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"What t h e n , "  asked S t .  Augustine, "is time? If no one asks  me, I know 
what it is. If I wish t o  e x p l a i n  it t o  him who asks me, I do n o t  know." 
We have l ea rned  a few t h i n g s  s i n c e  S t .  Augustine,  E i n s t e i n  has t a u g h t  u s  a 
l o t .  But s t i l l  there are a l o t  of unanswered ques t ions .  I n  p a r t i c u l a r ,  
how do you measure time? It i n t r i g u e s  me t h a t  we never measure time; w e  

measure time d i f f e r e n c e s ,  i.e. t h e  time d i f f e r e n c e  between two c locks .  I 

know of  no way t o  measure t h e  time 0 f . a  c lock .  I can  measure the  time of 
a n  even t  wi th  r e f e r e n c e  t o  a p a r t i c u l a r  c lock .  Another i n t r i g u i n g  
q u e s t i o n  is, i f  time cannot be measured, is it p h y s i c a l  o r  is i t  a n  
ar t i fact?  
independent v a r i a b l e .  We a t t empt  t o  approximate our  concep tua l i zed  ideal 

time by i n v e r t i n g  t h e s e  laws so t h a t  time is the  dependent v a r i a b l e .  The 

fac t  is that time, as  we now g e n e r a t e  i t ,  is dependent upon de f ined  
o r i g i n s ,  a de f ined  resonance  i n  the cesium atom, i n t e r r o g a t i n g  e l e c t r o n -  
ics,  induced biases, and random p e r t u r b a t i o n s  from the ideal. Hence, a t  a 

s i g n i f i c a n t  l e v e l ,  time -- as  man g e n e r a t e s  it by the  best means a v a i l a b l e  
t o  him -- is an  a r t i fac t .  C o r o l l a r i e s  t o  t h i s  are t h a t  every  c lock  
d i s a g r e e s  wi th  every  o t h e r  c lock  e s s e n t i a l l y  always,  and no c lock  keeps 
ideal o r  " t rue"  time except  as w e  may choose t o  d e f i n e  i t .  Frequency or 

time i n t e r v a l ,  on the  other hand, is fundamental t o  n a t u r e :  hence,  t h e  

d e f i n i t i o n  of the second can approach t h e  ideal.  Noise i n  n a t u r e  is a l s o  
fundamental. C h a r a c t e r i z i n g  the random v a r i a t i o n s  of a clock opens the  

door t o  optimum e s t i m a t i o n  of  environmental  i n f l u e n c e s  and t o  t h e  des ign  
of optimum combining a lgo r i thms .  

We c o n c e p t u a l i z e  some of  t h e  laws of p h y s i c s  wi th  time a s  t h e  



Let's d e f i n e  some terms[']: Beginning w i t h  a s i n e  wave v o l t a g e  w i t h  

frequency v ( t )  as  t h e  v a r i a b l e  frequency o u t p u t  o f  a p r e c i s i o n  o s c i l l a t o r ,  
we may write V ( t )  = Vo s i n ( 2 n  u ( t )* t ) ,  where we assume t h a t  ampl i tude  
f l u c t u a t i o n s  are n e g l i g i b l e  around Vo, and where u(t)  is t h e  ave rage  
f requency  from 0 t o  t. We can r e d e f i n e  t h i s  equa t ion  wi th  uo be ing  a 
c o n s t a n t  nominal frequency and p l a c e  a l l  of t he  d e v i a t i o n s  i n  the phase ,  
V ( t )  = Vo s i n  ( 2 n v o - t  + t$(t)). 

y ( t )  - (u(t) - vo)/vo, which is d imens ion le s s  and which is t h e  f r a c t i o n a l  
f requency  d e v i a t i o n  of  u( t )  from the  nominal va lue .  
y ( t )  t o  g e t  t h e  time d e v i a t i o n ,  x ( t ) ,  which has t h e  dimensions of  time. 
From the  above we can write t h e  time d e v i a t i o n  o f  a clock as a f u n c t i o n  of  
t h e  phase d e v i a t i o n :  x ( t )  = 4( t ) /2nvo.  

We then  d e f i n e  a q u a n t i t y  
- 

We can i n t e g r a t e  
- 

Why do we have time d e v i a t i o n s ?  We c o n c e p t u a l i z e  two c a t e g o r i e s :  
s y s t e m a t i c s ,  such as  frequency d r i f t  (D), frequency offset  (yo) and time 

o f f s e t  (x,) ; and t h e n  random d e v i a t i o n s  E ( t ) ,  which are n o t  cons idered  t o  
be d e t e r m i n i s t i c :  

x ( t )  = xo + y o * t  + 1 / 2  D t 2  + E ( t ) .  ( 1  1 

Note, t h e  q u a d r a t i c  i n  the D term is because x ( t )  is the  i n t e g r a l  of v( t ) ,  

t h e  f r a c t i o n a l  frequency. I n  F igu re  1 w e  have simulated two sys t ema t i c  
cases: one a clock wi th  f requency  offset ,  and ano the r  case wi th  a 
n e g a t i v e  frequency d r i f t .  s y s t e m a t i c s  caused by envi ronmenta l  i n f l u e n c e s  
are a l s o  ve ry  impor tan t .  
impor tan t  sys t ema t i c  i n f l u e n c e s  on p r e c i s i o n  osci l la tors .  An impor tan t  
set of  s y s t e m a t i c  d e v i a t i o n s  are modulation side bands, e.g. 60 Hz, 
120 Hz, d a i l y  and annual dependences, those Induced by v i b r a t i o n s ,  etc.  

F i g u r e s  2 through 6 summarize some of the  

The random d e v i a t i o n s  of p r e c i s i o n  o s c i l l a t o r s  can t y p i c a l l y  be ca tego-  
r ized by power l a w  s p e c t r a ,  S,,(f) - fa where f is t h e  F o u r i e r  frequency 

J 

and a takes on i n t e g e r  v a l u e s ,  i.e. -2, -1, 0 ,  1 ,  2 [1s2*3,41.  F igu re  7 
shows n o i s e  samples cor responding  t o  these d i f f e r e n t  power law spectra and 
Table  1 shows t h e  nominal r ange  of  a p p l i c a b i l i t y  o f  these power l a w  

models. 
a p a i r  o f  c l o c k s  or a c lock  a g a i n s t  some primary r e f e r e n c e ,  and some 

Given a time d e v i a t i o n  p l o t  x ( t )  f o r  t he  time d i f f e r e n c e  between 



sample time T (see Figure  8 f o r  example),  t h e  average f r a c t i o n a l  frequency 
for each i n t e r v a l  is t h e  time d i f f e r e n c e  a t  t h e  end of t h e  i n t e r v a l  minus 
t h a t  a t  t he  beginning of  t he  i n t e r v a l  d i v i d e d  by T .  We can t h u s  c o n s t r u c t  
a s e t  of discrete frequency v a l u e s  over  such a data s e t  from t h i s  time 

d e v i a t i o n  p l o t .  
v a l u e s ,  b u t  one can show t h a t  for some k i n d s  o f  power law s p e c t r a  
encountered i n  p r e c i s i o n  osc i l la tors  t h a t  the s t a n d a r d  d e v i a t i o n  is 

We can c a l c u l a t e  a c lass ical  s tandard  d e v i a t i o n  for t h e s e  

d ivergentC5] ,  i .e.,  it does n o t  converge t o  a well def ined  va lue ,  and i t  

is a f u n c t i o n  of data  lengthC2].  Hence, t he  s t a n d a r d  d e v i a t i o n  should n o t  
be used for c h a r a c t e r i z i n g  clocks. An I E E E  subcommittee has recommended 

Cll S ( f )  i n  t h e  frequency domain and a measure, o 2 ( ~ )  i n  t he  time domain . Y Y 
The la t te r  has  come t o  be called the  two-sample v a r i a n c e  or  t h e  Allan 
var iance .  The convergence of o ~ ( T )  has been v e r i f i e d  C1,2,3, '+1 for  

t h e  power l a w  s p e c t r a  of I n t e r e s t  i n  p r e c i s i o n  osci l la tors .  It is d e f i n e d  
as  follows c11, 

where by is t he  d i f f e r e n c e  between a d j a c e n t  f r a c t i o n a l  f requency 
measurements each sampled over  a n  i n t e r v a l  T and the  brackets <> 
i n d i c a t e  t h e  i n f i n i t e  time average or  e x p e c t a t i o n  v a l u e .  

A p i c t o r i a l  d e s c r i p t i o n  is shown i n  F igure  9 for a f i n i t e  data set. A 

data s e t  of the order of 100 p o i n t s  is q u i t e  adequate  for convergence of 
o y ( ~ ) ,  though of c o u r s e  the conf idence  of t h e  estimate w i l l  t y p i c a l l y  
improve as t h e  data l e n g t h  increases 16]. 
data,  t h e  v a l u e  of T c a n  be v a r i e d  i n  t he  software c73. If T~ is t h e  data 

spac ing  for  the  stored data set ,  yi, from t h e  measurement system, one can 
change to  T = n'ro by averaging  n a d j a c e n t  v a l u e s  of yito o b t a i n  a new 
f r a c t i o n a l  f requency estimate wi th  sample time T as  i n p u t  t o  Equat ion (2). 
Hence, i n  a very  convenient  way one can c a l c u l a t e  o y ( ~ )  as  a f u n c t i o n  of 

Given a discrete set of s t o r e d  

- 

b e  shown to  be very  u s e f u l  i n  a moment. For a f i n i t e  d a t a  
( 2 )  t h e n  becomes 

T ,  which w i l l  

s e t ,  Equat ion 

1 (3) 



where t h e  yz are average  f r a c t i o n a l  f r e q u e n c i e s  averaged over  T - nTo, 
s t a r t i n g  a t  k ,  and t h e  xks are t h e  discrete time d e v i a t i o n  measurements, 

Equation ( 3 )  is ob ta ined  from a f irst  d i f f e r e n c e  on f requency ,  and 
e q u a t i o n  ( 4 1 ,  from t h e  second d i f f e r e n c e  on the  time; t h e y  are mathemati- 
c a l l y  i d e n t i c a l ,  which g i v e s  u s  t h e  o p t i o n  of  u s i n g  f requency  or time 
data. 

For power l a w  spectra, v is c o n s t a n t  for a p a r t i c u l a r  va lue  of a ,  where 

o,*(T) - T ~ .  The r e l a t i o n s h i p  of t h e  spectral d e n s i t y ,  Sy( f )  - fa ,  

exponent a v e r s u s  LI is v = -a-1 (-2< a Sl) and v = -2 ( a d ) .  

For example, o y ( ~ )  is p r o p o r t i o n a l  t o  T -1'2 (which is t y p i c a l )  for cesium, 
rubidium and p a s s i v e  hydrogen; t h e n  IA has the  v a l u e  of -1, and hence a has 
t h e  v a l u e  of 0 (white  n o i s e  f requency  modula t ion) .  This is the  c lass ical  
n o i s e  e x h i b i t e d  by most atomic clocks for T ' S  beyond a few seconds  and i n  
t h i s  case O ~ ( T ~ )  is equa l  t o  the classical s t a n d a r d  d e v i a t i o n .  
n a t e l y  for most cases where T L 1 second the  r e l a t i o n s h i p  11 - -a-1 is 
app 1 icab le. 

For tu-  

We have an  ambiguity a t  p = -2; w e  cannot  t e l l  whether we have f l icker  

n o i s e  phase modulation (PM) or white  n o i s e  PM. We can avoid  t h i s  problem 

by r e a l i z i n g  t h a t  i n  t h i s  r e g i o n  o,,(T) depends on the measurement 
J 

One can c o n s t r u c t  a v a r i a b l e  so f tware  bandwidth, f,, by - 
r e a l i z i n g  the  fo l lowing  c8,91. I n  any measurement system a hardware 
bandwidth, f h ,  e x i t s  through which w e  measure the phase or the time 
d i f f e r e n c e  between a pair  o f  c l o c k s ;  d e f i n e  T h  = 1/2nfh. 
T~ is t he  sample time per iod  through which w e  sample the  data. 

average  n time or phase r e a d i n g s ,  we i n c r e a s e  t he  time pe r iod  t o  n'rh - T ~ .  

B u t  T~ = 1/2nfs ,  where f, = f h / n ,  i .e.,  w e  narrow the e f f e c t i v e  bandwidth, 

I n  other words 
If w e  



f,, i n  t h e  sof tware  by n. I n  other words f, = f h / n  g e t s  smaller a s  we 
average more v a l u e s ;  i .e. i n c r e a s e  n (T = nTo). 
c o n s t r u c t  a second d i f f e r e n c e  composed of time d e v i a t i o n s  so averaged,  and 
t h e n  d e f i n e  a modified o Y 2 ( r )  t h a t  w i l l  remove t h e  ambiguity through 

bandwidth variation: 

We can therefore 

+ x.) Y 2.r n (N-3n+l) j-1 ('i+2n - 2 X i  +n 1 i= j  
z 1 Mod.0 2 ( ~ )  

where N = M+1, t he  number of time d e v i a t i o n  measurements a v a i l a b l e  from 
t h e  d a t a  se t .  And now i f  Mod.oy2(r) - T ~ ,  t h e n  p'= -a-1 (1s a S3) C9,101. 

We t y p i c a l l y  employ Mod.oy(T) as  a s u b r o u t i n e  t o  remove the ambiguity i f  

a Y ( r )  - T-' because the  p'  dependence only approximates  t h a t  given by 
e q u a t i o n s  ( 3  and 4) for  a <l. But for a = 2 and 1, p 12 e x a c t l y  e q u a l s  
-3/2 and -1 r e s p e c t i v e l y ,  p r o v i d i n g  a c l e a n  d i f f e r e n t i a t i o n  between white  

n o i s e  PM and f l i cke r  n o i s e  PM. 

Table  2 i l l u s t r a t e s  why one should n o t  use  t h e  c lass ical  s t a n d a r d  
d e v i a t i o n  t o  c h a r a c t e r i z e  c locks .  For t he  d i f f e r e n t  k i n d s  of n o i s e  
p r o c e s s e s  we l ist  the  c l a s s i c a l  s t a n d a r d  d e v i a t i o n  of t h e  time d e v i a t i o n s  
and t h e  classical  s t a n d a r d  d e v i a t i o n  of t h e  f r a c t i o n a l  f requency 
d e v i a t i o n s  as a f u n c t i o n  of a Y ( r )  ( t h e  square  root of t h e  Allan v a r i a n c e ) .  
The d i v e r g e n t  n a t u r e  of e i ther  classical  s t a n d a r d  d e v i a t i o n  is a p p a r e n t ,  
and even for c lass ical  white n o i s e  FM t h e  s t a n d a r d  d e v i a t i o n  is a p p a r e n t ,  
and even for c lass ical  whi te  n o i s e  EN t he  s t a n d a r d  d e v i a t i o n  of t h e  time 
d i v e r g e s  as the  s q u a r e  root of the data l e n g t h  i.e. t h e  number of samples 
NC23. 

Using o (T) or M0d.o (T) w e  can c h a r a c t e r i z e  t y p i c a l  power law processes .  
We t h e n  have the  o p p o r t u n i t y  of determining optimum estimates of 

v a l u e s  by employing the  s t a t i s t i c a l  theorem tha t  t h e  optimum estimate of  a 
w h i t e  n o i s e  p r o c e s s  is j u s t  the  s imple mean. 

Y Y 



For example, c o n s i d e r  t he  ve ry  common and very impor tan t  case o f  white 

n o i s e  FM t y p i c a l l y  found on t h e  s i g n a l s  from cesium s t a n d a r d s ,  rubidium 

s t a n d a r d s  and p a s s i v e  hydrogen masers. 
frequency is t h e  simple mean f requency ,  which is e q u i v a l e n t  t o  
(x, -xl)/Mro. 
c o l l e a g u e s  e r roneous ly  de te rmining  t h e  frequency f o r  these k i n d s  of 
o s c i l l a t o r s  by c a l c u l a t i n g  the s l o p e  from a l i n e a r  leasts squa res  f i t  t o  

the time d e v i a t i o n s  and quo t ing  t h e  s t anda rd  d e v i a t i o n  around t h a t  f i t  as 
a measure of  t h e  c lock  performance. There are  three problems i n  
proceeding  t h i s  way. F i r s t ,  t h e  f requency  estimate is n o t  optimum i n  a 
mean squa re  e r r o r  s e n s e  and is e q u i v a l e n t  t o  throwing away about  20% o f  
t he  data ,  i n c r e a s i n g  the cost i n  the case o f  a c a l i b r a t i o n .  Second, 
t h e  s t a n d a r d  d e v i a t i o n  d i v e r g e s  as t h e  square root of t h e  data l e n g t h  and 
t h i r d ,  the  s t a n d a r d  is s i g n i f i c a n t l y  dependent on the f i l t e r  ( l i n e a r  
leasts squa res )  as  well a s  the c lock  d e v i a t i o n s .  On t h e  o t h e r  hand such a 

The optimum estimate of t h e  

I t  is still a l l  t o o  common w i t h i n  o u r  d i s c i p l i n e  t o  see our  

f i l t e r  can  be u s e f u l  for a s s e s s i n g  o u t l i e r s .  The optimum "end p o i n t "  
method o u t l i n e d  above has the r i s k  tha t  i f  e i ther  of  t h e  p o i n t s  is 
abnormal, i.e. t h e  model f a i l s ,  the r e s u l t  w i l l ,  of c o u r s e ,  be a d v e r s e l y  
effected, so such a f i l t e r  is u s e f u l  t o  assess whether there are, o u t l i e r s  
-- paying e s p e c i a l  a t t e n t i o n  t o  t h e  end p o i n t s .  

There are o t h e r  u s e f u l ,  and maybe n o t  so obvious,  optimum e s t i m a t o r s  a t  
the conc lus ion  of a data se t :  (1) Given white n o i s e  PM, t he  best t i m e  

error estimate is the simple mean of the time d e v i a t i o n s ,  the frequency 
estimate, t h e n ,  is t h e  slope from a l i n e a r  least s q u a r e s  f i t  t o  t he  time 

d e v i a t i o n s ,  and the frequency d r i f t ,  D, is determined from a q u a d r a t i c  
least squa res  f i t  t o  t h e  time d e v i a t i o n s  per e q u a t i o n  (1). (2) Given 
white n o i s e  FM, t h e  optimum estimate of the  time is t h e  l a s t  v a l u e ,  t he  

optimum f requency  estimate is o u t l i n e d  i n  t h e  p rev ious  paragraph and the 

optimum frequency d r i f t  estimate is from a l i n e a r  least squa res  f i t  t o  t h e  

frequency. ( 3 )  Given random walk FM, the optimum time estimate is the  

l a s t  va lue ,  and optimum frequency estimate is ob ta ined  from the last  s l o p e  
of t h e  time d e v i a t i o n s ,  and the optimum frequency estimate Is from the  
last  s l o p e  from t h e  time d e v i a t i o n s ,  and the  optimum f requency  d r i f t  

estimate is c a l c u l a t e d  from t h e  mean second d i f f e r e n c e  of the time 

d e v i a t i o n s .  Caution needs  t o  be e x e r c i s e d  here f o r  t y p i c a l l y  there w i l l  



be higher frequency component noise i n  a real  data stream, such a s  white 
noise FM, along w i t h  t h e  random walk, and these can s ignif icant ly  
contaminate the d r i f t  estimate from a mean second difference. If random 

walk FM is the predominant long-term, power-law process, which is often 

the case, then the noise can be handled by calculating the second 
difference from the f irst ,  middle and end time deviation points of the 
data. The f l icker  noise cases are  significantly more complicated, though 
f i l t e r s  can be designed to  approximate optimum estimation ‘11 ,12,133. I n  
the l i m i t  a s  the data length increases without l i m i t ,  the time is not 

defined for  f l icker  noise PM, an the frequency is not defined for f l icker  
noise FM. T h i s  has some philosophical implications for  the def ini t ions of 
time and frequency unless some low frequency cutoff limits exis t .  If 

s ignif icant  frequency d r i f t  ex is t s  i n  the data,  i t  should be optimally 
subtracted from the data or it  w i l l  b ias  the long term values of o y ( ~ ) :  

Once the 
can also 

DT 
Oy(K) 

power law spectra are deduced for  a pair  of osc i l la tors ,  then one 
develop an optimum predictor. Table 3 gives both the optimum 

prediction values for the various relevant pure power l a w  spectra, a s  well 
a s ,  the i r  assymtotic forms. Special forecasting techniques must be used 
for  optimal prediction when conbinations of these processes are present. 
To i l l u s t r a t e  how these concepts re la te  t o  r ea l  devices, Figure 10 shows 

a o ~ ( T )  diagram for some interesting state-of-the-art osc i l la tors ,  and 
Figure 11 shows the rms time prediction errors  for  the same s e t  of 

osc i l l a  t ors  . 
I n  conclusion it is clear that  c lass ical  s t a t i s t i c s  does not allow 
characterization of common k i n d s  of random signal variations found i n  

precision osci l la tors .  
e f f ic ien t  and convergent measure of the power law spectral density models 
u s e f u l  i n  characterizing most of these osci l la tors .  Once characterized we 
can calculate optlmum time and frequency estimates a s  well as predicted 
values. Characterizing the random variations also provides near optimum 

estimation of systematic e f fec ts ,  which often cause the predominant time 
and frequency deviations. For example, i f  we wanted t o  optimally 
determine the temperature dependence w i t h  the temperature s e t  a t  two 

The two-sample or Allan variance provides an 



d i f f e r e n t  v a l u e s ,  we would set a t  one tempera ture  and measure t he  

frequency a g a i n s t  a r e f e r e n c e  f o r  a time T ~ ,  cor re spond ing  t o  t h e  T f o r  
t h e  minimum o y ( ~ )  va lue .  
o t h e r  v a l u e  and repeat t h e  measurement w i t h  the same cr i ter ia  and n o t e  t h e  

r e s u l t a n t  by between the  two op t ima l ly  determined frequency va lues .  
these two s t e p s  are repea ted  s e v e r a l  times, an  a r b i t r a r i l y  good p r e c i s i o n  
is achieved  and is approximately g iven  by o , ( T ~ ) / J P ,  where P is the  number 
o f  Ay v a l u e s  ob ta ined  from swi t ch ing  back and f o r t h .  
c h a r a c t e r i s t i c s  o f  bo th  t he  random and the  s y s t e m a t i c  d e v i a t i o n s  o f  
p r e c i s i o n  osci l la tors  clearly is u s e f u l  t o  t h e  d e s i g n e r ,  t h e  p l anne r ,  t h e  

u s e r ,  as  w e l l  as the  vendor. 

We would t h e n  change the  tempera ture  t o  the  

If 

Knowing the  
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Figure 1 .  
offset  and t o  frequency d r i f t  in a clock. 

Frequency, y ( t ) ,  and time, x ( t ) ,  deviat ions  due to frequency 



OSCILLATOR 

, TEMPERATURE SENSITIVITY / dog K 

Figure  2. 
frequency s t a n d a r d s :  
H = a c t i v e  hydrogen maser, H(pas) = p a s s i v e  hydrogen maser, and 
CS - cesium beam. 

Nominal v a l u e s  for t h e  tempera ture  c o e f f i c i e n t  for the  
QU - q u a r t z  c r y s t a l ,  RB - rubidium gas c e l l ,  

OSCILLATOR 

MAGNETIC FIELD SENSITIVITY / G 

F i g u r e  3. 
frequency s t anda rds :  
H = a c t i v e  hydrogen maser, H(Pas )  = p a s s i v e  hydrogen maser, and 
CS = cesium beam. 

Nominal v a l u e s  for  the  magnetic f i e l d  s e n s i t i v i t y  for the 
QU = q u a r t z  c rys ta l ,  RB = rubidium gas cel l ,  



OSCILLATOR 

REPRODUCIBILITY 

F i g u r e  4. 
same frequency a f t e r  a p e r i o d  of time for the  s t a n d a r d s :  
c r y s t a l ,  RB - rubidium g a s  c e l l ,  H = a c t i v e  hydrogen maser, 
H(pas1 = p a s s i v e  hydrogen maser, arid CS = cesium beam. 

Nominal c a p a b i l i t y  of a frequency s t a n d a r d  t o  reproduce t h e  
QU - q u a r t z  

OSCILLATOR 

ABSOLUTE ACCURACY 

F i g u r e  5. Nominal c a p a b i l i t y  for a frequency s t a n d a r d  t o  produce a 
frequency determined by t h e  fundamental c o n s t a n t s  of n a t u r e  for t h e  
s t a n d a r d s :  QU = q u a r t z  c r y s t a l ,  RB = rubidium g a s  c e l l ,  H = a c t i v e  
hydrogen,maser,  H(pas1 = p a s s i v e  hydrogen maser, and CS - cesium beam. 



OSCILLATOR 

FHACTISNhL FREOUENCY DRIFT / DAY 

Figure 6 .  
t h e  frequency standards: QU = quartz c r y s t a l ,  RB = rubidium gas c e l l ,  
H - a c t i v e  hydrogen maser, H(pas) - pass ive  hydrogen maser, and 
CS = cesium beam. 

Nominal va lues  ( ignor ing  the  s i g n )  for t h e  frequency d r i f t  for 





Figure 8. A simulated time deviation plot, x ( t ) ,  wi th  indicated ;sample 
time T over which each adjacent fractional frequency, yi ,  i s  measured. 
The equations are for the standard deviation and for the estimate of Q (T) 
for a f in i t e  data s e t  of M frequency measurements. It 1s often the cage 
that the standard deviation diverge3 as  the data length Increases When 
measuring the long term frequency s tab i l i ty  of precision oscil lators,  
wehereas a ('I) converges. Y 
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Table I. 

Typical Applicable Oscillators and Range of Applicability 

a, Noise Types cs H-ac t ive H-pass ive Qu Rb 

2 White Noise PM 

1 Flicker Noise PM 

< lms 

s 1  s 

4 0 White Noise FM 2 10 9 100 s sT< 10 s 2 1 s 

-1 Flicker Noise F'M ;r days 2104 2 days 

-2 Radom Walk FM 2 weeks 2 weeks 2 weeks 2 hours 2 days 



Table I1 

Typical 
Noise 
Types 

White Noise PM 

Flicker Noise PM 

White Noise FM 

Flicker Noise FM 

Random Walk F'M 

Classical 
Standard 
Dev i a t  ion 

of x 

- T o y ( r ) g  

undefined 

undefined 

Classical 
Standard 
Dev i a t ion 
of Y 



Table 111. 

Typic a 1 
Noise 
TY Pes 

White Noise PM 

Flicker Noise PM 

White Noise F'M 

Flicker Noise FM 

Random Walk FM 

Op t i mum 
Prediction 

x(  K p )  
rms 

J 

Time 
Error: 

Asymptotic 
form 

constant 

1 /2 
P T 

P T 

312 
P T 


