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Abstract-Intercomparisons of average frequency and of fre- 
quency stability were made among one Hewlett-Packard 5060A 
cesium beam, two Varian Associates H-10 atomic hydrogen masers, 
and the National Bureau of Standards NBS I11 cesium beam desig- 
nated a s  the United States Frequency Standard. Each of the stan- 
dards displayed a white noise frequency fluctuation behavior with a 
transition into an approximate flicker of frequency fluctuation be- 
havior for longer time intervals. The rms fractional frequency fluc- 
tuation between adjacent samples, a(., N=2) ,  was 6X10-11r1/2 
down to a flicker level of about 3 X for the hp 5060A cesium 
beam (102<7 < 104s), 1 X 10-11~-1/2 down to a flicker level of less than 
1X10-13for NBS I11 cesium beam ( lO2<~<lO4s) ,  and 5X10-13~-1/2 
down to a flicker level of about 1 X lO-I4 for the H-10 hydrogen 
masers (1 <r<104s). The accuracy capabilities of NBS I11 and 
H-10 #4 are now 1.1X10-12 and 0.47X10-12, respectively ( l a  es- 
timate). 

A discrepancy of only 1.1 parts in lo1* was observed between the 
average frequencies of the hp 5060A cesium beam and the NBS I11 
cesium beam, with the former being higher in frequency. 

hyperfine transition (F=4,  
m ~ = O ) t t ( F = 3 ,  mp=O),  defined a s  9 192 631 770.0000 Hertz, the 
measured frequency of the H 1  hyperfine transition (F= 1, w z ~ = O )  
t t - F = O ,  w z ~ = O )  was Y H = ~  420 405 751.7864+0.0017 Hertz. This 
is believed to be the most accurate and precise measurement of any 
physical quantity. 

I n  terms of the frequency of the 

I. INTRODUCTION 
SERIES of measurements involving hydrogen 

and cesium frequency standards [ I ]  was made A a t  the National Bureau of Standards (NHS), 
Boulder, Colo., during September and October 1965. 
The object of the measurements was to make intercom- 
parisons of frequency between standards that  then 
represented the state-of-the-art; to measure the fre- 
quency of the hyperfine separation of hydrogen in terms 
of the provisional international standard of frequency, 
the hyperfine separation of cesium 133, ivith higher 
accuracy than ever before; and to obtain statistical in- 
formation that  would give an insight into the nature of 
the perturbations that  cause changes in frequency. 
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Participating in the experiments were personnel from 
the NBS Atomic Frequency and 'Time Standards Sec- 
tion, the Hewlett-Packard Co., and the Quantum Elec- 
tronics Division of Varian Associates. The  equipment 
involved in the nieasurements were the NBS 111 cesium 
beam frequency standard used as the United States 
Frequency Standard located a t  Boulder, a Hewlett- 
Packard model hp 5060A cesium beam standard, and 
txvo atomic hydrogen masers model I-T-10 built by 
Varian Associates. A preliminary report of some of this 
\\ark has been published [2] .  

Measurements involving time intervals ranging from 
1 second to a maximum of 4 x lo6 seconds were made be- 
tv  een these standards by various techniques tha t  are 
described in Section I1 of this paper. An effort was made 
to obtain statistically significant quantities of data  to 
allow analysis of the spectral density of the phase or 
frequency fluctuations for sampling time intervals rang- 
ing from seconds to hours. For time intervals of greater 
duration, the number of samples available obviously 
diminishes and the relative magnitude of the confidence 
limits that  apply to any given statistically determined 
parameter increases. Hence, it is difficult to make pre- 
cise conclusions concerning the spectral density of the 
very low frequency fluctuations. Therefore, the long 
term data  are presented in the form of relative frequency 
vs. the time of measurement, as well as in the form of 
U ( T )  vs. T plots. 'The plots of frequency vs. running time 
can also help one to detect systematic behavior of the 
frequency fluctuations. These tn  o forms of data  presen- 
tation supplement each other. 

Emphasis was placed on making measurements a t  
what would normally be considered as the useful out- 
put frequency, 5 J I H z ,  in order to include the effects 
due to the electronic circuits and frequency synthesizers 
that  normally form part  of the frequency control sys- 
tem. A great deal of the data  was taken with a 5 lUHz 
system developed at  NRS using period measurement 
(Section 1I.A). This system was especially useful for 
measurements over continuous time intervals of lo2 
seconds to lo4 seconds. For measurements between 
masers involving shorter time intervals, a different 
period measuring system (Section I1.D) was used that  
referred the comparison to  a common 5 h2Hz frequency 
and, by frequency multiplication back up to 1420 MHz,  
allowed greater resolution over the shorter time inter- 
vals. Relative stability measurements between masers 
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over intervals of days were made with this high resolu- 
tion system by means of automatically printed period 
measurements and strip chart recordings of relative 
phase at 1420 MHz. 

An important result from these experiments is a more 
accurate value of the hydrogen hyperfine frequency 
(Section IV) in terms of the cesium 133 hyperfine fre- 
quency assumed to be given by 9 192 631 770.0000 Hz. 
Due to  improved understanding of the perturbations 
affecting the frequencies of the hydrogen and cesium 
devices, new error budgets (Section 111) have been 
made for each which are more complete than those pre- 
viously made. The frequency of the hyperfine separation 
of hydrogen is found to be 1 420 405 751.7864+0.0017 
Hz. The uncertainty of f0.0017 Hz is a l u  (68 percent 
confidence) measure and corresponds to 1.2 parts in 
10'2. 

Very closely related to the problem of intercompar- 
isons is the question of intrinsic frequency reproducibil- 
i ty between instruments and particularly between in- 
struments made by different people. In the case of the 
two cesium devices having enormously different size, 
beam flux, and resonance linewidth, the data  giving the 
average frequency over a run of several days duration 
indicated that  the average frequencies agreed well with- 
in the accuracy limits assigned to  each standard (Sec- 
tion 1I.D). The frequency fluctuations measured over a 
large range of time intervals r are random and vary as  
~ ~ 1 2 ,  the behavior of a source which is frequency 
modulated by white noise (Section 1I.B). 

Frequency reproducibility measurements between 
hydrogen masers constructed in different laboratories 
have been made [SI. However, since there are relatively 
few well stabilized H masers and since they are 
located in fixed installations, it is not yet possible to 
make definitive conclusions. I t  is possible to determine 
the frequency of the hyperfine separation of hydrogen 
for the idealized conditions of zero wall collision effects, 
zero magnetic field, zero absolute temperature, and zero 
electromagnetic pulling by  applying suitable correc- 
tions. Though the reproducibility of operating frequency 
from one maser to another-for masers made in a single 
laboratory is considerably better than the absolute 
reproducibility specified in the idealized manner previ- 
ously mentioned, the reproducibility of hydrogen fre- 
quency given here is in terms of those ideal conditions. 

11. MEASUREMENTS AND TECHNIQUES 
A .  Measurements with 5 MHz Comparison Systems 

Long-term frequency comparisons among the cesium 
beam devices and hydrogen masers were made by mea- 
suring the period of the beat frequency between pairs 
of synthesized 5 MHz signals controlled by the various 
atomic transitions. The  system is shown in block form in 
Fig. 1 and consists of two input channels at 5 MHz, each 
consisting of an isolator amplifier leading to a mixer. 
The  output signal from the mixer, with peak-to-peak 

amplitude of 8 volts and having a frequency typically 
ranging from 0.001 I-Iz to 10 Hz, is led through a low 
pass filter to a period measuring counter connected to 
a card punch. Period data  were automatically punched 
on cards. 

As many as three such systems were used simultane- 
ously during a run lasting 49 hours, during which the 
Hewlett-Packard cesium beam, the NBS cesium beam, 
and a Varian H maser were compared. Plots of these 
data  are shown in Fig. 2 and some explanation of the 
circumstances should be given. Frequency offsets of a 
few tenths of a Hertz (cycle per second) from 5 MHz 
were arbitrarily chosen in order to obtain frequency 
differences suitable for making period measurements a t  
5 MHz. The Hewlett-Packard instrument was supplied 
with a - 150 X 10-lo offset and was operated according 
to factory procedure, the NBS I11 instrument was oper- 
ated a t  a nominal -249X 10-lo offset, and the H maser 
digital synthesizing phase lock system was adjusted to 
the nearest 0.01 Hz at 1420 MHz so as to have a nominal 
zero offset of its 5 MHz output frequency. The data  
shown give the hour-by-hour variation between pairs of 
instruments. Each point is flagged with error bars repre- 
senting the estimated standard deviations of the mean 
for each one-hour segment of the run as determined by 
computer analysis of the punched cards. On the aver- 
age, during each hour there were 1 7  measurements for 
the Hewlett-Packard 5060A vs. NBS 111, 25 measure- 
ments for the Hewlett-Packard 5060A vs. Varian H-10 
#4, and 44 measurements for the H-10 #4 vs. NBS 111. 

At  the beginning of the run a slow drift was observed 
in the H-10 #4 vs. NBS I11 data ,  due to the stabilizing 
of the maser cavity temperature control system, since 
a few hours prior to the beginning of this record both 
masers had been moved from a room having tempera- 
ture of about 90°F to a room with ambient temperature 
of about 70'F. At  1500 hours September 14 local time 
the maser cavities were tuned and data  taking was be- 
gun. At  2200 hours the same day the masers were 
checked and the cavity of H-10 #4 was found to  have 
drifted high in frequency; it was retuned, the correction 
being 2 1  X1O-l3 in Af/f. 

The tuning was checked a t  intervals during the run by  
observing the change in the beat frequency of H-10 #4 
vs. H-10 #3 induced by a change in beam flux in H-10 #4. 
No interruption of the data  resulted from this pro- 
cedure; the offset introduced temporarily as a result of 
this process is of the order of a few parts in 10+13 in 
Af/f and is negligible. This tuning procedure is de- 
scribed in Section 1I.E and Section 1II.A. 

There is evidence tha t  the temperature control had 
not completely stabilized before the retuning a t  2200 
hours September 14. At  1500 hours September 15 it was 
found that  H-10 #4 was 4.OX10-l3 high, at 0200 on 
September 16 H-10 #4 was 3.8 x 10-13 high, and a t  1800 
September 16 i t  was found to  be 1.2 X high. During 
this run the instruments were not adjusted in any way 
except for the change in tuning of H-10 #4 a t  2200 Sep- 
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tember 14, noted above. In the H-10 #4 vs. NBS 111 
plot given in Fig. 2,  the open circles represent the fre- 
quency offset observed under the conditions of tuning 
given above. The solid black points represent the fre- 
quency offset which would have been observed if H-10 
#4 had been properly tuned. 

Further data  were taken for 50 days between Varian 
H-10 #4 and NBS 111. The fractional differences of the 
synthesized frequencies, nominally a t  5 MHz, are shown 
plotted against measurement number and date of mea- 
surement in Fig. 3. Further data  between the hp 5060A 
and NBS 111 were taken for twelve days and are shown 
in Fig. 4. The hourly averages made during these two 
runs are shown as points with vertical flags indicating 
the estimated la error of the averages that  typically 
ranges from 1 to 3X10-13 in the case of the NBS I11 
vs. H-10 #4 and from 5 to 9x l0 - I3  in the case of com- 
parisons involving the Hewlett-Packard instrument. 

In  addition to the 49 hour and 50 day runs just de- 
scribed, two more runs were made between H-10 #4 and 
NBS I11 using the 5 MHz comparison system. An 11 
hour run was made on September 1 7  and a 52 hour run 
was made on September 23 through 25. The fractional 
frequency offsets are plotted against running time in 
Fig. 5. The data  have been corrected for H maser cavity 
pulling and for magnetic field, cavity phase, power, and 
second-order Doppler shifts of NBS 111. These correc- 
tions are discussed in Section 111. 

The circumstances of the 11 hour run were such that  
the noise level on the signals was very much lower than 
for the three other runs. This could be due to the fact 
that  the runs were made during a quiet period on a 
Friday evening. As seen in Fig. 5, the 11 hour run data,  
taken in hourly groups of approximately 44 measure- 
ments, have a standard deviation for each group of 
about 1Xl0-l3 in Af/f, as compared to about 3 to 
5 x for the data  of the 52 hour run. The 11 hour 
run was used for statistical analysis of u as a function of 
sampling time T in order to determine the frequency de- 
pendence of the spectral density of the relative instabil- 
ities of the signals. The analysis was performed using 
the method of Allan [4], which is outlined in the Ap- 
pendix. A plot of a ( ~ ) ,  the root mean square fractional 
relative frequency deviation for sampling time T ,  vs. 
the sampling time, is given in Fig. 6. 

Similar runs were performed using the Hewlett- 
Packard 5060A and the Varian H-10 #4 instrument. The 
u vs. T plots, given in Figs. 7 and 8 for two separate 
runs, show that the data  are reproducible and follow 
closely the T - ’ / ~  law described in Section 1I.B. 

B.  W h i t e  Frequency N o i s e  of C e s i u m  B e a m  Standards:  
Short T e r m  Frequency Stabi l i ty  

A comparison of the u vs. T plot for the NBS 111 
instrument in Fig. 6, and that  for the Hewlett-Pacltard 
5060A instrument given in Figs. 7 and 8, indicates that  
the ratio of a H P  to aNBS is about 5 to 1. This can be 
compared with the ratio predicted [SI from measured 

values of 1) the resonance linewidth, and 2) the signal- 
to-noise ratio a t  the output of the beam detector per- 
amplifier (1;ig. 9). 

In notation consistent with the present paper, U ( T )  

is taken as the fractional rms frequency deviation for a 
sample time interval T ,  and 

where 

Afl is the width of the atomic resonance, 
f o  is the center frequency of the atomic resonance, 
I ,  is the rms noise current from the detector pre- 

amplifier in a 1 Hz bandwidth centered a t  the 
modulation frequency, and 

I ,  is the peak signal current from the preamplifier. 

In the case of the Hewlett-Packard instrument 

A j ~ = S S O  Hz, 
I n / I m  = 1.92 X lop3, and 

u(T) =4.45 x 10-11T-112. 

For the NBS I11 instrument 

Afi=45 Hz,  
I J I m  = 1.95 X lop3, and 
a(.) = 3.7 x 10-1+1/2. 

The  calculated ratio uHP/aNBS is 12 to 1 and should 
be compared with the measured ratio of 5 to 1. This 
discrepancy is largely due to the fact that  in NBS I11 
the frequency of the modulation is a large fraction of the 
resonance linewidth and results in a loss of recovered 
signal a t  the detector as compared to that  obtained with 
slower modulation. ‘The discrepancy in the ratio also 
may be due to the fact that  only the noise contributions 
from the beam and the preamplifier are included in the 
calculation. The frequency lock system noise is not in- 
cluded, nor is the noise in the frequency comparison 
equipment. Over the complete range of time intervals, 
two minutes to four hours, of Figs. 6, 7,  and 8, the data  
for both instruments show no evidence of systematic 
variations. 

C. NBS I I I  vs. Hewlett-Packard 5060A: Long T e r m  
Frequency Stabi l i ty  a n d  Average Frequencies 

The 1 2  day run (Fig. 4) was used to compare the 
average frequencies of the hp 5060A and NBS I11 
cesium beam standards. To  compare the standards in 
a way so as to yield the best average frequency relation, 
it is necessary to include corrections discussed in Section 
1II.B. In Fig. 4 the data  are shown plotted in the cor- 
rected form and the date of the measurement is indi- 
cated below the axis designated as “measurement num- 
ber.” The Hewlett-Packard instrument was operated a t  
a design frequency offset of - 150.00 parts in 1010 from 
the 9 192 631 770.0000 Hz frequency defined as the 
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Fig. 2. Simultaneous measurements of frequency stability among 
NBS II!, Varian H-10 #4, and Hewlett-Packard 5060A; 49 hour 
comparison. 

VARIAN MASER # 4 i s  NBS Ill 50 DAY COMPARISON 

frequency of the hyperfine transition under ideal 
conditions of zero magnetic field, infinitesimal radiation 
field intensity, zero second order Doppler shift, and 
zero phase error between the cavities. 

There were 102 measurements of length (T)  of one 
hour, and the dead time between measurements (T--7) 
ranged from a few seconds to greater than a day. A 
U ( T )  vs. T plot of these measurements is in good agree- 
ment with the data  of Figs. 7 and 8, with an indication 
of a flicker of frequency level [SI, [4], [S] of 2 to 3 parts 

N B S m  YS VARIAN R 10*4 
I ,  I I I I I I I I In l I  I I I I I I I  

I1 HOUR RUN 

1 
IO' - L A  104 io5 

T SECONDS 

Fig. 6. Standard deviation of fractional frequency fluctuations as 
a function of satnpling time, NBS 111 vs. Varian H-10 f4; 11 
hour run. 

in The  flicker of frequency level for NBS I11 is 
known to be less than 1 part  in l O I 3  for adjacent samples 
( N = 2 ) .  The overall average of the 102 measurements 
was -149.989 parts in 10lo with a standard deviation 
(T of a measurement of 1.5 parts in 1012. I t  is worth 
noting that  the hp 5060A was calibrated in an inter- 
nally consistent manner by  adjusting the magnetic field 
to a predetermined level found by monitoring. the field 
dependent hyperfine transitions at frequencies above 
and below the frequency of the (F=4,  mF=O)++(F=3, 
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Fig. 7. Standard deviation of fractional frequency fluctuations as a 
function of sampling time, Hewlett-Packard 5060A vs. Varian 
H-10 f4; 19 hour run. 

Fig. 8. Standard deviation of fractional frequency fluctuations as 
a function of sampling time, Hewlett-Packard 5060A vs. Vnrian 
H-10 #4; 32 hour run. 

L 
91926 M H I  J 

1 i 

Fig. 9. Frequency lock system of NBS I11 cesium beam. 

mF=0) transition. The N B S  I11 instrument was oper- 
ated in the manner described in reference 161. A 
schematic of the NBS 111 frequency lock system is 
shown in Fig. 9. The discrepancy between the hp 5060A 
.ind NRS I11 is 1.1 x 10 I", with the formcr Iieing higher 
in freclueilcy. The , i c ~ ~ u r , i c y  cl,iirned for 1 he lip 5060A 
by the manufacturer is i 2 x 10-l'. 

D. H Maser VS. H Maser: Short Term 
Frequency Stability 

Measurements of short term relative frequency sta- 
bility between masers were made using the system 
shown in Fig. 10. In this system a 5 MHz crystal oscil- 
lator is phase locked to Maser A and serves as a driver 
for a 1400 MHz multiplier serving as local oscillator 
for Maser B. The  intermediate frequency signal f a t  
20.405 MHz is then compared with an offset signal 
from a digital synthesizer operating a t  fi. The  beat fre- 
quency fi-f can be adjusted and allowed beat period 
measurements to be made over a range determined both 
by the beat rate fi-f and by  the number of periods 
chosen to represent the interval. As an example, if 
fi-f= 1 Hz, one can obtain 1 second averages by single- 
beat period measurements, 10 second averages by 10- 
beat period measurements, etc. 

This method was used for runs of data  typically in- 
volving several hundred measurements over a total 
time interval of one hour. An important parameter for 
each of these runs is the setting of the low pass filter 
which determines the amount of noise sideband power 
that  accompanies the signal a t  the beat frequency. The  
behavior of the output fluctuations is a strong function 
of the filter setting for cases where additive white phase 
noise is present with the signal. The  effect of this noise 
for fixed bandwidth B is given [SI by 

where FkT/P is the ratio of the additive noise power 
spectral density to the carrier power, and f is the fre- 
quency of the carrier. Low pass filtering of the beat 
signal has approximately the same effect on white phase 
noise as does band pass filtering of both carriers. 

Under these conditions, one expects u to vary as 1 / ~  
if the bandwidth is kept fixed. The  presence of other 
spectral types of frequency fluctuation can be deter- 
mined from the dependence of u on observation time 
with different bandwidths or by relating the bandwidth 
to the reciprocal of the observation time and plotting 
the data  in terms of BT [7]. 

Data were taken by  printing the period for a fixed 
number of beats and later transferring the data  to card 
form for processing by a computer. In  general, the num- 
ber of samples was chosen to be some integral power of 
two for compatibility with the method used by Allan 
[4] and described in the Appendix. Plots of a(?) vs. 
sample time T are given in Fig. 11 for two different 
bandwidths of the RC low pass filter. I t  is observed tha t  
the data  are bandwidth dependent and are very much 
above the level predicted by the effect of known addi- 
tive white noise of the microwave mixer. For the condi- 
tions I;= 10, kT = 4 X watts, 
and ;I 2 Hz bandwidth low pass filter at  the beat fre- 
quency, the value of u given by the above equation for 

Joules, P = 5 X 
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white phase noise is 

= 6 X 10-147-1. 

I t  is clear from Fig. 11 that  the measured instability is 
not due to the effect of added white noise of the micro- 
wave mixer. The tau dependence of U ( T )  in Fig. 11 is as 
7-’12 irom 2 seconds to 120 seconds (i.e. white frequency 
noise) and is not the 7-l dependence (Le. white phase 
noise) described in (2). In addition, the u values in 
Fig. 11 are greater than the values expected due to 
additive white noise. Other sources must be found to 
account for the instabilities observed. These may in- 
volve the frequency synthesis systems or interference 
pickup in the measurement system. Further study of 
the instabilities due to  these components is in progress. 

Figure 1 2  is a plot of relative fractional frequency vs. 
running time, as obtained from printed period data  ob- 
tained from the system of Fig. 10. A constant frequency 
offset has been subtracted to emphasize the nature of the 
frequency fluctuations. I t  is seen that  there is a reason- 
ably regular frequency modulation with a peak-to-peak 
fractional frequency excursion of about 8 X 10-14 and 
having a modulation period of approximately one half- 
hour. The  explanation of this modulation is still not 
available. However, there are several possible explana- 
tions including a cycling temperature-servo affecting the 
tuning of the maser cavity. 

The  presence of this periodic frequency modulation 
will have a distinct effect upon a U ( T )  vs. 7 plot of the 
experimental data.  If the chosen time interval 7 is equal 
to one half of the period of the frequency modulation, 
then the value of CT(T) will be a local maximum. If the 
chosen time interval is equal to one period, then the 
value of a(.) will be a local minimum. The  same data  
as were presented in Fig. 1 2  are given in Fig. 13 in the 
form of a u(7) vs. T plot. A local maximum value of U ( T )  

is observed a t  ~ = 8 0 0  seconds, and a local minimum 
value is observed a t  T = 1800 seconds. This behavior of 
U ( T )  is due to the periodic frequency modulation evident 
in Fig. 12. 

In general, the data  beyond 7 = 2000 seconds exhibit 
a flicker of frequency level [8], [4], [SI of about one 
part  in 1014. This leveling-off of a(7) for 7>2000 sec- 
onds is not due to the periodic frequency modulation 
shown in Fig. 12. Data  beyond 2.5 X lo4  seconds have a 
very large uncertainty indicated by the arrows. 

An additional method of obtaining data  was used in 
order to avoid the effects of having in the measuring 
loop the quartz crystal oscillator, the two multiplier 
chains, and the two digital synthesizers which were 
shown in Fig. 10. A technique is described in Fig. 14 
where both maser signals are separately converted to 
20.405 MHz using a common local oscillator signal 
which is fed through 60 d B  isolators to two separate 
mixers. Each maser signal is fed through a total of 120 
d B  of isolation using four 30 d B  ferrite circulators 
optimized to operate a t  1420 MHz and connected in 
series. The data  are taken by obtaining the beat fre- 

20.405 MHz PHASE 
MASER A 

1420.4 MHz 

SYNTHESIZER TI --r-- 
100 M H z  + 

I 
1 I I 

SYNTHESIZER 
RECORDER 

f7= 2 0  405’761.68 Hz I 
MASER B 

1420.4 MHz 

Fig. 10. Phase lock system for frequency comparison of H masers. 

I U ” l  

Z SECONDS 

Fig. 11. Standard deviation of fractional frequency fluctuations 
between H masers as a function of sampling time and bandwidth, 
from automatically printed data. 

0 

-.- 0 

a 

I I I I I I I I I I I 
0 I 2 3 4 5 b 

RUNNING TIME IN UNITS OF 10‘ SECONDS 

Fig. 12. Plot of relative fractional frequency fluctuations as a func- 
tion of running time, Varian H-10 #4 vs. H-10 #3. A constant 
frequency offset has been subtracted to emphasize the nature of 
the frequency fluctuations. 
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b 

l l l l l l l l l l l l i l l l l l l l l l l l  

H-1014 V I  H-IO#3 DATA FROM PRINTER 
rlmT ITI IT  

/ I  
N = 2  

- - 8  

'I Y 

Fig. 13. Standard deviation of fractional frequency fluctuations 
between H masers as a function of sampling time, from auto- 
matically printed data. 

H MASER FJ 
ISOLATOR 

MIXER 

I I 

~ 1 5MHZ 1 &*Hzi 60 d B  
ISOLATOR DUAL 

CAVITY X 280 XTAL 
I 60 d 8  I FILTER OSCILLATOR FILTER RECOROER 

I I S O L ~ T O R J  I MIXER 

20.405 MHz MIXER 

H MASER 

avoids the use of phase lock electronics. 
Fig. 14. An alternate system for comparison of H masers which 

i 

16151 I I 1 , 1 , 1 1 ~  , , I ,  UL 1 -1- 12 LJ 
lo' 7 SECONDS Io' I 0' 

IO' 

Fig. 15. Standard deviation of fractional frequency fluctuations 
between H masers as a function of sampling time, from strip chart 
data. The solid black points were obtained by the method of 1;ig. 
14. All other points were obtained by the method of Fig. 10. 

quency between the two 20.405 MHz intermediate fre- 
quency signals in a mixer and tracing the low-frequency 
beat directly on a strip chart recorder. 

In Fig. 15 are u vs. 7 plots of chart data  from one run 
(solid black points) using the method of Fig. 14 and of 
chart data  from two runs (triangles and circles) using 
the method of Fig. 10. Analysis of the period data  taken 
from charts was performed in the same manner as  for 
the automatically printed data  by using cards which 
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Fig. 16. (a) Fractional frequency difference of H masers as a fuuc- 
tion of time, corrected for cavity tuning effects in both masers. 
(b) Uncorrected fractional frequency difference of H masers as a 
function of time. (c) Cavity tuning effects in H-10 #4 as a function 
of time. 

were manually punched using the same format as  for 
the previously mentioned runs. By comparing Figs. 13 
and 15, i t  is seen that  the data  taken with the method of 
Fig. 10 show the same general level of instability, 
whether from strip chart recordings or from automati- 
cally printed period measurements. In addition, i t  is 
seen that  the data taken by the method of Fig. 14 show 
the same general level of instability as shown by  the 
data  taken by the method of Fig. 10. In Fig. 15 the 
white phase noise behavior evident between lo2 and lo3 
seconds is due to random error in the estimation of phase 
from the strip chart recordings. 

E.  H Maser vs.  H Maser: Long-Term 
Frequency Stability 

Comparisons were made between the H masers for a 
period of five and one-half weeks. The masers were 
checked for cavity mistuning by varying the atomic 
hydrogen beam flux and monitoring the beat between 
the two masers. As the concentration of atomic hydro- 
gen in the storage bulb is increased, the atomic reso- 
nance linewidth is broadened due to spin-spin exchange 
collisions between pairs of atoms in the maser storage 
bulb, and the magnitude of the cavity pulling, if any, 
is increased. When the cavity frequency is such that  a 
variation in beam flux does not affect the output fre- 
quency, the maser is considered to be properly tuned. 
The tuning process is more fully described in Section 
1II.A and in references [9]-[ll]. 

Figure 16(b) shows, as a function of time, the hypo- 
thetical fractional beat frequency which would have 
been observed between the two masers if neither maser 
had been retuned during the run. The rms fractional fre- 
quency variation is 4.0 X Figure 16(a) shows the 
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corrected beat frequency which would have been mea- 
sured had both masers been tuned. Here the rins varia- 
tion is 2.6 x 10-13, and the variations are due to unex- 
plained processes which probably involve cavity pulling 
(see Section 1II.A). 

Figure 16(c) shows a plot of the cavity pulling effect 
on H-10 #4. This was obtained by  determining the fre- 
quency correction, using the tuning method described 
above, and plotting the correction in the output fre- 
quency as a function of time. There is evidence of a slow 
drift in the cavity tuning resulting in an output  fre- 
quency drift of 7 x in 50 days. This is probably due 
to a slow temperature variation, possibly due to a 
thermistor that  had not been previously stabilized by 
aging in a temperature bath. 

For these measurements there was an applied mag- 
netic field offset in H-10 #3 of 37 X The average 
frequency of H-10 #3 was found to be 7 + 2  parts in 
1013 higher than the frequency of H-10 #4, after correc- 
tions for all known effects had been made. This dis- 
crepancy has since been reduced to less than + 2  parts 
in 1013 by renewal of the wall coating in the storage bulb 
of H-10 #3. 

111. ACCURACY OF THE FREQUENCY STANDARDS 
A .  Error Budget for Varian H-10 #4 Hydrogen Maser 

Corrections are necessary to relate the output  fre- 
quency of the hydrogen maser to the frequency of the 
hyperfine separation of the hydrogen atom under the 
least perturbed conditions. These conditions are [ 121 

1) zero collision rate, 
2) zero absolute temperature, 
3) zero magnetic field, and 
4) zero cavity mistuning effect. 

The effects from collisions are twofold, as there are 
collisions among the atoms as well as collisions with the 
walls of the storage bulb. In the latter case, while there 
is some question as to the actual mechanism of the fre- 
quency perturbation due to the wall collisions and also 
uncertainty as  to the exact nature of the surface, i t  has 
been found that  the Teflon' surfaces currently in use 
yield reproducible effects on the frequency of a maser. 
The  wall shift is assumed to  be proportional to  the wall 
collision rate. By varying the wall collision rate through 
the use of different bulb dimensions, the value of the 
shift can be determined by extrapolation of the data  to 
infinite bulb dimensions [12]. In the course of such 
measurements, a temperature dependence of the wall 
shift has been found. Recent measurements made by 
Varian Associates [3] indicate that  for a 5 3  inch (14 cm) 
diameter spherical bulb, in the temperature range 27 to 
4SoC, the shift is + 2  X Hz per degree with an un- 
certainty of about 25 percent in the measurement. A 
semi-empirical relation to give the wall shift in the re- 
gion of about 40°C can be written as 

DII Pont's polytetrafluoroethylene 

1 

D 6jZu K[I + ~ ( t  - 4O)] - 7 (3) 

where D is the inside diameter of the bulb and t is the 
temperature of the bulb in degrees Celsius. The  value of 
K determined by Varian Associates [ I s ]  from wall shift 
measurements at various temperatures is - 0.208 

0.002 Hz inch (-0.528 + 0.005 Hz cm), and the value 
of a is -5 x per degree. The wall shift of the 6.87 
inch (17.46 cm) diameter bulb of H-10 #4 is calculated 
using the above relation to be 

6fW(6.87 inch, 45OC) = - 0.0295 + 0.0006 Hz. 

The effect of collisions of pairs of hydrogen atoms has 
been studied by Bender [14], Crampton [IS], Vanier 
[ll], and others. A small frequency shift of about the 
spin exchange linewidth has been calculated for atomic 
hydrogen [14]. However, in the case of the atomic 
hydrogen maser, the collision-induced spin-spin ex- 
change frequency shift depends upon the atomic reso- 
nance width in the same fashion as does the cavity pull- 
ing [16]; the tuning procedure involving the variation 
of the linewidth includes and cancels the effect of these 
collision shifts. The  pertinent relation is [ l o 1 2  

where 

f is the output frequency of the maser, 
f H  is the output frequency of the maser when tuned, 
Afl is the linewidth of the atomic resonance, 
fc is the cavity resonance frequency, 
Q is the loaded cavity resonance quality factor, 
3 is the mean speed of the H atoms in . the storage 

bulb, 
W is Planck's constant divided by 2n, 
a. is the first Bohr orbit radius of hydrogen, 
po is the Bohr magneton, and 
3' is (L f I N t . ) '  

where 
V, is the cavity volume, 
Vb is the bulb volume, 
H, is the z component of the RF magnetic field in 

the cavity, and 
H is the RF magnetic field in the cavity. 

When the expression in the brackets is made zero (which 
is the "tuned" condition), the output frequency is 
independent of hydrogen pressure and is equal to  fH. 

Second-order Doppler effect in the hydrogen maser 
due to  thermal motion of the atoms is given by 

* The second term of (4) as written in reference [lo] contains an  
error of a factor of 2. 
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where 
k is Boltzmann’s constant, 
m is the mass of the hydrogen atom, and 
c is the speed of light. 

A change in the absolute temperature T of one degree 
K will give rise to a change in frequency of 1.38 parts 
in Since the bulb temperature is known to better 
than f0.4”K,  the probable error due to this cause is 
of the order of 5 parts in 1014. 

The  value of the average of the square of the magnetic 
field Hover  the volume of the bulb affects the frequency 
of the oscillation in the amount AfM-2750 F.  I t  is 
possible to measure the average value of the magnetic 
field R in the bulb by inducing transitions among the 
F = l ,  m F = l ,  0, -1 states. The resonance is detected 
by observing a quenching or reduction in the maser 
output power. The transition resonant frequency (Zee- 
man frequency) is given by  fz=1.4X10-6 B and is 
normally measured with an uncertainty of a few Hertz. 
The  uncertainty A H  in gives an uncertainty in AfM 
through the relation 

A(AfiK) z= 5500HAH. 

Normally the maser is operated a t  a field of 0.5 milli- 
oersted making the total offset 

-- - + 4.8 X 
f 

Assuminga 10 Hz uncertainty in fe, corresponding to 7 
micro-oersteds, the uncertainty in Af/f due to magnetic 
effects is 

I t  will be noticed that  there are two averaging meth- 
ods involved in dealing with the magnetic field and that  
since z 2  is always greater than or equal to ( B ) 2  there 
could be room for error in the determination of AfM. 

In  this case, however, the possible error is not large 
since the effect of magnetic gradients would be detected 
by a large effect on the level of oscillation. An upper 
limit to the uncertainty due to these causes is estimated 
to be of the order of 5 X 

The  effect of cavity mistuning and the consequent 
“pulling” of the maser output frequency has already 
been discussed and the “tuned” condition has been de- 
scribed as the particular cavity resonance frequency 
chosen so that  no output frequency shift results on 
changing the resonance linewidth. The  sensitivity of this 
procedure depends in large part  on the stability of the 
maser during the tuning process, the linewidth of the 
atomic resonance Afl, and the extent to which Af, can 
be broadened. There are several methods for broadening 
the line, such as by magnetic gradient quenching [17] ,  

by  colicrcntly or iIicoherently inducitig transitions 
ainong the Zeenian levels [ H I ,  or by spin exchange line 
broadening. The last method, which has been used for 
some time, offers the greatest possible differential 
broadening of the line. If one assumes that  the stability 
of the maser and its reference can be expressed by a 
maximum excursion *Afb about the beat frequency, 
then the limits +Af/f within which the maser can be 
tuned will be given by 

(6 )  Af - Afb 1 

f f 
- - 2 - _ ~ _ ~ .  

- $1 
Normally, the ratio AflJAfl, lies between 1.5 and 2.0; 
taking this value as 1.5 and putting Afb/f = 5 X 
then As/f= 2 X 

#4 is given in Table I .  

is the maximum tuning error. 
The error budget for the Varian hydrogen maser ET-10 

TABLE I 
CONTRIBUTIONS TO INACCURACY FOR VARIAN ATOMIC 

HYDROGEN MASER H-10 #4 

Source 1u estimate in 
parts in loL2 

Uncertainty in wall shift correction 
Uncertainty in temperature for 2nd order Iloppler 

i-0.42 

shift JI 0.05 
Uncertainty in C-field, E,  kO.01 
Use of H,’ for H,2 kO.05 
Cavity mistuning k0.2 
Random measurement error (1 hour) +0.01 

Total 1u estimate of accuracy capability for Varian 
H maser H-10 #4 (square root of slim of squares) i- 0.47 X 10F2 

B. Error Budget f o r  N B S  111 Cesium Beam 
A realistic error budget for the NBS I11 cesium beam 

standard was published [l] prior to the intercomparison 
described in this paper, giving -5.6 parts in 1012 as a 
3a estimate of accuracy uncertainty. However, the very 
stable signals available from the Varian hydrogen 
masers and recent theoretical work by Harrach [I91 
enabled a better determination to be made of some of 
the factors contributing to the uncertainty. Using one 
of the masers (H-10 #4) as an undisturbed reference 
frequency source, a set of evaluative experiments was 
performed on NBS I11 to study effects that  result in 
systematic frequency offsets. These have been discussed 
in detail by Harrach and will only be summarized here. 

The experiments consisted of measuring the radiation 
field dependence of the ( F = 4 ,  m ~ = O ) t - s ( F = 3 ,  mF=0) 
cesium resonance frequency under varied conditions of 
beani direction through the apparatus, excitation spec- 
trum, and magnetic C-field polarity and magnitude. 
From the analysis and interpretation of the experi- 
mental results, it was inferred that  fractional correc- 
tions of -2.2 X 10-12 for dependence on radiation field 
intensity and of +0.4 X 10-12 for second order Doppler 
shift should be applied to the measured resonance fre- 
quencies. A more complicated correction was necessary 
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for beam direction dependence of the resonance fre- 
quency. The  beam direction was reversed four different 
times by interchanging the oven and detector com- 
ponents, with the intention of evaluating and eliminat- 
ing the effect of a cavity phase difference. I t  was found 
tha t  the process of beam reversal slightly altered the 
phase difference magnitude, so that  the necessary cor- 
rections varied from about 2 to 5 parts in 10l2 for the 
different beam orientations, with an uncertainty of 
f0 .8  part  in 10l2 for each determination. 

The uncertainties in the fractional frequency correc- 
tions plus contributions from other sources, itemized in 
Table 11, produce a la estimate of accuracy capability 
of 1.1 X for NBS 111. The  term "accuracy capa- 
bility" refers to the accuracy attained when a set of 
evaluative experiments is performed, as distinct from 
the accuracy of the standard when i t  is used for an ex- 
tended period of time in an undisturbed, routine fashion. 
The  term accuracy is used as defined in reference [l]. 

TABLE I1  
CONTRIBUTIONS TO INACCURACY FOR NBS 111 CESIUM 

BEAM FREQUENCY STANDARD 

Source 1u estimate in 
parts in 1012 

Uncertainty in average C-field magnitude, a, kO.1 
Use of E," for H,2 k0.03 
Uncertainty in 1st and 2nd order Doppler shifts kO.1 
Distortion from inequality of average C-field _magni- 

tudes in transition and drift regions, HJZ) # H , ( L )  k0.03  
Uncertainty in C-field polarity-dependent shifts k 0 . 1  
Uncertainty in cavity phase difference (beam direc- 

tion dependent shifts) kO.8 
Cavity mistuning k0 .03  
Overlap of neighboring transitions fO .1  
Uncertainty in power-dependent shifts k 0 . 1 6  
Random measurement error (1 hour) k 0 . 1 6  
2nd harmonic distortion of servo modulation f 0 . 1 6  
Miscellaneous servo system effects f 0 . 5  
Multiplier chain transient phase shifts k0.33 

Total 1u estimate of accuracy capability for NBS I11 
f l . lX10- '2  (square root of snm of squares) 

A comparison of the error budgets for the Varian 
maser (Table I)  and the National Bureau of Standards 
cesium beam NBS I11 (Table 11) shows that  an appa- 
ratus-dependent effect is the major contributor to 
inaccuracy in each case. For the cesium beam, the 
frequency shift due to cavity phase difference is uncer- 
tain to f0.8X10-12, or about 16 percent of its magni- 
tude, while for the maser, the wall shift is considered 
known to kO.42 X 10-l2, or about two percent of its 
magnitude. 

IV. HYDROGEN-CESIUM HYPERFINE 
FREQUENCIES RELATIONSHIP 

An average value of the hyperfine separation of 
hydrogen in terms of that  of cesium 133 can be ob- 
tained after suitable corrections are made for both the 
cesium device and the hydrogen maser. 

A plot of Af/f vs. measurement number and date of 
measurement is shown in Fig. 3. These data  include 

corrections made for magnetic field shift, power shift, 
phase shift, and second order Doppler shift of the 
cesium frequency. The data  also include corrections for 
the effect of cavity niistuning in the hydrogen maser as 
determined by the procedure previously described. In 
order to relate the frequencies of the hyperfine separa- 
tions of cesium and hydrogen to the synthesized fre- 
quencies, reference is made to the phase lock system in 
the upper half of Fig. 10. The varactor controlled 5 
MHz quartz crystal oscillator is used to drive two fre- 
quency synthesizing systems. The  first, which is simply 
a 280 times multiplier, provides about 2 milliwatts of 
power for the reference (local oscillator) input to the 
low noise (less than 10 d B  noise figure) mixer where the 
maser signal is heterodyned to 20.405 MHz. This signal 
is amplified by about 110 d B  and compared in phase 
with the output from the second synthesizing system 
driven by the 5 MHz oscillator. The latter system is a 
digital synthesizer which can be varied in increments of 
0.01 Hz. 

Analysis of the data  of Fig. 3 gives a mean fractional 
frequency offset of 0.1044X10-10 with a root mean 
square deviation, a, of 7.4XlO-l3 for 62 points. This 
represents a frequency offset of 0.1044 X 10-lo X 1420.405 
X lo6 = 0.0148 Hz. Further corrections are made to bring 
the hydrogen frequency to the ideal conditions discussed 
in Section 1II.A. The fully corrected hydrogen maser 
frequency is obtained in the following way: 

Synthesized frequency 
Offset frequency from Cs comparisons 
Correction for wall shift 
Correction for magnetic field 
Correction for second order Doppler effect 

1 420 405 751.6800 Hz 
+0.0148 
+O .029S 
-0.0001 
+O.  0622 

1 420 405 751.7864 Hz 

The la accuracy estimate for the measurement is ob- 
tained by combining the error budgets of Tables I and 
11, giving an over-all accuracy of 1.2 parts in In 
terms of the frequency of the Cs133 hyperfine transition 

9 192 631 770.0000 Hz, the frequency of the atomic 
hydrogen hyperfine transition ( F = l ,  mF=O)++(F=O, 
mF=0) is 

(F=4, mF=O)tf(F=3,  m F = O ) ,  defined [20] as 

V H  = 1 420 405 751.7864 & 0.0017 Hz. 

Measurements previously made for the hydrogen 
frequency in terms of cesium with the wall-shift correc- 
tions then used are given in Table 111. The  last number 
in the table is the preliminary value reported earlier 
after a partial analysis of the data.  The  reduction of the 
standard error from 0.0046 Hz to 0.0017 Hz was made 
possible through improved measurements by Varian 
Associates [13], [3] of the wall shift and its tempera- 
ture dependence. 

From the frequency comparison data  in Table 111, it 
is seen that  the frequency of the NBS I11 cesium stan- 
dard differs from the frequency of the Laboratoire Suisse 
de Recherches HorologPres, Neuch&tel, Switzerland 
(LSRH) cesium standard by - 7 X & 1.2 X lo-". 
This is the smallest discrepancy reported to date be- 
tween these two national standards [25]. 
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TABLE 111 
MEASUKEMENIS I’REVIOUSLY MADE FOR THE HYDROGEN FREQUENCY I N  TERMS 01; CESIUM 

Wall shift correction, Second order Doppler Corrected frequencies 
Experiment Bulb diameter, inches u ,. correction, Hz 1 420 405 751. Hz plus 

and temperature values given below l l l r  

Varian-Naval Observatory 6 k 0 . 1  0.0393Z0.008 0.06 0 .827k0.02  
1963 (211 4OoC 

Harvard-Naval Observatory 6.03 0.02983Z0.003 0.0602 0.800+0.028 

Varian-HP 5.53Zo.1 0.040+0.0023 0.0622 0.778 + O .  016 

1963 [15] 35OC 

1964 [22] 45°C 

1964 [23] 45OC 

1965 [24] 45OC 

1966 [2] 45°C 

Varian-LSRH 5.53Zo.1 0.040+0.0023 0.0622 0.785 + 0.016 

NASA-GSFC 5 .4  0.043+0.0023 0.062 0.781k0.016 

NBS-Varian-HP 6.87 0.0320i-0.0043 0.0622 0.78603Z0.0046 

V. DISCUSSION 

The main purposes of this paper have been to report 
the data  obtained from a set of measurements, to offer 
some measure of the state-of-the-art of time and fre- 
quency control, and to report an improved measure- 
ment of the frequency of the hydrogen hyperfine separa- 
tion. Since the arts of frequency standard design and 
instrumentation for making measurements are still 
progressing rapidly, one can conclude that  these mea- 
surements will be followed by further and better mea- 
surements. 

Long term measurements, yielding average frequen- 
cies between standards of different origin, have shown 
excellent agreement between the Hewlett-Packard 
5060A instrument and the NBS I11 cesium beam desig- 
nated as the United States Frequency Standard. The 
relationship between the statistics of the two devices 
is reasonably well understood, and the discrepancy of 
the frequency averages of the two instruments is within 
their accuracy specification. 

At  present, the resolution of the measurements is 
limited by random noise of the apparatus. Thus far, no 
unexplained systematic effects are observed. Future de- 
signs of beam standards with stronger beam flux and 
perhaps narrower linewidths will result in the obtaining 
of better data  on systematic frequency shifts of both the 
beam tube and the frequency lock electronics. 

In  the case of measurements between two hydrogen 
masers with phase lock systems, the instabilities intro- 
duced by the phase lock-synthesizer system and the 
measuring system are not as well understood. The 
levels of instability in the 1 to 100 second sampling 
time range, though lower than those observed for the 
cesium devices, cannot be accounted for by the presence 
of white additive noise of the first mixer in each receiv- 
ing system. The phase fluctuations due to the frequency 
multipliers, the digital synthesizers, and the period 
counting system as well as those of the masers them- 
selves must still be subjected to further study in the 
1 to 100 second range. While the present data will pro- 

vide a measure of the possible performance of such a 
system, there is no doubt that  this preliminary effort 
can be improved by more careful engineering. 

A comparison of various measurements having sam- 
pling times ranging from lo2 to lo4 seconds is given in 
Fig. 17. Here the data  from the hp 5060A, NBS 111, 
and H-10 #4 are given together. The  value of u for 
H-10 #4 is obtained by dividing the value of u from 
H-10 #4 vs. H-10 #3 by the square root of 2. Both 
cesium instruments exhibit the T - ~ / ~  behavior as dis- 
cussed previously. The maser data  show systematic 
variations at the level, which are probably due to 
cavity detuning effects that  are largely thermal in 
origin. By incorporating automatic self-tuning methods, 
using the spin exchange line broadening method de- 
scribed earlier, i t  is possible that  the maser stability 
can be kept to better than 5 x 10-14 for sampling times 
greater than lo4  seconds. 

The accuracy of the hydrogen-cesium ratio is limited 
by the characteristics of the devices used to  extract the 
information from the two respective atoms. The maser, 
in confining the atoms in a bulb, subjects them to wall 
interactions. These must be measured as a function of 
reciprocal bulb diameter 1/D and extrapolated to zero 
in 1/D. In the case of the beam devices, the frequency 
resolution increases with increase of beam flux and 
inverse linewidth. Flux effects favor the construction of 
a short apparatus, and linewidth effects favor the con- 
struction of a long apparatus. I t  is important to control 
the intensity, spectral purity, and phase of the radio 
frequency excitation applied to the beam. 

Further work in beam devices and masers will un- 
doubtedly improve the accuracy of the hydrogen- 
cesium frequency ratio. The state-of-the-art has under- 
gone considerable improvements, and the absolute ac- 
curacy of these devices is now at the 10-l2 level, being 
1.1 parts in 1 O I 2  for a cesium beam and 0.47 part  in 10l2 
for a hydrogen maser. Frequency and time measure- 
ments using atomic standards are now, more than ever, 
the most accurate and precise physical measurements 
which can t x  m ; ~ l c .  
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Fig. 17. Summary of frequency stability data as a function of 
sampling time 7. 

APPENDIX 

The variance r2 of the frequency fluctuations of a 
frequency standard is a useful parameter in determining 
quality factors for the unit. When finite data  sampling 
is considered, this parameter is dependent on four in- 
dependent variables of the analysis, i.e., the sample time 
7 ,  the period of sampling T ,  the number of samples 
taken N ,  and the system bandwidth wB.  

For the experiments reported in this paper, T/T and 
W B  were constant for any given experiment, bu t  they 
were not necessarily the same from one experiment to 
the next. For all u versus T plots where T/T was a sig- 
nificant parameter, i t  was approximately equal to unity. 
N was always chosen equal to 2 and an ensemble aver- 
age taken to determine a good statistical measure of the 
variance, The confidence limits are calculated on the 
assumption that  each particular computed variance is 
uncorrelated with any other. A computer program based 
on the above method was used to analyze the data  ob- 
tained in these measurements. 

The  variance is a function of the spectral density of 
the phase fluctuations of the system. By proper control 
of the above four analysis variables, i t  is possible to 
determine the frequency dependence of the spectral 
density of the phase fluctuations S4(w), as  follows. If 
(u2(r, T ,  N ,  W ~ ) ) = k 7 ’ ,  with k and p constant over a 
sufficiently large range of 7 ,  with -2 < p  < + 2 ,  then 

(7) 
where a= -p -3 ,  provided that  N ,  T / T ,  and W B  are 
kept constant and tha t  T > > ~ / w B .  If p = - 2,  a degeneracy 
of a occurs, and one may then use the dependence of the 
variance on the bandwidth, 

for determining the frequency dependence of the spectral 
density. For a detailed treatment of the above see Allan 
~41.  
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