hadamard-total deviation (root TotHvar) and that has signiﬁcantly improved conﬁdence at long term. The Hadamard-total deviation is
insensitive to linear frequency drift that can mask characteristic random noise typically encountered here in the region where τ = one week
and longer. The goal is to identify µ even-integer power-law noises and accurately estimate their levels in order to set system parameters
associated with the GPS Kalman ﬁlter.

Throughout this writing, we will make comparisons
using the traditional best statistical estimators, denoted
by“Hvar” and “Avar” referring to the maximum-overlap
estimators of the Hadamard and Allan variances. Section II reviews the “total” approach to improving statistical estimation. Sections III and IV give two methods of
computing total Hadamard variance, designated as TotHvar, using measurements ﬁrst of fractional frequency deviations and then of time deviations. Then we quantify
the advantage of TotHvar over Hvar in Section V, giving formulae for computing bias and equivalent degrees of
freedom (edf)of TotHvar. Section VI gives a method for efﬁciently determining the noise type at a given τ value for
automatically correcting the bias and determining conﬁdence intervals for the range of noises considered by TotHvar. Section VII reviews how an estimate of τ -domain frequency stability is used to set Kalman ﬁlter parameters (or
q’s) used in GPS operations, problems associated with the
application of either the traditional Allan variance or Hvar
to the Kalman ﬁlter, and how TotHvar serves as a unifying
solution. Finally, Section VIII discusses a past scenario in
GPS operations in which TotHvar is applied to real data
showing the beneﬁt of improved estimation of long-term
frequency stability.
II. The “Total” Approach
The total estimator approach improves conﬁdence by
smoothing the results from time-domain statistics like
Hvar [4]–[10]. Making a total estimator of (2) involves joining each real data subsequence, namely, the subsequence
of yi that goes into each Hn (m) term, at both its endpoints by the same original data subsequence so that it
repeats. This creates a new extended version of each yi

subsequence that may be extended by a forward or backward repetition, with or without sign inversion, thus with
four possible ways to extend. From numerous simulation
studies, we have determined that an extension by even (uninverted) mirror reﬂection of linear-frequency-detrended
Hn (m) subsequences yields the largest edf gain and least
bias for the range of noise types identiﬁed by standard
Hvar.
III. Computation Using yn -Series
Hn (m) is computed from a 3m-point data segment or
subsequence {yi }n = {yi , i = n, . . . , n + 3m − 1}. While
the Hadamard variance is not sensitive to linear frequency
drift per se, the total approach, which uses an uninverted,
even reﬂection, requires that we remove a linear frequency
slope (which, in this case, is drift) from each subsequence.
This will minimize the discontinuities at both ends of each
subsequence when it is extended. Make
◦

yi = yi − c1 i,

where c1 is a linear slope
that is removed and is detern+3m−1
mined by minimizing
(◦ yi − ◦ yi )2 to satisfy a
i=n
least-squared-error criterion for the subsequence. In practice, it is suﬃcient to compute a background linear frequency slope by averaging the ﬁrst and last halves of the
subsequence divided by half the interval and subsequently
subtracting the slope. Now extend the “drift-removed”
subsequence {◦ yi }n at both ends by an uninverted, even
reﬂection. Utility index l serves to construct the extensions
as follows. For 1 ≤ l ≤ 3m, let
◦ #
yn−1

#
= ◦ yn+l−1 , ◦ yn+3m+l−1
= ◦ yn+3m−l ,

(3)

howe et al.: enhancements to gps operations and clock evaluations

to form a new data subsequence denoted as {◦ yi# }n consisting of the drift-removed data in its center portion, plus
the two extensions, and thus having a tripled range of
n − 3m ≤ i ≤ n + 6m − 1 with 9m points. To be clear,
we now have extended subsequence {◦ yi# }n = {◦ yi , i =
n − 3m, . . . , n + 6m − 1}. Deﬁne
TotalH σy2 (m, τ0 , Nymax ) =
Nymax −3m+1 



×

n=1



1
6m

1
6 (Nymax − 3m + 1)
n+3m−1
 
◦

2



Hi# (m)

TABLE I
Coefficients for Computing (6) and (7), Normalized Bias,
and edf of TotHvar.
Noise

Abbrev.

α

a

b0

b1

White FM
Flicker FM
Random Walk FM
Flicker Walk FM
Random Run FM

WHFM
FLFM
RWFM
FWFM
RRFM

0
−1
−2
−3
−4

−0.005
−0.149
−0.229
−0.283
−0.321

0.559
0.868
0.938
0.974
1.276

1.004
1.140
1.696
2.554
3.149

(4)

i=n−3m

Deﬁne the extended subsequence



Nymax
for 1 ≤ m ≤
, where c means
3
◦ #
of c and notation Hi (m) means that
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the integer part

Hn (m) above is
derived from the new triply extended subsequence {◦ yi# }.
The symmetries of the extension allow the computational
eﬀort to be halved. Let k = 3m/2. We need to calculate
◦ #
yi only for n − k ≤ i ≤ n + k + 3m − 1, and ◦ Hi# (m)
only for n − k ≤ i ≤ n + k. Then we can apply (5) given
on the following page.

The methodology described above can be written in
terms of calculations on residual time diﬀerences between
clocks, namely, an xi series (to adhere to usual notation),
recalling that
y i (m) = (xi+m − xi ) / (mτ0 ) .
Thus, in the total approach applied to xi series, the data
extensions on subsequences of xi will be constructed in
such a way that


◦ #
◦ #
yi = ◦ x#
/τ0 ,
i+1 − xi
in agreement with Section III above. This has the effect of requiring an odd (inverted) mirror extension and
a third-diﬀerence operator when considering subsequences
of xi . The Hadamard variance discussed in Section III as
a second-diﬀerence operator on τ -averaged yn values can
now be re-expressed in terms of a third-diﬀerence operator on time-error xi values. The sample variance (or mean
square) of these third diﬀerences falls neatly into a class
of structure functions, namely, the variance produced by
a diﬀerence operator of order three [10]. The modiﬁed Allan variance can also be treated as a third-diﬀerence variance [11].
The xi subsequence that corresponds to the yi subsequence starting at n is {xi , n ≤ i ≤ n + 3m}, which has
3m + 1 terms. Compute the “frequency-slope-removed”
subsequence ◦ xi according to
3m
xn − xn+k − xn+3m−k + xn+3m
, c2 =
,
2
k(3m − k)
1
◦
xi = xi − c2 (i − n)(i − n − 3m), n ≤ i ≤ n + 3m.
2
k=

n−3m ≤ i ≤ n+6m

by
◦ #
xi
◦ #
xn−l
◦ #
xn+3m+l

Then


mτ0

IV. Computation Using xn -Series

◦ #
xi ,

= ◦ xi , n ≤ i ≤ n + 3m,
= 2 (◦ xn ) − ◦ xn+l , 1 ≤ l ≤ 3m,
= 2 (◦ xn+3m ) − ◦ xn+3m−l , 1 ≤ l ≤ 3m.

◦




◦ #
Hi# (m) = −◦ x#
+
3
x
i
i+m


#
− 3 ◦ xi+2m + ◦ x#
i+3m ,
n − 3m ≤ i ≤ n + 3m − 1,

where ◦ Hi# (m) has the same meaning as in Section III.
Now the Hadamard-total variance is computed from (4)
as before with Nymax = Nxmax − 1. Because of symmetry
we need ◦ x#
i only for n − k ≤ i ≤ n + k + 3m, and (5)
applies.

V. Bias and Equivalent Degrees of Freedom
We consider the random FM noises since these dominate
at long-term averaging times where we can capitalize on
the improved conﬁdence of using the total approach. To
analyze phase-modulation (PM) noises, one would usually
use Total TDEV [6] rather than the Hadamard deviation.
For brevity, let TotalH σy2 (m, τ0 , Nymax ) be TotHvar (τ, T ),
where τ = mτ0 , T = Nymax τ0 . The normalized bias and
edf for TotHvar are given by

E{TotHvar(τ, T )}
nbias(τ ) =
− 1 = a,
(6)
E{Hvar(τ, T )}
T /τ
edf(τ ) = edf [TotHvar(τ, T )] =
,
(7)
b0 + b1 τ /T
where E{·} is expectation of {·}, 0 < τ ≤ T3 , τ ≥ 16τ0 (to
be explained), and a, b0 , and b1 are given in Table I for
the ﬁve FM noise types considered by the Hadamard variance. The term α is the corresponding power-law exponent
of the fractional-frequency noise spectrum Sy (f ) ∝ f α .
In the context here, its valid range is −4 ≤ α ≤ 2.
E{TotHvar(τ, T )} relative to E{Hvar(τ, T )} in (6) is independent of τ and T , dependent on noise type, and biased
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n+3m−1
 
◦

2
Hi# (m) = 2

i=n−3m



n+k−1


◦

2 
2 
2
#
#
Hi# (m) + ◦ Hn−k
(m) + ◦ Hn+k
(m) , m even,

i=n−k+1

=2

n+k




(5)

2
◦ #
Hi (m) , m odd.

i=n−k

Exact

TABLE II
Gain for τmax = T /3.

edf{TotHvar(T /3,T )}
edf{Hvar(T /3,T )}

Noise

edf gain of TotHvar (T /3, T )

WHFM
FLFM
RWFM
FWFM
RRFM

3.447
2.448
2.044
1.676
1.313

low, giving a the negative sign in Table I. The edf formula
(7) is a convenient, empirical or “ﬁtted” approximation
with an observed error below 10% of numerically computed
exact values derived from Monte-Carlo simulation method
using the b0 and b1 coeﬃcients of Table I and with the
error decreasing with averaging factor m = τ /τ0 increasing. In fact, (7) should be used only if data-sampling period τ0 is suﬃciently short compared to the averaging time
τ by τ /τ0 ≥ 16. Otherwise, there are not enough points
for the data-extension procedure in the total estimator to
have signiﬁcant advantage over the plain Hadamard estimator. In other words, the τ0 -dependence of the total estimator of (4) plays a signiﬁcant role, whereas the weaker
τ0 -dependence of the maximum-overlap estimator of plain
2
H σy (τ ) given by (2) is generally suppressed as in (2). It is
well known that maximum-overlap statistical estimators
will increase edf, hence conﬁdence, and the degree of data
overlap is dependent on sampling interval τ0 relative to τ
[12], [13]. Real data should be sampled as fast as practical
for a given averaging time. This is especially true in order
for the data extension of each subsequence to be eﬀective
in the total approach.
Assuming chi-square distribution properties, edf computed by (7), and the values of Table I, conﬁdence intervals
will be conservative since the distribution is actually narrower than chi-square. Although not quantitatively investigated, the narrowing of the distribution is proportional
to increasing averaging factor m = τ /τ0 . Fortunately with
real data runs, m is, of course, always largest at longest
term. Depending on the noise type, we have seen narrowing by as much as 15% for m ≈ 100, 000.
To show the improvement in estimating the Hadamard
function, Table II lists the exact values of edf from theory for computations using TotHvar vs. plain Hvar for the
longest averaging factor in which τ = T /3. This point is
the last point in the estimate, and the improvement in conﬁdence using TotHvar is substantial, particularly for the
general case of WHFM noise. TotHvar is a signiﬁcantly

improved estimator that oﬀsets much of the criticized ineﬃciency in using the Hadamard deviation as opposed to
the Allan deviation in the presence of common WHFM
noise in frequency standards.

VI. Power Law Detection
It is important to be able to determine which powerlaw noise type is present for a given τ value in the range
−4 ≤ α ≤ 0 so that TotHvar’s bias can be removed,
preferably automatically. Similarly, before the edf can be
determined to establish conﬁdence intervals and set error
bars for a stability measurement, it is necessary to identify
the dominant noise process. This section describes a noiseidentiﬁcation (noise-ID) algorithm that has been found effective in actual practice, and that works for a single τ
point over the full range of −4 ≤ α ≤ 2. It is based on
the Barnes B1 function [14], which is the ratio of the N sample (standard) variance to the two-sample (Allan) variance, supplemented by applying this function to frequency
data, and the R(n) function [15], which is the ratio of the
modiﬁed Allan to the normal Allan variances.
The B1 function has as arguments the number of frequency data points N , the dead time ratio r (which is set
to 1), and the power-law τ -domain exponent µ. The B1
dependence on µ is used to determine the power-law noise
type for −2 ≤ µ ≤ 2 (WHPM and FLPM to FWFM). For
a B1 that is consistent with a µ = −2 result, the α = 1
or 2 (FLPM or WHPM noise) ambiguity can be resolved
with the R(n) ratio using the modiﬁed Allan variance. For
τ > τ0 , if m · R(n) < 1.1, the noise is WHPM; otherwise,
it is considered to be FLPM.
For the Hadamard variance, the noise determination
must be extended to µ = 3 (or α = −4, RRFM). This
can be done by applying the B1 ratio to frequency (instead
of the usual phase) data and adding 2 to the resulting µ.
This procedure is called “*B1” herein. Since the *B1 procedure simply applies the Barnes B1 ratio to frequency
data instead of phase data, its use is as before, but now
its range is eﬀective from WHFM to RRFM noise. (This is
analogous to simulation of RRFM data by treating RWFM
phase data as frequency data.)
The overall noise identiﬁcation process is as follows:
Calculate the standard and Allan variances for the applicable τ averaging factor,
N (1−N µ )
• Calculate B1, B1(N, r = 1, µ) = 2(N −1)(1−2µ ) ,
•
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TABLE III
Formulae for B1(N, r = 1, µ).∗
Noise

µ

B1 =

FWFM
RWFM
FLFM

2
1
0

(N)(N+1)
6

WHFM

−1

1

WH or FL PM

−2

N 2 −1
1.5(N)(N−1)

N/2
N ln N
2(N−1) ln2

∗ Substituting frequency data into the usual phase-data measurement
of B1 ratio will shift these formulae to the µ + 2 range, thus covering
RRFM.

Determine the expected B1 ratios for α = −3 through
1 or 2,
• Set boundaries between them and ﬁnd the best powerlaw noise match,
• Resolve an α = 1 or 2 ambiguity with the modiﬁed
Allan variance and R(n), or
• Resolve an α = −3 or −4 ambiguity with *B1.
•

For a data run of length N , Table III gives ﬁve speciﬁc
formulae for B1 corresponding to µ = −2, −1, 0, 1, and 2.
Table IV summarizes the power-law detection scheme and
gives the boundaries for demarcating each noise type. The
boundaries between the B1, *B1, and R(n) functions are,
in general, set as the geometric means of their expected values, and the actual measured ratio is tested against those
values downward from the largest applicable µ. For example, if, during the testing, the measured B1 ratio is greater
than the square root of the product of the expected B1
values for RWFM and FLFM noise, it is determined to be
the former(α = −2, RWFM).
High levels of frequency drift should be removed to best
identify the underlying noise process by this method. Also,
the R(n) ratio cannot, of course, be used for τ = τ0 averaging factor (in which case it is 1 for all noise types; we use
WHPM as a default noise type for this case). Finally, at
the very longest averaging factor or last τ point, it is better
to use the previous or τ − τ0 point to estimate the noise
type. A similar algorithm has been used in commercial
frequency-stability software (Stable32, Frequency Stability Analysis Software, Hamilton Technical Services, Beaufort, SC)1 [16] for the past decade with good success. It
allows bias corrections and error bars to be calculated automatically during an analysis for all of the common timedomain stability statistics (including the new Hadamard
total variance here) over the full range of noise types and
for essentially all τ averaging times.
VII. The Kalman Noise Model and the GPS
Operations Problem
The time update of clock states in the Master Control
Station (MCS) Kalman prediction algorithm is based on
an average of the most recent measurement of these states
1 http://www.wriley.com
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for each individual clock, modeled simply by random noise
acting on phase x(t), frequency y(t), and frequency drift
z(t). With this model, the measured power-law α exponents of the frequency-ﬂuctuation noise spectrum take on
only the values 0, −2, and −4, corresponding to WHFM,
RWFM, and RRFM, or µ = −1, 1, and 3 in the τ -domain.
Hence, we want to precisely extract the level of these noises
for each clock using the most eﬃcient method possible,
which heretofore has been the sample Allan variance with
drift removed from the data run, and more recently the
sample Hadamard variance, because of its logical link to
the model. If WHPM is a signiﬁcant noise component and,
for completeness, the α = 2, µ = −2 case corresponding
to WHPM is included as a separate error.
The parameters used by the MCS within GPS system operations are denoted as Kalman ﬁlter q’s. By convention, for each ﬁlter parameter qi , i = 0, 1, 2, 3 corresponds, respectively, to τ -domain power law exponents
µ = −2, −1, 1, 3. For the Hadamard variance, the relationship is [3]
2
H σy (τ )

2
2
2
2
= σW
HP M + σW HF M + σRW F M + σRRF M
10
1
11
=
q0 τ −2 + q1 τ −1 + q2 τ +
q3 τ 3 .
(8)
3
6
120

For the Allan variance, the relationship is [16]

1
q3 τ 3 , (9)
20
 1

where the inclusion of the RRFM noise term as + 20
q3 τ 3
is a point of contention for two reasons. First, estimating
q3 by (9) using real data is unreliable because RRFM is inconsistent by the deﬁnition of the Allan variance. Second,
Chaﬀee [16], who derived the term, does not compute the
Allan variance; instead, he computes the optimal meansquare prediction error variance of y(t0 , t0 + τ ) based on
{x(t), t ≤ t0 } for frequency noise spectra with α = 0, −2,
and −4. For these reasons, we advise omitting the RRFM
term entirely from (9). The other terms of (9) happen to
be correct for Allan variance.
The GPS Hadamard variance is deﬁned to be equivalent to the Allan variance for WHFM, which is conﬁrmed
in comparing (8) and (9); however, the variances diﬀer by
a factor of two for RWFM; therefore they cannot be used
interchangeably under normal circumstances and those involving drift-free stochastic processes.
Tuning the Kalman ﬁlter depends on the ability to
“q” each individual clock according to estimates of its
noise. The GPS Block IIR satellite program incorporates
Rb atomic oscillators that are characterized by a mix of
various levels and types of random noise and with frequency drift that may be signiﬁcantly above noise. This
kind of oscillator mix is diﬃcult to manage using Avar
and (9), which must be used based on drift-removed frequency residuals. However, reverting to using “frequencydrift insensitive” Hvar and using (8), the conﬁdence becomes a factor of about one-third less near the last and
crucial long-term τmax = T /3 value owing to the plain
1
σy2 (τ ) = 3q0 τ −2 + q1 τ −1 + q2 τ
3

+
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TABLE IV
Power-Law Noise Identification.
Noise

α

µ

ID by

Remarks

Decision boundary

RRFM
FWFM
RWFM
FLFM
WHFM
FLPM
WHPM

−4
−3
−2
−1
0
1
2

3
2
1
0
−1
−2
−2

B1&*B1
B1&*B1
B1
B1
B1
B1&R(n)
B1&R(n)

Use *B1 to resolve α = −3 or −4 ambiguity
Use *B1 to resolve α = −3 or −4 ambiguity

{B1(FWFM) + B1(RWFM)}/2
{B1(FWFM) + B1(RWFM)}/2
sqrt {B1(RWFM) × B1(FLFM)}
sqrt {B1(FLFM) × B1(WHFM)}
sqrt {B1(WHFM) × B1(FLPM)}
sqrt {B1(FLPM) × B1(WHPM)}

Use R(n) to resolve α = 1 or 2 ambiguity

Noise ID methods: B1 = Barnes B1(N, r, m) bias function with r = 1 [14].
∗ B1 = B1 applied to frequency data as phase data with µ = µ + 2. R(n) = ratio, mod Allan variance/Allan variance [15].

Fig. 2. Hadamard-deviation frequency stability of individual GPS satellite clocks vs. USNO Master Clock for the period 1 January to 1 July
2000 [17].

sample Hadamard’s edf of one less as compared to Allan’s
edf. The use of TotHvar recoups the loss of conﬁdence of
Hvar. For the proper perspective, note that we are in the
one-week averaging τ -region with a last real-time data run
of about one month, thus edf ≈ 1–2; so estimating ﬁlter
q’s is somewhat subjective. Fig. 2 illustrates a summary
of estimates of frequency stability for each GPS satellite
clock as published in reports issued by the Naval Research
Laboratory [17].
Table II shows that the new TotHvar(T /3, T ) edf is multiplied by a factor of 1.3 to 3.4 over plain Hvar(T /3, T ).
TotHvar can be applied directly and reliably, while retaining the eﬃciency of the sample Allan variance without the
diﬃculty associated with real-time drift removal.
The work of this paper has impact on two GPS operational issues. The ﬁrst is that the time needed to estimate
the Hadamard variance is substantially reduced. For example, to obtain a τ = one-week estimate of the Hadamard
variance with, say, the last 40 days of measured data, the
total approach using TotHvar obtains a one-week estimate
with the same or better conﬁdence in about 26 to 34 days

of measured data. The second issue is that satellite data
are obtained by the linked common-view method [18], and
the delay in receiving the monitor station tracking data is
currently at 2 to 3 days. Thus, it is important to extract
maximum information from data at hand.
VIII. Example
Fig. 3 is data of SV24, a Block IIA GPS satellite. Total Hadamard deviation, plain Hadamard deviation, and
Allan deviation are compared with increasing data spans
starting at 7 days and extending to 28 days; the ﬁgure
shows how each of these statistics behaves as it evolves.
As is generally the case, TotHdev performs better at estimating the longest-term noise level than plain Hdev for
measured data spans as indicated by estimated levels from
later (longer) data spans.
IX. Conclusion
We have developed a signiﬁcantly improved estimator of
the three-sample Hadamard frequency variance based on
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Fig. 3. Total Hadamard deviation, plain Hadamard deviation, and Allan deviation for SV24 satellite clock data as the data run increases
from 7 days (front plot) to 28 days (rear plot). The last (rightmost) values of TotHdev for shorter data runs anticipate the underlying noise
level of longer runs compared to plain Hdev (arrowed lines are projected oﬀ 28-day data run). The Allan deviation’s response to frequency
drift masks the long-term noise level.

the so-called “total” approach, and denoted as TotHvar,
for use in GPS operations and analysis. Practically speaking, we have reduced the long-term estimation uncertainty
in terms of edf by a factor of 1.3 to 3.4, depending on the
noise type, and we have presented a way to automatically
remove the moderate negative bias of TotHvar by a powerlaw detection algorithm. Having conﬁdence greater than
plain Hvar and even equal to or greater than Avar, TotHvar is a statistic that permits tuning of the MCS Kalman
ﬁlter with more accurately chosen clock-estimation parameters (or q’s) that are linked to the most recent measurements of frequency stability of each clock. The increased
conﬁdence from TotHvar and shorter data processing delays will play signiﬁcant roles in adequately managing future GPS system events.
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William J. Riley has worked in the area of
frequency control his entire professional career. He is currently the Proprietor of Hamilton Technical Services, Beaufort, SC, where
he provides software and consulting services
in that ﬁeld, including the Stable program for
the analysis of frequency stability. Bill collaborates with other experts in the time and
frequency community to provide an up-todate and practical tool for frequency stability analysis, which has received wide acceptance within that community. From 1999 to
2004, he was Manager of Rubidium Technology at Symmetricom,
Inc. (previously Datum), Beverly, MA applying his extensive experience with atomic frequency standards to those products within that
organization, including the early development of a chip-scale atomic
clock (CSAC). From 1980–1998, Mr. Riley was the Engineering Manager of the Rubidium Department at EG&G, Beverly, MA, (now
PerkinElmer), where his major responsibility was to direct the design
of rubidium frequency standards, including high-performance rubidium clocks for the GPS navigational satellite program. Other activities there included the development of several tactical military and
commercial rubidium frequency standards. As a Principal Engineer
at Harris Corporation, RF Communications Division, Rochester, NY,
in 1978–1979, he designed communications frequency synthesizers.
From 1962–1978, as a Senior Development Engineer at GenRad, Inc.
(previously General Radio), Mr. Riley was responsible for the design
of electronic instruments, primarily in the area of frequency control.
He has a 1962 B.S.E.E. degree from Cornell University, Ithaca, NY,
and a 1966 M.S.E.E. degree from Northeastern University, Boston,
MA. Mr. Riley holds ﬁve patents in the area of frequency control, and
he has published a number of papers and tutorials in that ﬁeld. He
is a Fellow of the IEEE, and a member of Eta Kappa Nu, the IEEE
UFFC Society, and the PTTI Advisory Board. He received the 2000
IEEE International Frequency Control Symposium I.I. Rabi Award
for his work on atomic frequency standards and frequency stability
analysis.

howe et al.: enhancements to gps operations and clock evaluations
Trudi K. Peppler was born and raised in
Longmont, CO. She received a B.S. degree
from Colorado State University, Ft. Collins,
CO, in 1985 and made the National Dean’s
List of 1985. She has been an employee of
the National Institute of Standards and Technology (NIST) Time and Frequency Division
from 1980 to the present. She currently assists
in maintaining the UTC(NIST) time scale
and associated equipment, developing software and statistical tools for analysis of data,
maintaining the NIST Global Time Service,
and serving as Calibrations Coordinator for the Time and Frequency
Division.

1261

