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We have determined the temperature and heating rate of laser-cooled ions in a Penning trap using Doppler
laser spectroscopy. Between 104 and 106 9Be+ ions are trapped in a Penning trap and Doppler laser cooled to
temperatures of a few millikelvin, where they form ion crystals. This system is an example of a strongly
coupled one-component plasma. The ion temperature was measured as a function of time after turning off the
laser-cooling. In the solid phase, we measured a heating rate of,65 mK/s. Information about possible heating
mechanisms was obtained directly from temperature measurements, and also from measurements of the rate of
radial expansion of the ion plasma. We determined that the observed heating is due to collisions with the
,4310−9 Pa residual gas of our vacuum system.
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I. INTRODUCTION

Plasmas of ions trapped in either Paul or Penning traps are
routinely laser cooled to temperatures sufficiently low for the
plasma to enter the liquid or solid phases[1–4]. These cold
ion plasmas offer unique possibilities for studies of both
atomic physics and strongly coupled plasma physics with
related applications as diverse as cold antimatter, low-
temperature chemistry, high-precision atomic and molecular
spectroscopy, frequency standards, and quantum information
processing[5]. Because the confinement in a Penning trap is
provided by static electric and magnetic fields, the Penning
trap is particularly well suited for trapping and cooling large
numbers of ions. We trap up to,106 9Be+ ions in a Penning
trap and laser cool these ions to below 10 mK, where the ion
plasma undergoes a phase transition to the solid phase and
forms a crystal with an interparticle spacing on the order of
10 mm [2,3].

A laser-cooled ion plasma in a Penning trap provides a
clean, rigorous realization of a one-component plasma
(OCP). An OCP is a system of a single species of classical
point charges(ions) embedded in a uniform neutralizing
background charge[6–8]. The thermodynamic state of an
OCP is determined by the coupling parameterG which is
defined as

G =
1

4pe0

q2

aWSkBT
, s1d

wheree0 is the vacuum permittivity,q is the ion charge,kB is
Boltzmann’s constant,T is the temperature, andaWS is the
Wigner-Seitz radius given by the expression for the plasma
densityn0=3/s4paWS

3 d. G is a dimensionless measure of the
ratio of the potential energy between nearest-neighbor ions to
the ion thermal energy. Strongly coupled OCPssG.1d are
believed to exist in dense astrophysical objects such as in the
crust of a neutron star, where iron nuclei are embedded in a

degenerate electron gas. They can also exist in less dense
objects, however, only if the temperature is correspondingly
low. Cold trapped ions form a convenient low-density and
low-temperature strongly coupled laboratory OCP. With ions
trapped in a Penning trap, the uniform neutralizing back-
ground charge is provided by the trapping potential[8,9].
OCPs have been subject to extensive theoretical and compu-
tational studies. For instance, the coupling parameter where
the plasma undergoes the liquid-solid phase transition has
been determined to high accuracy. In recent years, the calcu-
lations have converged toG.172–174[7,10]. There is no
corresponding experimental determination of this value. In
fact, the actual liquid-solid phase transition has never been
directly observed in an OCP.

Due to the crossed electric and magnetic fields in a Pen-
ning trap, the trapped ion plasma undergoes a rotation about
the magnetic-field axis. In thermal equilibrium, this rotation
is rigid [8]. At the low temperatures characterizing the
present work, the plasma densityn0 is constant within the
plasma boundary and can be expressed as

n0 = 2e0mvrsVc − vrd/q2, s2d

wherem is the ion mass,vr is the rotation frequency about
the magnetic-field axis, andVc is the cyclotron frequency.
Accordingly, the density is determined by the rotation fre-
quency. At the plasma boundary, the density decreases from
this constant value to zero over a distance comparable to the
Debye lengthlD=Îe0kBT/n0q

2, which for the present system
is shorter than the interparticle spacing. Due to the quadratic
trapping potential, the plasma is shaped like a spheroid with
an aspect ratioa;z0/ r0. Here 2z0 is the axial extent, i.e., the
extent along the magnetic-field axis, of the cloud atr =0, and
the equationzsrd=±aÎr0

2−r2 describes the boundary of the
cloud. The aspect ratio is directly related to the rotation fre-
quencyvr [8]. The stability region of the trap, in terms of
rotation frequency, isvm,vr ,Vc−vm, where vm is the
single-ion magnetron frequency.

Here, we present measurements of the trapped-ion tem-
perature for motion parallel to the magnetic field as well as
the rate at which this temperature increases when no laser
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cooling is applied, i.e., the heating rate(see Secs. II A and
III A ). We focus on the solid-phase behavior. This work is
motivated mainly by the prospects of creating many-particle
entangled states. Entanglement can lead to improved spectro-
scopic precision. For an ensemble of independently prepared
ions, the uncertainty on a given transition frequency scales as
1/ÎN, whereN is the number of ions, whereas for certain
entangled states, known as spin-squeezed states, the scaling
can be as strong as 1/N [11–13]. Hence, by entangling the
ions, the spectroscopic precision can potentially be improved
by orders of magnitude. Also, entanglement is one of the key
components required for quantum information processing.
The creation of many-particle entangled states therefore has
interesting implications for experiments on quantum simula-
tion and quantum computation.

A necessary condition in the proposed schemes for creat-
ing entangled states is that the ions are in the Lamb-Dicke
limit while their internal and motional states are manipulated
to create the entanglement[14–16]. The Lamb-Dicke limit is
the limit in which the amplitude of the ion motion in the
propagation direction of the state-manipulating radiation is
much less thanl /2p, wherel is the radiation wavelength.
This constraint is basically equivalent to imposing an upper
limit to the ion temperature. It is not possible to carry out the
desired state manipulations while directly laser cooling the
ions. Therefore, entanglement can be obtained only if the
system is cold initially and has a heating rate low enough
that the ions will remain in the Lamb-Dicke limit throughout
the process. Here, we do not consider the option of sympa-
thetically cooling the ions[17].

The only previously published measurements of ion heat-
ing in a Penning trap were made almost 2 decades ago on
small plasmas of less than a few thousand ions[18]. The
heating was not measured at short times. Instead, over a pe-
riod of ,10 s the ion temperature was observed to increase
to ,20 K. This large temperature increase was thought to be
due to a radial expansion of the plasma, which occurred
when the cooling laser beam directed perpendicular to the
magnetic field was turned off. This beam applied a torque
that maintained a constant rotation frequencyvr (and there-
fore a constant plasma density and radius) by offsetting am-
bient torques that otherwise would decreasevr and increase
r0. With the perpendicular cooling beam blocked, the plasma
expanded, which resulted in a conversion of Coulomb poten-
tial energy to thermal energy. This expansion has been sig-
nificantly reduced in subsequent Penning traps through better
trap construction and by aligning the magnetic field with the
trap electrode symmetry axis. Furthermore, we currently use
a rotating electric field[19] to precisely control the plasma
rotation frequency and eliminate the plasma expansion.
However, the rotating electric field(frequently called a “ro-
tating wall”) does work and therefore provides a source of
energy or heat for the plasma[8].

In addition to measuring the ion temperature and overall
heating rate, we have investigated several potential sources
of the observed heating. In particular, we have considered
heating due to residual-gas collisions, due to the work or
energy input of the rotating electric field used to keep the
plasma rotation frequency constant, and also due to noise
from the trap electrodes. Temperatures measured at different

residual gas pressures show the effect of residual-gas colli-
sions and are described in Secs. II A and III B 1. Ambient
static field errors due to asymmetries in the construction of
the trap produce a torque on a rotating Penning trap plasma,
which leads to a reduction or “spin down” of the plasma
rotation. Residual gas collisions also produce a drag on the
rotating plasma and contribute to the spin down. In this
work, we apply a rotating electric field(a rotating wall) that
opposes these spin-down torques and holds the plasma rota-
tion frequency constant. We estimate the torque and, hence,
the energy input due to the rotating wall by measuring the
spin-down rate and subsequent radial expansion of the ion
plasma when the rotating wall is turned off. The spin-down
measurements are described in Secs. II B and III B 2. We
also discuss the possibility that noise from the trap electrodes
due to, e.g., fluctuating patch fields could produce heating of
the ions. This is thought to be a possible heating mechanism
in experiments using a few ions in miniature radio-frequency
traps[20]. As discussed in Sec. III B, our measurements in-
dicate that the heating of the ions immediately after turning
off the cooling laser beams is dominated by collisional en-
ergy exchange with the room-temperature residual-gas par-
ticles.

II. EXPERIMENT

A cylindrical Penning trap is used to confine between 104

and 106 9Be+ ions at densities on the order of 23108 cm−3

[21,22]. Figure 1 is a schematic diagram of the setup. The
data presented here were, unless otherwise mentioned, re-
corded at a pressure of,4310−9 Pa(see discussion of pres-
sure measurements in the Appendix). A magnetic field of
4.5 T is provided by a superconducting solenoid. The cyclo-
tron frequency isVc=2p37.6 MHz, and with a typical trap-
ping voltageVtrap=500 V, the axial and magnetron frequen-
cies are respectivelyvz=2p3565 kHz and vm=2p
321 kHz. The symmetry axis of the trap electrodes is
aligned with the magnetic-field axis to within,0.005°. This
is done by minimizing the strength of zero-frequency modes
excited by a misalignment of the trap electrode and magnetic
field axes[23].

Doppler laser cooling toT,5 mK leads to a coupling
parameterG.300, and the plasma is therefore in the solid
state. Cooling laser beams are sent through the center of the
trap both parallel and perpendicular to the magnetic-field
axis. These two cooling beams are derived from the same
313 nm beam which is produced by frequency doubling a
626 nm beam from a dye laser. The parallel cooling beam
has a,1 mm waist[24], which is greater than the plasma
radius r0. The waist of the perpendicular cooling beam is
significantly narrowers,50 mmd, and this beam, if offset
from the center, can be used to apply a torque on the plasma
and change its rotation frequency. For the temperature mea-
surements discussed in this paper, the cooling laser powers
were around 100 and 10mW for the parallel and perpendicu-
lar beams, respectively. In the spin-down measurements, re-
corded with the parallel cooling beam only, the power in this
beam was lowered to around 25mW. In all cases, the maxi-
mum intensity of the beams is below saturation of the cool-
ing transition.
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Doppler laser-cooling is carried out on the2S1/2
smI

=+3
2 ,mJ=+1

2
d←2P3/2

smI =+3
2 ,mJ=+3

2
d transition (see Fig.

2) by use of linearly polarized light with the polarization axis
perpendicular to the magnetic field axis. The cooling radia-
tion optically pumps 96% of the ions into the2S1/2

s+3
2 ,+1

2
d

state, i.e., the lower level of the cooling transition[25]. The
parallel and perpendicular cooling beams cool the motion
parallel and perpendicular, respectively, to the magnetic-field
axis. Due to the Coulomb interaction between the ions, there
is some coupling and, hence, sympathetic cooling between
these two directions. However, to achieve the lowest ion
temperatures in both the parallel and perpendicular motions,
we directly laser cool in both these directions. The lowest
achievable temperature using Doppler laser cooling(the
Doppler-cooling limit) is TD="g /2kB, whereg is the decay
rate of the upper state. For the present transition the decay
rate has been determined theoretically to beg=2p
318.0 MHz [26], which leads to a Doppler-cooling limit of
0.43 mK. This limit is reached when the laser is detuned
below the resonance by the amountg /2. The data presented
here were recorded at a larger detuning, but the dependence
of the cooling limit on the detuning is relatively weak at
detunings larger thang /2, and the actual cooling limit
should still be below 1 mK[27].

All the diagnostics are based on the ion fluorescence from
the cooling-laser beams. Real-space images of the plasma are

obtained both from the side, by use of a position-sensitive
photomultiplier tube, and from the top, by use of a charge
coupled device camera equipped with an image intensifier.
The solid angles of the light collection of the side- and top-
view objectives aref /5 and f /2, respectively. Phase-locked
control of the rotation frequencyvr is obtained by applying a
rotating wall potential to a segmented ring electrode around
the center of the trap[19]. Control of the rotation frequency
implies control of the plasma density and aspect ratio. The
parallel cooling beam is aligned with the magnetic field axis
(the plasma rotation axis) to within ,0.001°. This alignment
is done by using the perpendicular cooling beam to increase
the plasma rotation frequency to near the cyclotron fre-
quency. A slight misalignment of the parallel cooling beam
produces a component of the parallel beamk vector in a
direction perpendicular to the magnetic-field axis. Forvr
,Vc, the ion rotation velocity is sufficiently large that such
a component, through the Doppler effect, will produce an
asymmetric fluorescence visible in the top-view image.

In addition to9Be+ ions, heavier ions are slowly created
by collisions between9Be+ and the residual gas. The period
for 50% of the9Be+ ions to be converted into heavier ions is
much greater than 100 h. Cyclotron-resonance spectroscopy
has shown that these ions are predominantly of masses 10
(presumably BeH+), 26, and 34 a.m.u.. The plasma rotation
causes ions of different masses to centrifugally separate and
the heavy-mass impurity ions occupy a region at larger radii.
This is evident in the side-view image in Fig. 1. Since the
shape of the overall plasma including impurity ions is a
spheroid, we conclude that the impurity ions have the same
rotation frequency as the9Be+ ions. Furthermore, the fact

FIG. 1. Schematic diagram of setup. Figure is not to scale. The
trap diameter is 4 cm. The electrodes used to apply the rotating wall
field are not shown. The vertical edges of the plasma visible in the
side-view image are due to the presence of nonfluorescing impurity
ions heavier than Be. The direction of the side-view light collection
and the direction of the perpendicular cooling beam form a 60°
angle in a plane perpendicular to the magnetic field axis. Top- and
side-view images of a plasma with 26 000 ions are shown. Indi-
vidual crystalline planes are visible in the side-view image. The
diameter of the fluorescing part of the plasma, i.e., the Be+ ions, is
500 mm

FIG. 2. Energy-level diagram for9Be+ in a high magnetic field
(not to scale). Due to the very small hyperfine splittings in theP
states, each line here represents all hyperfine levels, i.e., all possible
values ofmI. The cooling and probe transitions are indicated. The
wavelength of both laser beams is 313 nm. All diagnostics are
based on the fluorescence from the cooling transition.
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that the rotating wall potential can gain phase-locked control
of the plasma rotation frequency indicates that most of the
impurity ions have crystallized. From this, we infer that the
heavy-mass impurity ions, through sympathetic cooling, are
cooled to temperatures similar to the9Be+ ions. The work
presented here has typically been carried out on plasmas with
5%–20% heavy-mass impurity ions, although the data re-
corded at elevated residual gas pressures were obtained with
plasmas having,50% heavy-mass impurity ions.

A. Temperature measurements

The axial temperature of the9Be+ ions was probed by
Doppler laser spectroscopy on the single-photon transition
2S1/2

smI =+3
2 ,mJ=+1

2
d←2P3/2

smI =+3
2 ,mJ=−1

2
d [25] (see

Fig. 2). The linearly polarized probe beam(waist ,1.2 mm)
was sent into the trap along the magnetic field axis, and
consequently the measurement provides a determination of
the axial temperature. Since the probe transition is 160 GHz
below the cooling transition, a second frequency-doubled
dye-laser system is needed to produce the probe beam. The
upper state2P3/2

s+3
2 ,−1

2
d decays with probability 1/3 to the

2S1/2
s+3

2 ,+1
2

d state and with probability 2/3 to the2S1/2
s+3

2 ,−1
2

d state. Hence, the resonance can be observed as a
decrease in fluorescence from the cooling laser due to a de-
population of the cooling laser cycle.

The data-taking procedure is as follows. Att=0, the cool-
ing laser beams are turned off. After a desired amount of
time, tdelay, the ions are exposed to a 50–500 nW probe laser
pulse of duration 10 ms. Immediately thereafter the cooling
laser beams are turned back on. The count rate in the side-
view camera is measured before turning offsybefored and after
turning back onsyafterd the cooling beams, and the measured
signal, defined asyafter/ybefore, is the probability of an ion
staying in the2S1/2

s+3
2 ,+1

2
d state. After such a measurement,

the ions are exposed to the cooling beams for about 25 s.
Because the cooling beams optically pump the population
trapped in the2S1/2

s+3
2 ,−1

2
d state back to the cooling transi-

tion [25], this reinitializes the system. This cycle is repeated
for different probe frequencies until the line profile has been
recorded. Mechanical shutters are used for turning on and off
the laser beams.

At time t= tdelay (the start of the probe laser pulse), the
population is, due to the optical pumping by the cooling
laser, in the2S1/2

s+3
2 ,+1

2
d state. Fortdelay, t, tdelay+10 ms,

the probe laser beam is on and the cooling laser off, which
changes the probabilityr of finding an ion in the2S1/2
s+3

2 ,+1
2

d state by

dr

dt
= − ãVsndr. s3d

Here, ã is a proportionality constant andVsnd is the Voigt
function,

Vsnd =E
−`

`

du
e−u2

Fn − n0

DnD
− uG2

+
1

4
F g

2pDnD
G2 , s4d

which is a convolution of a Lorentzian and a Gaussian.n is
the laser frequency,n0 is the center frequency of the probe

transition,g is the Lorentzian width, andDnD is the Gaussian
width. The Lorentzian contribution is due to the natural line-
width of the transition, while the Gaussian contribution is
due to Doppler broadening. From Eq.(3), the probability of
an ion remaining in the2S1/2

s+3
2 ,+1

2
d state by the end of the

10 ms probe laser pulse is given byr=e−ãVsnd310 ms. We
therefore use the line profile

fsnd = e−aVsnd, s5d

to fit the measured Doppler broadened line profiles. The pa-
rametera= ã310 ms determines the amplitude of the line
profile.

In the fit of Eq. (5) to the measured line profile, the
Lorentzian width is fixed at the theoretical valueDnL
=g /2p=18.0 MHz [26], and the Gaussian widthDnD is ex-
tracted from the fit. The remaining free parameters are the
amplitudea and, since frequencies are measured only on a
relative scale, the center frequencyn0. Also, the base line,
which in principle should equal 1, is allowed to vary in the
fit. The temperature is calculated from the expression for the
Doppler width

DnD =
n0

c
Î2kBT

m
. s6d

Note that for small amplitudes

fsnd . 1 − aVsnd s7d

is just a Voigt profile. Equation(5) contains corrections due
to the saturation and broadening that occurs at large ampli-
tudes. Since only a few photon scattering events per ion dur-
ing the 10 ms period are sufficient to transfer an ion from the
2S1/2

s+3
2 ,+1

2
d to the 2S1/2

s+3
2 ,−1

2
d state, we achieve large-

amplitude signals and saturation at very low probe laser
powers. In the derivation of Eq.(5), it is assumed that all
ions are subject to the same probe laser power. This assump-
tion is valid for the liquid phase, where there is good mixing
of the ions within the plasma boundary. However, even for
the solid phase it will be approximately valid because the
waist of the probe laser beam is greater than the plasma
radiusr0. A set of line profiles for very different probe laser
powers were recorded for a spherical plasma of 26 000 ions,
and the Gaussian widths extracted from the saturation cor-
rected fits were independent of probe-laser power. We there-
fore conclude that the error in analysis caused by the as-
sumption of uniform probe laser power is negligible.

The temperature measurements presented here were car-
ried out at a fixed rotation frequency,vr =2p364 kHz cor-
responding to a spherical plasma, set by the rotating wall. In
order to ensure a constant rotation frequency, the rotating
wall does work by balancing any external torques on the
plasma. In the following section, the method for measuring
the magnitude of external torques is discussed.

B. Spin-down measurements

We determine the magnitude of the external torque, due to
ambient static field errors and residual gas drag, by measur-
ing the spin down of the plasma after turning off the rotating
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wall and calculating the resulting change in the canonical
angular momentum of the plasma. The total canonical angu-
lar momentum per ion about the magnetic-field axis of a
spheroidal plasma in a Penning trap can be expressed as

L =
3

20

Nm

pn0z0
sVc − 2vrd, s8d

whereN is the number of ions in the plasma[8]. We wish to
determine the average torque per ion

t svrd =
dL

dt
svrd s9d

due to a change invr. We here consider the torque on the
entire plasma including heavy-mass impurity ions located at
larger radii. Equation(8) assumes that the plasma is a pure
one-species plasma. However, due to the mass dependence
of Vc and the fact thatVc@vr, the mass dependence of the
angular momentum and therefore also of the torque is weak.
Hence, Eqs.(8) and (9) are a good approximation for the
present plasmas. Using Eqs.(2) and (8), the torque per ion
can be written as

tsvrd = −
3

40

Ne2

pe0z0

1

vrsVc − vrd
F sVc − 2vrd2

vrsVc − vrd

+
sVc − 2vrd

z0

dz0

dvr
+ 2Gdvr

dt
. s10d

z0, dz0/dvr, anddvr /dt should all be taken as functions of
vr. Accordingly, a determination oft svrd requires knowing
N, vr, z0svrd, sdz0/dvrdsvrd, and sdvr /dtdsvrd. With the
present sign convention, a decrease in rotation frequency
corresponds to a negative value ofsdvr /dtdsvrd and a posi-
tive value oft svrd.

The derivativesdvr /dtd represents the spin-down rate,
and is measured by recording a sequence of side-view im-
ages as a function of time after turning off the rotating wall.
Typically, an image with an accumulation time of 30 s is
recorded every 60 s. Due to the direct relation between the
rotation frequencyvr and the plasma aspect ratio[8], a mea-
surement of the plasma height 2z0 yields the value ofvr. We
choose to use the plasma height as opposed to the plasma
width because the presence of nonfluorescing heavy-mass
impurity ions at the largest radii complicates an accurate de-
termination of the plasma width. The sharpness of the plasma
boundary makes it possible to measure the plasma height 2z0
simply as the difference between the plasma top and bottom
in a side-view image. In detail, a vertical slice from the cen-
ter of the plasma in the 2563256 pixel side-view image is
selected and projected onto thez axis (the magnetic-field
axis). An example of this procedure is shown in Fig. 3. After
background subtraction, the edges are found as the points
where the count rate equals a certain fraction(typically 0.3)
of the averaged count rate at the center plateau. Subpixel
resolution is obtained by linearly interpolating between count
rates in the two pixels on either side of the limit defining an
edge. The actual relation between the plasma height and ro-

tation frequency, 2z0svrd [or vrs2z0d], is obtained from a
series of calibration images recorded at known rotation fre-
quencies.

Returning to the determination oftsvrd, the calibration
images yieldz0svrd and sdz0/dvrdsvrd, and the actual spin-
down images in turn yieldvr and sdvr /dtdsvrd. Calibration
and spin-down images are recorded on the same plasmas
with roughly equal count rate levels and analyzed following
the exact same procedure in order to minimize the sensitivity
to small errors in the background subtraction. The number of
ions, N, is calculated from a side-view image of a spherical
plasmasvr =2p364 kHzd. The plasma height is measured
and the number of ions is calculated using the relationN
= 4

3pn0z0
3 together with Eq.(2).

Since the spin-down measurements are based on fluores-
cence images, the axial cooling beam is on during the mea-
surements(the perpendicular cooling beam is turned off).
Consequently, in addition to the external torquestext, due to
ambient static field errors and residual gas drag acting on the
plasma, there can be a torquetlaser caused by a small mis-
alignment of the axial cooling beam. Even though this beam
is aligned with the magnetic-field axis to within,0.001°,
tlaserturned out to be significant compared totext. To separate
the contributionstext andtlaser, we alternate between record-
ing a sequence of spin-down images with the axial cooling
beam on continuously, leading to a total torquetcont=text
+tlaser, and a sequence with the axial cooling beam chopped
at 200 Hz(50% duty cycle), leading to a torquetchop=text

+ 1
2tlaser. The external torque and the laser torque can then be

determined from the equations

FIG. 3. (a) Side-view image with solid lines indicating the ver-
tical slice used to determine the top and bottom of the plasma. The
image size is 2563256 pixels where one pixel corresponds to a
distance of 4mm. The dotted lines indicate the top and bottom of
the plasma determined by the procedure described in the text.(b)
Projection of counts in the slice onto thez axis. The dotted lines
indicate the position of edges while the dashed near-vertical line to
the far left shows the background level which is found by linear
interpolation between the background plateaus above and below the
plasma.
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text = 2tchop− tcont,

tlaser= 2stcont− tchopd. s11d

Finally, if the plasma can always be described by a(rigid-
rotor) thermal equilibrium state and any changes in this state
due to the coupling with the rotating wall occur adiabatically,
then the energy increase per ion due to the work done by the
rotating wall is given by[8]:

UdE

dt
U

wall
= textvr . s12d

HereE denotes the total plasma energy(sum of the potential
and kinetic energies) per ion. SpecificallyE is the total en-
ergy per ion as calculated in the lab frame(as opposed to the
rotating frame—see the Appendix and Ref.[8]). We use Eq.
(12) to estimate the possible temperature increase due to the
work done by the rotating wall. We believe the assumptions
of thermal equilibrium and adiabatic change that go into Eq.
(12) are reasonable for the measurements discussed in this
paper. These assumptions mean, for example, that the rotat-
ing wall does not excite large amplitude plasma modes, so
that the plasma remains close to a thermal equilibrium state
during its evolution.

III. RESULTS AND DISCUSSION

A. Determination of heating rate

Figure 4 shows two examples of measured line profiles
and corresponding Voigt profile fits. The profile recorded at
tdelay=0 [see Fig. 4(a)] is, ignoring the 10 ms duration of the
probe pulse, a measure of the temperature when the ions are
laser-cooled continuously. From the fit we determined a tem-
perature ofT=1.6±0.6 mK, which is close to the Doppler-
cooling limit. The accuracy of this temperature measurement
is limited by the stability of the probe laser frequency and by
the fact that, at the lowest temperatures, the natural linewidth
of the transition is significantly larger than the Doppler
width. At higher temperatures the Doppler width dominates
[see Fig. 4(b)], resulting in much smaller relative uncertain-
ties on the extracted temperatures.

Heating-rate curves were obtained by measuring the tem-
perature as a function of delay timetdelay after turning off the
cooling laser. Figure 5(a) shows heating-rate curves for plas-
mas of 28 500 and 440 000 ions. Initially, the heating rate is
slow. However, at tdelay.100 ms, in the case of
440 000 ions, the temperature increases toT,2 K within
about 100 ms. A similar behavior is observed for the plasma
consisting of 28 500 ions. In both cases, the onset of this
rapid heating coincides with reachingT,10 mK. With our
density of 23108 cm−3, T=10 mK corresponds to a cou-
pling G,170. This is where the solid-liquid phase transition
of a strongly coupled plasma is predicted to take place. We
therefore believe the rapid increase in the heating atT
,10 mK is due to the solid-liquid phase transition. At
present we do not understand the cause of this rapid heating,
and therefore in the following we focus on the short-term
heating rate, i.e., the heating rate characteristic of the solid
phase.

Figure 5(b) shows a close-up of the short-time heating
rate data from Fig. 5(a). From linear fits to the data, heating
rates around 65 mK/s are obtained. This is comparable to
the heating rates observed in miniature radio-frequency traps
typically used for pursuing ion-entanglement experiments.
However, in the following section we argue that the source
of heating in the miniature radio-frequency traps[20] is dif-
ferent from the source of heating in the present Penning trap.

B. Heating mechanisms

In this section, we investigate the importance of the dif-
ferent possible sources of energy: residual-gas collisions,
work done by the rotating wall, and electric-field noise from
the trap electrodes.

1. Residual-gas collisions

The effect of residual-gas collisions was investigated by
recording heating rate curves at different residual-gas pres-
sures(see Fig. 6). Data were taken at three different values

FIG. 4. Line profiles recorded for a spherical plasma of
440 000 ions at(a) tdelay=0 ms and(b) tdelay=1000 ms. The dashed
and solid lines are Voigt profile fits respectively with[Eq. (5)] and
without [Eq. (7)] saturation correction. In(a) the two fits are nearly
identical. The Doppler widths and corresponding temperatures ex-
tracted from the fits with saturation correction are shown. The fre-
quency scale is referenced to the center of the laser sweep interval,
which generally does not coincide with the line center. For technical
reasons, the frequency scales of(a) and (b) are shifted relative to
each other. This shift is due to a change in the offset of the fre-
quency sweep of the laser and is not an actual shift of the line
center.
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of the pressure. When operating at the lowest pressure(at
which the data in Fig. 5 were also recorded) the Bayard-
Alpert ionization gauge, which measures the residual-gas
pressure, is turned off and the exact value of the pressure is
not known. We estimate that the base pressure, when the
ionization gauge is off, is,4310−9 Pa (see the Appendix).
With the ionization gauge on, a pressure of,13310−9 Pa
was measured. A further increase in the pressure to,29
310−9 Pa was obtained by regularly cycling the ion pumps
off and on.

An increased heating rate at elevated pressures is evident
from linear fits to the short-time data shown in Fig. 6(b). The
fits yield heating rates of 87±19 mK/s,,1.0, and,2.0 K/s
for the lowest, intermediate and highest pressures, respec-
tively. Due to the limited number of data points in the solid
phase, the heating rates for the intermediate and highest pres-
sures are very uncertain. However, clear evidence of a cor-
relation between residual gas pressure and heating is also
found from the onset of rapid heating, which happens at
delay times of around 100, 25, and 5 ms for the lowest,
intermediate, and highest pressures, respectively[see Fig.
6(a)]. This heating starts at the solid-liquid phase transition
which occurs at a fixed temperatureT.10 mK. Therefore,

the observed shift of rapid heating to shorter times with el-
evated pressures shows that residual-gas collisions are a
dominant heating mechanism while the plasma is in the solid
phase. Finally, in the Appendix we estimate the ion heating
rate due to residual-gas collisions for different ion-molecule
collisional cross sections assuming that H2 is the dominant
background gas molecule. We obtain heating rate estimates
that are 2–18 times larger than the measured 65 mK/s heat-
ing rate. Accordingly, residual-gas collisions are expected to
be an important mechanism and can provide an explanation
for the observed heating.

Residual-gas collisions are of less importance in the min-
iature radio-frequency traps holding just a few ions. For
room-temperature traps at,10−8 Pa, the collision rate per
ion with the residual gas molecules is,0.03 s−1 [28]. Hence,
in the case where only a few ions are present in a trap under
ultrahigh vacuum, the interval between two residual-gas col-
lisions is sufficiently long that most measurements are car-
ried out without any collision events. With 104–106 ions, on
the other hand, residual-gas collisions are so frequent that it
becomes necessary to take into account the average effect of
those collisions.

FIG. 5. (a) Heating-rate curves(temperature as a function of
tdelay) for plasmas consisting of 28 500 and 440 000 ions.(b) A
close-up of the short-time data where the plasmas are still in the
solid phase. Linear fits to the short-time data give short-time heat-
ing rates of 68±24 mK/s(solid) and 62±21 mK/s(dashed), re-
spectively, for the small and large plasma.

FIG. 6. (a) Heating-rate curves for a 410 000 ion plasma re-
corded at three different pressures.(b) A close-up on the short-time
data where the plasma is still in the solid phase. Straight lines have
been fitted to the short-time data yielding heating rates of
87±19 mK/s (solid line), ,1.0 K/s (long-dashed line), and
,2.0 K/s (short-dashed line) for lowest, intermediate, and highest
pressure, respectively.
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2. Work done by the rotating wall

The torque due to the rotating wall was deduced from
measurements of the plasma spin-down rate when the rotat-
ing wall was turned off. Equation(12) was then used to
estimate the energy input due to the rotating wall. Figure 7
shows the results of a relatively long spin-down measure-
ment. The spin-down rate is nearly twice as high in the data
recorded with the cooling beam on continuously as in the
data with the cooling beam chopped. This shows that the
laser torque is the dominant torque. Also, the continuous and
chopped runs are subject to inconsistent fluctuations in the
spin-down rate, which we attribute to laser-torque fluctua-
tions. In the derivation of Eq.(11), it is assumed thattlaser is
constant in time. In an attempt to minimize errors in the
analysis caused by laser-torque fluctuations, we resort to tak-
ing image sequences of less than 15 min duration. Two sub-
sequent image sequences, recorded with the cooling beam
continuous and chopped, give measurements oftcont and
tchop, respectively. An example obtained with a plasma con-
sisting of 18 600 ions is shown in Fig. 8.

To gain better statistics and average over laser torque fluc-
tuations, many image sequences are recorded, alternating be-
tween the cooling beam on continuously and chopped. Every
two subsequent image sequences are then combined using

Eq. (11) to determinetext andtlaser. The outcome of a com-
plete data series taken on a 18 600 ion near-spherical plasma
sf r =67 kHzd is shown in Fig. 9. In Fig. 9(b) the work per ion
per unit time due to the rotating wall is estimated fromtext
and Eq.(12). This work is divided by the specific heat of an
ideal gas to obtain an estimate of the possible temperature
change due to this energy input. Averaging the results of Fig.
9(b) yields an estimate for the possible temperature change
due to the work done by the rotating wall of

* 1

3

2
kB

dE

dt *
wall

= − 3 ± 10 mK/s. s13d

Since the runs in Fig. 9 are not completely independent, and
also because the laser torque fluctuations between runs are
probably not random, we use the standard deviation of the
group of measurements in Fig. 9(b) (without dividing by
ÎNrun, whereNrun is the number of runs) to obtain the uncer-
tainty stated in Eq.(13). Interestingly, the anticorrelation be-
tweentext andtlaserevident in Fig. 9 is the expected behavior
if the measurements are dominated by laser torque fluctua-
tions. We can therefore only place an upper limit of 10 mK/s
on the temperature increase due to the rotating wall. The
specific heat of a crystallized strongly coupled plasma ap-
proaches 3kB, the specific heat of a harmonic lattice, for large
couplingsG. Use of this specific heat would result in a limit
smaller by a factor of 2 on the temperature increase due to
the rotating wall. In either case, this energy input is signifi-
cantly below the heating rate obtained from the temperature
measurements. Hence, the contribution to the heating rate
from the rotating wall torque is negligible for a plasma of
this size.

A similar data series obtained with a large plasma consist-
ing of 440 000 ions is shown in Fig. 10. In this case, an
energy input per ion from the rotating wall atf r =67 kHz of

FIG. 7. Spin-down data for a plasma consisting of 25 000 ions.
Two image sequences covering roughly the same range in rotation
frequency were recorded, one with the axial cooling beam on con-
tinuously and one with the axial cooling beam chopped. The images
are 2563256 pixels with 4mm/pixel. (a) and (b) show the actual
images corresponding to the highest and lowest rotation frequen-
cies, respectively, in the run with a continuous cooling beam.(c)
Plasma height as a function of time after turning off the rotating
wall for continuous and chopped cooling beams.

FIG. 8. The result of short-duration spin-down image sequences
for a plasma consisting of 18 600 ions recorded with the cooling
beam on continuously and chopped. Height and corresponding ro-
tation frequencyf r =vr /2p are plotted as a function of time after
turning off the rotating wall. Straight lines are fitted to the two data
sets giving the spin-down rates. From these rates the torquestext

=3.5310−31 J andtlaser=4.7310−31 J at f r =67 kHz are extracted.
This data set corresponds to run No. 11 in Fig. 9
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* 1

3

2
kB

dE

dt *
wall

= − 7 ± 177 mK/s s14d

is obtained. Once again the uncertainty is dominated by laser
torque fluctuations, and we can only place an upper limit of
,180 mK/s on a potential temperature increase due to the
rotating wall. Even though we believe that the fluctuations in
the axial laser beam direction and position are approximately
the same in Figs. 9(small plasma) and 10(large plasma), the
larger plasma appears to be approximately 20 times more
sensitive to these fluctuations. Presumably this is because the
magnitude of the laser torque fluctuations depend sensitively
on the ratio of the plasma radius to the axial laser beam
waist. For large plasmas the limit on the temperature increase
due to the rotating wall is not small compared to the heating
rate found by the temperature measurements. However, Fig.
6 shows that the heating rate of a large plasma sensitively
depends on the background pressure. In addition, the mea-
sured short-time(solid phase) heating rate of a large plasma

approximately equals that of a small plasma, which is shown
to be due mainly to residual gas collisions. Therefore, re-
sidual gas collisions can account for the large plasma heating
rate, although in this case we cannot rule out some contribu-
tion due to the rotating wall.

In addition to heating the ions, residual-gas collisions pro-
duce a drag on the rotating ion plasma, which will contribute
to the plasma spin down. In the Appendix, we show that
under some ideal assumptions it is possible to relate the heat-
ing due to residual-gas collisions to the torque due to the
residual-gas drag. In particular, if the Be+-residual-gas colli-
sions are elastic, the average torque per ion due to residual-
gas drag,tdrag, is related to the average energy increase per
ion due to residual-gas collisions,usdE/dtducoll, by

tdrag=
2

15

m+ mrg

mrg

vrr0
2

vrms
2 UdE

dt
U

coll
. s15d

Herevrms=ÎkBT/mrg is the root-mean-square velocity of the
residual gas andmrg is the mass of the dominant residual-gas
species. Equation(15) assumes a single-species plasma. If
the residual gas consists of more than one dominant species,
then Eq.(15) must be summed over the different species.
Our dominant residual gas is presumably H2. If the H2 mass,
a residual gas temperature ofT=300 K, and a heating rate of
65 mK/s [Fig. 5(b)] are substituted into Eq.(15), we obtain
values of 2.5310−32 J and 2.0310−31 J for the average

FIG. 9. Torques(a) and resulting work done by the rotating wall
(b) at f r =67 kHz (near-spherical) extracted from a complete series
of spin-down measurements on a plasma consisting of 18 600 ions.
Each run consists of a spin-down measurement with the cooling
beam on continuously and chopped. The first run is based on the
data from the first continuous and the first chopped measurements,
and the second run is based on the data from the first chopped and
the second continuous measurements, etc. The runs are therefore
not completely independent.

FIG. 10. Torques(a) and resulting work done by the rotating
wall (b) at f r =67 kHz (near-spherical) extracted from a complete
series of spin-down measurements on a plasma consisting of 18 600
ions.
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torque per ion due to residual-gas collisions for the small and
large plasmas of Figs. 9 and 10. These torques are about two
orders of magnitude less than the experimental limits ob-
tained from Figs. 9 and 10 on the total torque per ion due to
all sources, including residual-gas drag and ambient static
field errors.

3. Electric-field noise

Heating in miniature radio-frequency traps due to electric
field noise caused by both thermal electronic noise(Johnson
noise) and fluctuating patch fields was studied in Ref.[20].
We make the simple assumption that these noise sources
could be present at a comparable level in our Penning trap.
The heating rates attributed to these two forms of noise are
proportional to 1/d2 and 1/d4, respectively, whered is the
characteristic distance from the trap electrodes to the ions
[20]. In our Penning trap, the distance from the trap elec-
trodes to the ions is larger by two orders of magnitude than
in the miniature radio-frequency traps. The heating rates due
to thermal electronic noise and fluctuating patch fields
should therefore be decreased by four and eight orders of
magnitude, respectively, compared to those for the miniature
radio-frequency traps. Since the heating rates observed in
these two different types of traps are of the same order of
magnitude, we conclude that the contribution from electric-
field noise to heating in our Penning trap should be negli-
gible.

IV. CONCLUSION

The present study shows that the laser-cooled9Be+ plas-
mas in our Penning trap have a heating rate of 65 mK/s
while in solid phase. For relatively small plasmas consisting
of 20 000–30 000 ions, we have been able to establish that
the heating is caused by residual-gas collisions. Residual-gas
collisions also appear to be the main heating mechanism for
large plasmas with,400 000 ions. We note that the heating
rate has been measured only for spherical plasmas, and that
the relative importance of energy increase due to residual-gas
collisions and the rotating wall could vary with the plasma
rotation frequency and shape.

The solid-phase heating rate, valid for the first
100–200 ms, is comparable to the heating rates obtained in
miniature radio-frequency ion traps, where entanglement of
up to four ions has been achieved. Since large numbers of
ions can be trapped and cooled in the present Penning trap,
entanglement of many more ions may be possible. In gen-
eral, the internal state manipulations used to entangle the
ions slow down with increasing number of trapped ions.
However, with the solid-phase heating rate measured here,
we believe entanglement of between 100 and 1000 ions into
spin-squeezed states with significant levels of squeezing
should be within reach.

Finally, we note that the slow heating rate of the ions
measured in the solid phase is followed by a very rapid heat-
ing in the liquid phase. This sudden change in the heating
rate appears to be a manifestation of the solid-liquid phase
transition. At present, we do not understand how the solid-
liquid phase transition could produce this signature. This is,

however, an interesting question to pursue in future experi-
ments.
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APPENDIX

In this paper we have considered changes in the plasma
energy due to residual-gas collisions, work done by the ro-
tating wall, and heating due to electric field noise. If we
neglect heating due to electric field noise, which we believe
to be negligible, the energy increase per ion after the cooling
laser beams are turned off can be written as

dE

dt
= UdE

dt
U

coll
+ UdE

dt
U

wall
. sA1d

HereE, as in Eq.(12), is the total plasma energy(the sum of
the potential and kinetic energies) per ion as calculated in the
lab frame. The corresponding increase in the ion temperature
can be obtained by dividingdE/dt by the specific heat. If the
external torque opposing the plasma rotation is due to ambi-
ent static-field errors and residual gas drag, we may further
write text=tfield+tdrag and, from Eq.(12):

UdE

dt
U

wall
= vrtfield + vrtdrag. sA2d

In this appendix, we derive an expression forusdE/dtducoll in
terms of the residual gas density, temperature, and collision
cross section. We derive a similar expression for the torque
tdrag due to the residual gas drag and relate this torque to
usdE/dtducoll. We show thatvrtdrag, the work per unit time
done by the rotating wall to balance the background gas
drag, is small compared tousdE/dtducoll and can be ne-
glected.

We assume that the ions are coldsT=0d, that the colli-
sions are elastic, and that the rotational velocity of an ion is
small compared to the thermal residual-gas velocity. That is,

if u; rvrû is the rotational velocity of an ion in the plasma
and vrms;ÎkTrg/mrg is the one-dimensional root-mean-
square velocity of the residual-gas particles with massmrg
and temperatureTrg, we assumeu;uuu!vrms and calculate
the energy change and drag due to residual-gas collisions to
lowest nonvanishing order inu/vrms.

1. Energy transfer due to collisions

For simplicity, we calculate the energy transfer due to a
residual-gas collision with an ion in a local inertial frame
moving with the ion’s rotational velocityu. We note that
describing a residual-gas collision in such a local inertial
reference frame makes sense because the duration of a
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residual-gas collisions&10 psd is negligible compared to the
rotation periods2p /vr ,20 msd of an ion. We show that the
difference between the energy transfer calculated in this
frame and the lab frame is small, of orderu2/vrms

2 . It is fre-
quently useful to describe the ion motion in a frame that
rotates with the ion plasma[8]. In this rotating frame the ion
energyER is given in terms of the lab frame energyE and
canonical angular momentumL (about thez axis) by ER
=E+vrL. In a residual-gas collision, the energy transferred
to an ion in a local inertial frame moving with the ion’s
rotational velocityu is the same as the energy transfer cal-
culated in the rotating frame.

For T=0, a trapped ion(i.e., a trapped Be+ ion) is at rest
in a local frame moving with the ion’s rotational velocityu.
As shown in Fig. 11(a), let vrg be the velocity of a residual
particle before the collision. In the center-of-mass(c.m.)
frame, the final collision state can be described by two scat-
tering angles:b, defined in Fig. 11(b) as the angle between
the final velocities and the initial collision axis, and an angle
z that describes the azimuthal orientation of the final scatter-
ing plane about the initial collision axis. In the c.m. frame, it
is easy to show that the final ion velocity isvc8
=mrgvrg/ smrg+md. In the local frame of the ion[Fig. 11(a)],
this gives a final ion velocity of

v8 = 2
mrg

mrg + m
vrg cosSb

2
D sA3d

and a final ion energy(a recoil energy) of

1

2
msv8d2 =

mmrg
2

smrg + md2vrg
2 2 cos2Sb

2
D . sA4d

Let sEsvrgd denote the total collision cross section for en-
ergy transfer, defined by

sEsvrgd = 2pE
0

p

sinsbddb
ds

dV
2 cos2Sb

2
D . sA5d

Hereds /dV is the differential scattering cross section which
we assume to be independent ofz. Also, let

Fsvd =
1

s2pd3/2vrms
3 expS−

v2

2vrms
2 D sA6d

denote a Maxwell-Boltzmann distribution of velocities with
vrms=ÎkTrg/mrg as defined earlier. In the local frame of an
ion, the distribution of residual-gas velocities isFsvrg+ud.
The average energy increase per unit time of an ion due to
residual-gas collisions can then be written as

UdER

dt
U

coll
= nrg

mmrg
2

smrg + md2 E d3vrgFsvrg + udvrg
3 sEsvrgd,

sA7d

wherenrg is the density of the residual-gas molecules. Here
we useER to denote that Eq.(A7) gives the energy increase
per ion, due to collisions, in the rotating frame of the plasma.
Equation (A7) is just the recoil heating of an ion due to
residual-gas collisions. Withuuu!vrms we expand

Fsvrg + ud . FsvrgdF1 −
vrg ·u

vrms
2 + OS u2

vrms
2 DG . sA8d

We neglect the smallu2/vrms
2 term. The term linear invrg will

average to zero leading to the result

UdER

dt
U

coll
. nrg

mmrg
2

smrg + md2kvrg
3 sEsvrgdl. sA9d

Here, we use the notationkgsvdl to denote the average of a
quantitygsvd over the Maxwell-Boltzmann distributionFsvd,
i.e., kgsvdl=ed3vFsvdgsvd. Within the approximations used
to derive Eq.(A9), usdER/dtducoll is independent ofu and is
therefore the same for all ions.

We use two different cross sections to estimate the heating
rate. In an ion-molecule collision, the electric field of the ion
polarizes the colliding residual gas molecule, resulting in an
attractive interactionUsRd=−aq2/ s8pe0R

4d at large ion-
molecule separationR [28]. Here a is the polarizability of
the molecule. For impact parameters less than a critical value
bcrit=saq2/pe0mvrg

2 d1/4, where m is the reduced mass, the
residual-gas molecule penetrates an angular momentum bar-
rier and undergoes a close spiraling collision with the ion
[29]. The Langevin cross sectionsLangevinsvrgd=pbcrit

2 there-
fore provides a measure of the cross section for close colli-
sions. Because energy and momentum can also be trans-
ferred by long-range collisions, we expectsLangevin may
underestimate the ion heating rate. A more conservative es-
timate of the heating rate is obtained from the total collision
cross section in aC4/R4 potential. With C4=aq2/ s8pe0d,
the total “elastic” cross section is selasticsvrgd
=pGs1/3dfaq2/ s16e0"vrgdg2/3 [28].

The pressure in the vacuum vessel was measured by a
nude ionization gauge located,1 m from the trapped ions.
The pressure reading was,7310−9 Pas,5310−11 Torrd.
However, Fig. 6(a) indicates that this reading is limited by
outgassing of the gauge and that the pressure with the gauge
off is likely 2–4 times lower. Our vacuum vessel is con-
structed mainly of stainless steel and fused silica. In systems
like this, H2 is typically the dominant background gas, which
is what we assume here. With the reduction by a factor of 2

FIG. 11. Sketch of the initial and final states of a residual-gas
collision in (a) the initial rest frame of the ion and(b) the center-
of-mass frame. This figure defines quantities used in the text. The
scattering angleu of the ion in the rest frame is related to the
scattering angleb in the center-of-mass frame byu=b /2.
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in sensitivity of the ionization gauge for H2, we estimate a
background of,4310−9 Pa of H2 with the ionization gauge
off. At 300 K, this corresponds to a density of residual H2
molecules ofnrg.1.031012 m−3.

In estimating the heating rate with Eq.(A9) we assume
isotropic scatteringfds /dV=s / s4pdg. For isotropic scatter-
ing the collision cross section for energy transfer is equal to
the normal collision cross sectionfsEsvrgd=ssvrgdg. With
asH2d=0.82310−30 m3, mrg=2mp, and m=9mp smp

=proton massd, after evaluation of the integral in Eq.(A9),
we obtain

* 1

3

2
kB

dER

dt *
Langevin

. 0.15 K/s, sA10d

* 1

3

2
kB

dER

dt *
elastic

. 1.2 K/s. sA11d

These estimated heating rates are approximately 2 and 18
times larger than the measured heating rate of 65 mK/s dis-
cussed in Sec. III A. If we use the specific heat of a harmonic
lattice s3kBd instead of the specific heat of an ideal gas, the
estimated heating rate is lowered by a factor of two. The
heating rates of the heavy-mass impurity ions(see Sec. II)
are reduced by the mass factor in Eq.(A9). However, even
for the extreme case of a plasma consisting of 50%9Be+ ions
and 50%m=34 a.m.u. ions, the heating rates of Eqs.(A10)
and (A11) are only reduced by,30%. The difference be-
tween the estimated and measured heating rate may indicate
that the estimated residual-gas pressure is too high or that
our assumption of isotropic elastic collisions is too simplis-
tic. Nevertheless, these estimations shows that residual-gas
collisions can provide an explanation for the measured solid-
phase heating rate of 65 mK/s.

2. Momentum transfer due to collisions

We now derive an expression similar to Eq.(A9) for the
average momentum transfer due to residual-gas collisions.
The momentum transferred to the ion in the collision de-
picted in Fig. 11 will consist of a component alongvrg (i.e.,
along the original collision axis) given by

mmrg

mrg + m
vrg2 cos2Sb

2
D , sA12d

and a component perpendicular tovrg. The perpendicular
component will average to zero in the integration over the
azimuthal scattering anglez. The average momentum per
unit time transferred to an ion due to residual-gas collisions
can then be written as

UdP

dt
U

coll
= nrg

mmrg

mrg + m
E d3vrgFsvrg + udvrgvrgsEsvrgd.

sA13d

In the expansion ofFsvrg+ud in Eq. (A8), only the term
linear in vrg will not average to zero. We obtain

UdP

dt
U

coll
. − nrg

mmrg

mrg + mKvrg
vrg ·u

vrms
2 vrgsEsvrgdL

= − unrg
mmrg

mrg + mKvrg
svrg ·ud2

vrms
2 u2 sEsvrgdL

= − unrg
mmrg

mrg + m

1

3Kvrg
vrg

2

vrms
2 sEsvrgdL

; − mgu, sA14d

where the drag coefficientg is given by

g =
nrg

3vrms
2

mrg

mrg + m
kvrg

3 sEsvrgdl. sA15d

In Eq. (A14) we have used the fact that the average contain-
ing svrg·u /ud2 is the same for any components ofvrg. Evalu-
ation of Eq.(A15) with the parameters used to obtain Eqs.
(A10) and (A11) gives

gLangevin= 3.03 10−4 s−1, sA16d

gelastic= 2.53 10−3 s−1. sA17d

Because the measured heating rate was less than the esti-
mated heating rates of Eqs.(A10) and (A11), the drag coef-
ficient due to residual gas collisions is likely also less than
the estimates of Eqs.(A16) and (A17).

Equations(A9) and(A14) for the energy and momentum
change of an ion due to residual gas collisions both involve
the samekvrg

3 sEsvrgdl average. It follows that:

UdP

dt
U

coll
= −

u

3vrms
2

mrg + m

mrg
UdER

dt
U

coll
. sA18d

From Eq. (A18) we calculate the torque per ion, averaged
over a uniform density spheroidal plasma, due to residual-
gas drag. For a plasma consisting of a single ion species of
massm, we obtain

tdrag=
2

15

m+ mrg

mrg

vrr0
2

vrms
2 UdER

dt
U

coll
. sA19d

With the substitution usdER/dtducoll,usdE/dtducoll (see next
section), this expression was used on two different plasmas
in Sec. III B 2 to estimate the torque per ion due to residual
gas drag. Also, from Eq.(A19) we see that vrtdrag
~ usvr

2r0
2/vrms

2 dsdER/dtducoll. Becausevrr0!vrms, the work per
unit time vrtdrag done by the rotating wall to balance the
residual-gas drag is small compared to the collisional recoil
heating usdER/dtducoll of the plasma.

3. Laboratory versus rotating frame

We have calculated the energy and momentum transfer
due to residual-gas collisions in a local inertial frame moving
with an ion’s rotational velocityu. This is equivalent to cal-
culating the energy and momentum transfer due to collisions
in the rotating frame of the plasma. The momentum transfer
due to a collision is independent of the frame of reference,
and therefore our calculation of the residual-gas drag is
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frame independent. The energy transfer due to collisions is
not the same in the lab and rotating frames, but the difference
is small. Consider an ion with rotational velocityu in the lab
frame, which undergoes a residual gas collision that changes
its velocity by dv. The change in the ion energy in the lab
frameDe= 1

2msu+dvd2− 1
2u2 due to the collision is related to

the change in the ion energy in the rotating frameDeR

= 1
2mdv2 by De=DeR+mu ·dv. In terms of the change in the

momentum of the ion,Dp=mdv, this expression can be writ-
ten De=DeR−vrẑ·sr 3Dpd. After averaging over the re-
sidual gas velocity distribution and over the ions in the
plasma we obtain

UdE

dt
U

coll
= UdER

dt
U

coll
− vrUdL

dt
U

coll
. sA20d

Here, as before,E is the total plasma energy per ion andL is
the canonical angular momentum per ion about thez axis in
the lab frame. Equation(A20) also follows directly from the
equationER=E+vrL. From usdL/dtducoll=tdrag we see that
the energy increase due to collisions is reduced in the lab

frame from the rest frame by the termvrtdrag. As discussed
earlier, this term is proportional tousvr

2r0
2/vrms

2 dsdE/dtducoll

and, with the assumptionu!vrms, can be neglected com-
pared to usdE/dtducoll.

Physically the term −vrusdL/dtducoll=−vrtdrag in Eq.
(A20) can be thought of as the work done by the ions in
“spinning up” the residual gas. Not only is this work by the
ions small compared tousdE/dtducoll, but it is offset by the
work of the rotating wall in holding the plasma rotation fre-
quency constant against the residual-gas drag. Mathemati-
cally if Eqs.(A2) and(A20) are substituted into Eq.(A1) we
obtain

dE

dt
= UdER

dt
U

coll
+ vrtfield. sA21d

That is, the energy increase of an ion, after the cooling lasers
are turned off, is due to collisional recoil heating
usdER/dtducoll and the work done by the rotating wall to
counteract the torque due to ambient field errorsvrtfield. We
note thatvrtdrag does not enter in Eq.(A21).
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