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SUNSPOT CYCLE SIMULATION USING 

A NARROWBAND GAUSSIAN PROCESS 

J. A. Barnes, H. H. Sargent 111, and P .  V .  Tryon 

The square o f  a narrowband Gaussian process i s  used t o  s imu la te  sunspot cyc les  a t  
computer speeds. The method i s  appeal ing because: (i) the  model i s  extremely simple y e t  i t s  
phys ica l  bas is ,  a simple resonance, i s  a w ide ly  occu r r i ng  na tu ra l  phenomenon, and (ii) the  
model recrea tes  p r a c t i c a l l y  a l l  o f  the  fea tures  o f  the  observed sunspot record. I n  
p a r t i c u l a r ,  secu la r  cyc les  and r e c u r r i n g  extensive minima are c h a r a c t e r i s t i c  o f  narrowband 
Gaussian processes. A d d i t i o n a l l y ,  t he  model lends i t s e l f  t o  l i m i t e d  p r e d i c t i o n  o f  sunspot 
cyc l  es.  

Key words: ARMA models; fo recas ts ;  Maunder minimum, models; s imu la t  
sunspots. 

on; s t a t  s t i c s ;  

1. I n t r o d u c t i o n  

Since the  discovery o f  the  c y c l i c  behavior  o f  sunspots by Schwabe i n  1843, many authors have 

r e f e r r e d  t o  the  sunspot record  as an example o f  n a t u r a l l y  occu r r i ng  p e r i o d i c  behavior - no t  e a s i l y  

exp la ined by the  dynamics o f  r o t a t i n g  systems. Yule [l] charac ter ized  the  sunspot numbers as a 

"d i s tu rbed  harmonic func t ion , "  which he l i kened  t o  the  motion o f  a pendulum t h a t  boys are  p e l t i n g  w i t h  

peas. Time se r ies  ana lys is  t e x t s  [2]  and s t a t i s t i c a l  works [3]  commonly c i t e  the  sunspot number se r ies  

as a f u n c t i o n  t h a t  i s  more o r  l e s s  p e r i o d i c .  The no isy ,  b u t  nea r l y  p e r i o d i c ,  charac ter  o f  the  sunspot 

record  suggests a very  simple model o f  s o l a r  a c t i v i t y  t h a t  s imulates the  observed sunspot numbers t o  a 

s u r p r i s i n g  degree. The observed annual mean sunspot numbers [4] and simulated annual mean sunspot 

numbers (produced us ing  methods descr ibed i n  t h i s  paper) are shown i n  f i g u r e  1. 

Our model, i n  i t s  s imp les t  form, i s  t he  squared ou tpu t  o f  a narrowband f i l t e r  d r i ven  by wh i te  

Gaussian noise. I f  e labora te  f i l t e r i n g  schemes are used, i t  i s  poss ib le  t o  mimic the  s tochas t i c  

p r o p e r t i e s  o f  e x i s t i n g  s igna l .  I n  o ther  words, g iven  s u f f i c i e n t  resources, i t  i s  poss ib le  t o  mimic 

almost any e x i s t i n g  s igna l .  Suppose, on the  o ther  hand, a wh i te  noise s igna l  (perhaps the  s imp les t  o f  

s igna ls )  i s  f i l t e r e d  by a simple narrowband f i l t e r  and the  squared ou tpu t  s igna l  resembles a com- 

p l i c a t e d  e x i s t i n g  s igna l  i n  a l l  i t s  gross c h a r a c t e r i s t i c s  - does t h i s  no t  compel one t o  g i v e  ser ious  

cons ide ra t i on  t o  the  phys ica l  imp l i ca t i ons  o f  t he  s tochas t i c  process? 

We see no reason t o  be uncomfortable w i t h  the  suggestion t h a t  some Gaussian-noise process may be 

a t  work i n  the  i n t e r i o r  o f  t he  Sun. White Gaussian-noise i s  common i n  the  Universe a t  a l l  l e v e l s  from 

the  microscopic  t o  the  macroscopic; whether we consider  the  no ise  produced i n  thermion ic  emission i n  an 

e l e c t r o n  tube o r  the  no ise  rece ived f r o m  some d i s t a n t  r a d i o  galaxy. By the  same token, i t  i s  no t  

d i scomfo r t i ng  t o  consider t h a t  the  Sun might have resonant modes which a c t  as f i l t e r s .  Many o f  the  

phys i ca l  ob jec ts  i n  our everyday l i v e s  e x h i b i t  the  p roper t i es  o f  f i l t e r s .  That i s ,  they respond t o  

c e r t a i n  modes o f  e x c i t a t i o n  and they are  t o  a g rea te r  o r  l esse r  ex ten t  resonators.  Is i t  no t  na tu ra l  

then t o  expect t h a t  t he  massive s o l a r  body w i t h  g rea t  mechanical, thermal and g r a v i t a t i o n a l  fo rces  a t  

work has i t s  own na tu ra l  modes o f  response t h a t  cause i t  t o  behave as a f i l t e r ?  Indeed, c a l c u l a t i o n s  

of t he  s o l a r  thermal d i f f u s i o n  constant [SI i n d i c a t e  t h a t  where s o l a r  l um inos i t y  i s  concerned, the  Sun 

does a c t  l i k e  a low pass f i l t e r .  

It i s  w e l l  known t h a t  i f  a narrowband resonant f i l t e r  i s  d r i v e n  by wh i te  Gaussian-noise, t he  

r e s u l t i n g  ou tpu t  s igna l  has a nea r l y  p e r i o d i c  behavior w i t h  s lowly  b u t  randomly va ry ing  ampl i tude and 
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Figure 1. 

Annual mean sunspot  numbers from 1650 t o  1977 compared w i t h  s imula ted  annual 
mean sunspot  numbers genera ted  by t h e  resonant  model. 
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FiGlrrae 2. 

Cumulative d i s t r i b u t i o n s  f o r  observed annual mean sunspot  numbers ( c i r c l e s )  
and s imula ted  annual mean sunspot  numbers ( t r i a n g l e s )  divfded by t h e i r  means 
f o r  328 y e a r s .  The s o l i d  curve i s  t h e  Chi-square d i s t r i b u t i o n  w i t h  one degree 
of freedom. 
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phase. A f i l t e r  ou tpu t  swings symmet r ica l l y  i n  bo th  p o s i t i v e  and negat ive d i r e c t i o n s ,  b u t  t h e  Wolf 

sunspot numbers are  a p o s i t i v e  number s e t  and a r e  c l e a r l y  n o t  symmetric about t h e i r  average va lue.  

Therefore,  we chose t h e  square o f  narrowband noise as t h e  p r i n c i p a l  component o f  our  model. Th is  i s  

c o n s i s t e n t  w i t h  t h e  idea t h a t  t h e  sunspot numbers a r e  a measure o f  t h e  magnitude o f  t h e  22-year s o l a r  

magnetic c y c l e  and w i t h  t h e  use o f  square r o o t  t rans format ion  f o r  improv ing t h e  symmetry o f  sunspot 

cyc les  suggested by B loomf ie ld  [ S I .  Since t h e  narrowband f i l t e r  i s  l i n e a r  and i s  d r i v e n  by 

Gaussian-noise, t h e  o u t p u t  o f  t h e  f i l t e r  must a l s o  have a Gaussian d i s t r i b u t i o n .  The r a t i o  o f  t h e  

squared f i l t e r  ou tpu t  t o  i t s  mean then must be d i s t r i b u t e d  as Chi-square w i t h  one degree o f  freedom. 

I f  our  d e c i s i o n  t o  square t h e  f i l t e r  ou tpu t  permi ts  r e a l i s t i c  s i m u l a t i o n  o f  sunspot cyc les ,  t h e  

cumulat ive d i s t r i b u t i o n  o f  t h e  observed sunspot numbers d i v i d e d  by t h e i r  average should be a reasonably 

good approx imat ion t o  t h e  Chi-square d i s t r i b u t i o n .  F igure  2 shows t h e  empi r i ca l  cumulat ive d i s t r i -  

b u t i o n s  o f  t h e  observed and s imulated sunspot numbers produced by our  complete model (which conta ins  

ref inements s t i l l  t o  be discussed) together  w i t h  t h e  x2 d i s t r i b u t i o n  func t ion .  The s imulated and 

a c t u a l  sunspot d i s t r i b u t i o n s  appear t o  approximate each o t h e r  even b e t t e r  than e i t h e r  approximates t h e  

Chi-square d i s t r i b u t i o n !  

2. The Basic  Model 

The bas ic  model i s  t h e  square o f  a narrowband Gaussian process, which i s  generated by pass ing 

w h i t e  no ise through a s i n g l e  stage resonant f i l t e r .  For convenience i n  numerical s imu la t ion ,  d i g i t a l  

f i l t e r s  were used based on ARMA (AutoRegressive, Moving Average) models [7]. F igure  3 i s  a b l o c k  

diagram o f  t h e  sunspot number s i m u l a t i o n  method. Equations used f o r  s i m u l a t i o n  a r e  as f o l l o w s :  

a a re  independent normal random dev ia tes  w i t h  zero mean and var iance u2 

where n = 1,2, ... counts t h e  years. 

r e s p e c t i v e l y ,  and u are  constants .  The s imulated s e r i e s  i s  then 

The Qi's and B i t s  forming t h e  AR and MA p a r t s  o f  t h e  model 

a 

2 x n = z .  ( 3 )  

The AR p o r t i o n  o f  t h e  model a lone prov ides  t h e  des i red  resonant f i l t e r .  

o f  t h e  model showed many s i m i l a r i t i e s  t o  t h e  observed record. There were numerous Gle issburg  

cyc les  [SI and Eddy minima [9] present  i n  l o n g  runs o f  s imulated data. However, t h e  cyc le - to -cyc le  

v a r i a t i o n  was much smoother than i n  t h e  observed record. Th is  i s  due t o  inadequate broadband noise 

l e v e l s .  

S imulat ions us ing  t h e  AR p a r t  

The MA p o r t i o n  o f  t h e  model adds and shapes t h e  spectrum o f  t h e  broadband noise. 

The broadband noise represents  "measurement e r r o r "  i n  i t s  broadest  sense. The Wolf sunspot number 

i s  i t s e l f  o n l y  an i n d i c a t o r  of s o l a r  a c t i v i t y .  The format ion o f  sunspots may w e l l  have a s i g n i f i c a n t  

s t o c h a s t i c  component t h a t  makes t h e  Wolf number a no isy  i n d i c a t o r .  Abrupt l a r g e  changes i n  t h e  

day-to-day numbers a r e  p o s s i b l e  ( b u t  n o t  common). The changes r e s u l t  from t h e  appearance, o r  d i s -  

appearance, of spots and spot  groups on t h e  d i s k  o r  a t  t h e  l imbs.  While one 27-day span o f  d a i l y  

sunspot numbers o f t e n  bears some resemblance t o  t h e  nex t  (due t o  pers is tence o f  a c t i v e  long i tudes  on a 

r o t a t i n g  sun), t h e  raw monthly mean sunspot numbers may vary  w i l d l y  from one month t o  t h e  next .  
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Figure 3. 

Block diagram o f  the sunspot  number s imula to r  i n  i t s  s imples t  form. 
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Figure  4. 

S o l a r  Cycle 18. The heavy l i n e  i n d i c a t e s  t h e  smoothed monthly mean sunspot  
nunbers through t h e  e n t i r e  cyc le .  The connected po’ints show t h e  raw monthly 
mean suilspot numbers. The dashed l i n e s  a r e  a s l igh t ly  smoothed evelope o f  t h e  
meximum and min imum d a i l y  sunspot  numbers observed each month dur ing t h e  
cycl2. 

4 



I n  a d d i t i o n ,  there  are  many observat ional  e r r o r s  t h a t  c o n t r i b u t e  noise. Some o f  these are  t h e  

s u b j e c t i v e  d e f i n i t i o n  o f  reg ions,  t h e  d i f f i c u l t i e s  o f  count ing  spots as they  form, fade ou t ,  o r  pass 

around t h e  l imbs (count ing  spots near t h e  l imbs i s  made d i f f i c u l t  by foreshor ten ing) .  F igure  4 shows 

t h e  h i g h l y  no isy  charac ter  o f  t h e  d a i l y  and monthly average sunspot number i n  comparison t o  t h e  

smoothed monthly numbers o f t e n  d isp layed (a 13-month moving average was used f o r  smoothing). 

The f o l l o w i n g  va lues f o r  t h e  parameters were determined by methods descr ibed below: 

c $ ~  = 1.90693 

el = 1.20559 

(T = 0.633 a 

9, = -0.98751 

e2 = -0.62432 
(4) 

Since t h e  parameters @ q 2 ,  el, and O2 i n t e r a c t  w i t h  each o ther ,  t h e  number o f  s i g n i f i c a n t  d i g i t s  

g iven  here i s  very  l a r g e  r e l a t i v e  t o  t h e i r  standard e r r o r s .  Dropping d i g i t s  can m a t e r i a l l y  a l t e r  t h e  

model beyond what one might  normal ly  expect, because r o o t s  o f  t h e  "operator"  equat ion are  changed 

s i g n i f i c a n t l y .  Th is  i s  o f t e n  an annoying f e a t u r e  o f  d i g i t a l  f i l t e r s  and does n o t  imp ly  exactness i n  

t h e  o v e r a l l  model. 

While an ARMA d i g i t a l  f i l t e r  i s  used here f o r  numerical s i m u l a t i o n  purposes [lo], i t  may be more 

i n f o r m a t i v e  t o  express t h e  model parameters i n  phys ica l  terms r a t h e r  than i n  terms o f  the  ARMA co- 

e f f i c i e n t s .  There a r e  f o u r  such "phys ica l "  parameters: 

1. 

2. Bandwidth o f  t h e  resonant f i l t e r  

3. RMS l e v e l  o f  t h e  noise s i g n a l  d r i v i n g  t h e  f i l t e r  

4. RMS l e v e l  and s p e c t r a l  shape o f  t h e  broadband noise. 

Resonant frequency o f  t h e  narrowband f i l t e r  

The s e l e c t i o n  o f  numerical values f o r  these phys ica l  parameters i s  descr ibed below. The d e t a i l s  o f  t h e  

reparameter iza t ion  t o  t h e  ARMA c o e f f i c i e n t s  w i l l  be documented elsewhere. 

The f i r s t  parameter, resonant frequency o f  t h e  narrowband f i l t e r ,  i s  taken t o  be 1/22 cyc les  per  

year .  Squaring t h e  f i l t e r  output ,  zn, then doubles t h e  frequency o f  t h e  model ou tpu t  s i g n a l ,  xn. 

The f i l t e r  bandwidth i s  a more d i f f i c u l t  parameter t o  est imate.  The r e s u l t s  p r o v i d e  a r e l a t i v e l y  

broad range o f  p o s s i b l e  values. However, t h r e e  d i f f e r e n t  approaches t o  f i t t i n g  t h i s  parameter were 

employed, which gave c o n s i s t e n t  r e s u l t s .  

Narrowband Gaussian noise l o c a l l y  appears as a s inuso id ;  b u t  between cyc les ,  t h e  peak ampl i tude 

(envelope) and phase (determin ing t h e  i n d i v i d u a l  p e r i o d  o f  cyc les)  w i l l  be s l o w l y  v a r y i n g  random 

func t ions .  I n  general,  as t h e  bandwidth becomes narrower, t h e  ampl i tude and phase f u n c t i o n s  become 

more s l o w l y  vary ing.  Mathemat ica l ly ,  a narrowband process may be w r i t t e n  as: 

f(t) = E(t)cos(wct + p ( t ) )  (5) 

where E ( t )  and p ( t ) ,  t h e  envelope and phase funct ions,  a re  s t o c h a s t i c  processes whose s t a t i s t i c a l  

p r o p e r t i e s  a r e  complete ly  determined by t h e  f i l t e r  parameters (see Midd le ton  o r  Davenport and 

Root [ll]). We wish t o  p o i n t  o u t  o n l y  t h a t  fea tures  o f  t h e  sunspot record,  such as Gle isburg  

c y c l e s  and Eddy minima, a r e  fea tures  o f  t h e  envelope process t h a t  r e s u l t  from t h e  s t r o n g  auto- 

c o r r e l a t i o n s  caused by t h e  narrow bandwidth. S i m i l a r l y ,  t h e  v a r i a b i l i t y  o f  t h e  per iods  o f  i n d i v i d u a l  

cyc les  i s  r e l a t e d  t o  t h e  f i l t e r  bandwidth through t h e  s t a b i l i t y  o f  t h e  phase process. These fea tures  

a r e  well-known t o  communications engineers and are  t h e  fea tures  t h a t  o r i g i n a l l y  suggested t h e  model t o  

5 
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Figure 5(a). 

Variability o f  sunspot cycle periods (rounded to integer years) for 
models based on various bandwidths. The circles are averages for 2500 cyc'les 
and the k l o  lines indicate the confidence interval for averages based on 
samples o f  25 cycles (275 years). The horizontal, dashed line is derived from 
observed "zero crossings" o f  actual sunspot cycles. 
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Figure 5(b). 

Variability of differences of successive peak amplitudes as a function 
of bandwidth. 
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us. We have taken advantage o f  the  r e l a t i o n s h i p  between bandwidth and v a r i a b i l i t y  i n  ampli tude and 

p e r i o d  t o  e m p i r i c a l l y  choose the  f i l t e r  bandwidth as descr ibed below. 

For each o f  several  bandwidths, a sequence o f  2,500 cyc les  was generated and d i v ided  i n t o  100 

groups o f  25 cyc les  (care must be used t o  exclude recu r ren t  Eddy minimum per iods) .  I n t e g e r  values o f  

t he  p e r i o d  were recorded f o r  each cyc le .  F igure  5a shows the  observed standard d e v i a t i o n  o f  the  25 

sunspot per iods.  The +o l i n e s  are  & one standard e r r o r  o f  t he  standard d e v i a t i o n  i n  a s i n g l e  group o f  

25 cyc les  as determined from the  100 simulated groups. The c i r c l e s  and e r r o r  bars a re  the  average 

standard d e v i a t i o n  and standard e r r o r  o f  t he  average o f  t he  100 standard dev ia t i ons  w i t h i n  groups o f  25 

cyc les .  The observed standard d e v i a t i o n  i s  cons i s ten t  w i t h  a bandwidth o f  0 . 0 0 1 t o  0.002 cyc les  per  

year .  

F igure  5b shows the  r e s u l t s  o f  a s i m i l a r  ana lys i s  based on normalized average square successive 

d i f f e rences  o f  peak values i n  groups o f  25. Because o f  d i f f i c u l t i e s  i n  choosing the  peaks o f  t he  

s igna l  w i t h  the  broadband no ise  included, the  s imu la t i on  was run  w i t h  the  AR p o r t i o n  o f  t h e  model. The 

r e s u l t s  were then checked w i t h  a f u l l  model s imu la t i on  a t  0.002 cycles/year.  Reasonable agreement was 

obtained. 

The t h i r d  approach i s  t o  use standard Box and Jenkins [7] methods t o  f i t  the  ARMA model t o  the  

ac tua l  sunspot data. The r e s u l t i n g  f i t t e d  c o e f f i c i e n t s  are: 

Q1 = 1.90418 $2 = -0.98642 (6) 

el = 0.63503 e2 = 0.17255 

a = 1.04 

These c o e f f i c i e n t s  g i ve  a bandwidth o f  0.002 cycles/year,  t o  g i ve  ( i n  engineer ing terminology) a "Q" o f  

about 23. The center  frequency i s  s h i f t e d  t o  0.046 cyc les/year  f o r  a pe r iod  o f  21.5 years. The MA 

p o r t i o n  and the  d r i v i n g  noise l e v e l  are q u i t e  d i f f e r e n t  from the  emp i r i ca l  model g iven  i n  eq (4). I n  

the  emp i r i ca l  model, t he  two no ise  l e v e l s  were se lec ted  t o  produce a reasonable approx imat ion t o  the  

power spectrum and r e a l i s t i c  s o l a r  cyc le  s imu la to rs  (ne i the r  too  smooth nor too  noisy).  Standard 

s t a t i s t i c a l  t e s t s  conf i rm t h a t  t he  f i t t e d  c o e f f i c i e n t s  are d i f f e r e n t  from both  zero (and hence are 

necessary i n  the  model) and the  emp i r i ca l  model values. 

One t e s t  o f  the  v a l i d i t y  o f  the  model i s  t o  r e c u r s i v e l y  so lve  the  model equat ion f o r  t he  sequence 

o f  a ' s  ( res idua ls )  g iven  z ' s  and the  parameters t o  see i f  the  d r i v i n g  sequence i s  i n  f a c t  wh i te  

noise.  The f i t t e d  model passes t h i s  t e s t ,  b u t  t he  emp i r i ca l  model does not.  I t s  res idua ls  show a 

s i g n i f i c a n t ,  very broad, spec t ra l  peak i n  the  reg ion  o f  i t s  second harmonic. Simulat ions based on the  

f i t t e d  model, however, do n o t  y i e l d  r e a l i s t i c  sunspot records,  be ing  much too  noisy,  e s p e c i a l l y  i n  peak 

ampl i tude v a r i a b i l i t y .  

n 

There i s  good reason f o r  t h i s .  

Anyone who i s  f a m i l i a r  w i t h  the  modern sunspot record  w i l l  ques t ion  the  genera l l y  symmetrical 

appearance o f  t he  cyc les  produced by the  ARMA model. The observed cyc les  ( p a r t i c u l a r l y  the  l a r g e  

cyc les)  e x h i b i t  a r a p i d  ascent and a slower descent [12]. The ascent stage (minimum t o  maximum) takes 

f o u r  years on average, and-the descent takes seven years.  This i s  suggest ive o f  a non l inear  phenomena 

which w i l l  i n t roduce harmonics i n  the  spectrum t h a t  w i l l  be phase-locked t o  the  pr imary  cyc le .  Second 

harmonics have been repor ted  i n  previous spec t ra l  ana lys i s  and by B r i l l i n g e r  and Rosenblat t  [13] us ing  

b i s p e c t r a l  ana lys i s ,  a method intended t o  study non l inear  e f f e c t s  i n  t i m e  ser ies .  B loomf ie ld  [14] has 

discussed the  phase r e l a t i o n s h i p  o f  the  second harmonic. 
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Figure 6 .  

Block diagram of the r i se / fa l l  correction element. The squaring Circuit 
output i s  now modified by Eq. 7 
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Model without 
squaring or nonlinearity 

Signed square-root of 
. M / o b s e r v e d  sunspot numbers 

0. I 0.2 0.3 0.4 0.5 
Frequency (CyclesIYear) 

Figure 7(a). 

Spectrum of the square root o f  the observed series with spectrums of the 
fitted ARMA model (Eq. 6) (broken line) and the empirical model without the 
nonlinear modification (Eq. 4) (dashed line) are shown. 

Analysis Width = 0.02 

0. I 0.2 0:3 0.4 0.5 
Frequency (Cycles/Year) 

Figure 7(b) 

Spectrum o f  the (untransformed) observed series (solid line) and spectra 
o f  two simulated series produced by the empirical (or "physical") model in- 
cluding the nonlinear modification (dashed lines). 
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In the least squares fitting process, the MA parameters are adjusted to shape the spectrum away 
from the resonant peak. This effectively replaces the phase-locked second harmonic with broadband 
noise. As will be seen in our spectral analysis, the fitted model spectrum is an excellent approxi- 
mation to the data spectrum, yet for simulation purposes it is too noisy. 

3. Addition of a Simple Refinement 

Although the rise/fall time property of the sunspot record is perhaps a minor feature, we decided 
to try adding a nonlinear shaping function. This addition produced some unexpected improvements in the 
characteristics of the simulated sunspot data, and hence will be described here. 

The shaping function, a lagged nonlinear term shown conceptually in figure 6, was added to shape 
the signal after the squaring operation. 
following equation: 

The squaring circuit output, xn, is now modified by the 

where yn now simulates the sunspot numbers. 
parameter, a .  

The only new variable introduced was an amplitude 
It was also necessary to re-adjust the ua and the MA coefficients of the physical ARMA 

model 
cycle 

$2 

U a 

- 

eq (4). The new coefficients shown in eq ( 8 )  are those used to produce the simulated sunspot 
records displayed in Fig. 1. 

= 1.90693 Q2 = -0.98751 

= 0.78512 e2 = -0.40662 

= 0.4 a = 0.03 

This shaping function does create satisfactory rise and fall rates on simulated sunspot cycles. 
7(a) shows the spectrum of the square root of the observed series with the signs of successive cycles 
alternated, together with the theoretical spectra of the fitted ARMA model and the "physical" model 
before nonlinear modification. The latter model has considerably less power in the broad middle region 
and would appear to be unsatisfactory in comparison to the fitted version. However, figure 7(b) shows 
the spectrum of the (untransformed) observed series together with the spectra of two samples of simu- 
lated series using the empirical model including nonlinearity. The second harmonic is evident, the 
model spectrum is a good approximation to the observed spectrum, and excellent simulations of the 
observed sunspot cycle record are produced. 

Figure 

There was one other effect of adding the shaping function which we consider fortuitous. The 
addition created an irregularity (a bump or stand-still) on the descending slope of many of the 
simulated cycles. 
structure of these cycles [15]) shows a bumplike feature on the descending slopes of a number of 
cycles. 
this type of phenomenon are rare in solar physics literature [16]. Stobie [17] remarked on such a 
bumplike feature in the descending portion of the light intensity curves of certain o f  the Cepheid 
family of variable stars. Incidently, these light intensity curves rise rapidly and decay slowly; but, 
of course, the periods are very short with respect to the eleven-year period o f  our star, the Sun. The 
bump in the variable star light curves may be due to some overtone harmonic mode of oscillation. 
is presented as a curiosity and we do not consider it a major point. 

Examination of sunspot cycles since 1818 (there is reasonable confidence in the fine 

Recently ended Solar Cycle 20 produced a noteworthy example of this phenomenon. References to 

This 
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Figure 8. 

6000 consecutive years of simulated annual mean sunspot numbers. Each line is 
1000 years long and the lines are separated by a relative sunspot number of 
400. 
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Recal l  t h a t  xn, g iven  by eq ( 3 ) ,  d i v i d e d  by the  average x w i l l  be d i s t r i b u t e d  as Chi-square w i t h  n 
one degree o f  freedom. 

e x a c t l y  as Chi-square. 

numbers approximate each o ther  b e t t e r  than e i t h e r  approximates the  Chi-square d i s t r i b u t i o n .  

However, i f  a i s  no t  equal t o  zero i n  eq (8), then yn& w i l l  n o t  be d i s t r i b u t e d  

Reca l l  a l s o  t h a t  the  cumulat ive d i s t r i b u t i o n  o f  observed and s imu la ted  sunspot 

4. Comparison o f  Observed and Simulated Records 

Using the  ARMA c o e f f i c i e n t s  eq (8), the  model was run  t o  produce thousands o f  years o f  s imulated 

sunspot numbers. The cyc les  shown i n  f i g u r e  8 a re  rep resen ta t i ve  o f  t h i s  s imulated data. 

One has t o  admit t h a t  c e r t a i n  p o r t i o n s  o f  f i g u r e  8 l ook  very  f a m i l i a r  and would r a p i d l y  be iden- 

t i f i e d  as sunspot cyc les  by an u n c r i t i c a l  observer. Throughout hundreds o f  thousands o f  years o f  

s imu la ted  cyc les ,  t he re  are f requent  spans o f  da ta  t h a t  are very remin iscent  o f  t he  a c t u a l l y  observed 

sunspot record.  Indeed, one can f i n d ,  w i t h o u t  much t roub le ,  pa t te rns  i n  cyc le - to -cyc le  ampl i tude 

almost e x a c t l y  l i k e  those descr ibed i n  the  l i t e r a t u r e  [18] and sometimes used f o r  sunspot c y c l e  

fo rcas ts .  

A s t r i k i n g  fea tu re  o f  t he  s imulated sunspot data i s  the  occasional  ( y e t  f a i r l y  regu la r )  occurence 

o f  ex tens ive  sunspot minima ( r e f e r r e d  t o  i n  t h i s  paper as Eddy minima). I f  such a minimum i s  de f ined 

( a r b i t r a r i l y )  as a p e r i o d  o f  a t  l e a s t  50 years du r ing  which the  annual mean sunspot number does n o t  

exceed 20, then these minima are observed t o  occur i n  the  s imulated se r ies  a t  the  r a t e  o f  tw ice  per  

thousand years,  on the  average. Some extremely long minima show up i n  the  s imu la t ions .  For example, 

an Eddy minimum spanning more than 500 years i s  shown i n  the  bottom row o f  f i g u r e  8. 

Another fea tu re  o f  the  s imulated sunspot record  i s  the  presence, i n  p r a c t i c a l l y  every span o f  

data,  o f  G le issburg  cycles.  I f  one connects successive cyc le  maximum values, an envelope i s  formed 

which i t s e l f  appears t o  be c y c l i c  i n  nature.  G le issburg  po in ted  o u t  t h a t  i n  the  modern epoch ( w i t h  

maximum annual mean sunspot number seldom exceeding 150) the  l eng th  o f  these cyc les  was about 80 t o  90 

years. Several such 80 t o  90-year cyc les  are seen i n  the  second row o f  f i g u r e  8. Gle issburg [19] used 

au ro ra l  data t o  extend h i s  ana lys i s  and concluded t h a t  the  l eng th  o f  h i s  cyc les  was a p t  t o  vary  between 

55 and 121 years (5 t o  11-year sunspot cycles).  Rubashev [20] showed t h a t  t he  peak ampl i tude o f  the  

Gle issburg  cyc les  appeared t o  be d i r e c t l y  p ropor t i ona l  t o  t he  d u r a t i o n  o f  t he  cyc les  ( the  con t ra ry  

appears t o  be t r u e  f o r  eleven-year cyc les) .  As discussed e a r l i e r ,  the  parameters o f  t he  narrowband 

f i l t e r  determine n o t  on l y  the  s ize ,  shape and du ra t i on  o f  the  eleven-year cycles,  b u t  a l s o  the  char- 

a c t e r i s t i c s  o f  the  envelope o f  the  cycles.  This model produces very conv inc ing  Gle issburg  cycles.  

Perhaps the  m o s t  s t a r t l i n g  fea tu re  o f  the  s imulated sunspot record  was the  occasional  appearance 

o f  " p a t h o l o g i c a l l y "  l a rge  sunspot cycles.  None o f  these i s  shown i n  f i g u r e  8. Dur ing  some s imu la t i on  

runs, i n f requen t  "supercyles" were observed w i t h  amp1 i t udes  approaching 800 (annual mean r e l a t i v e  

sunspot number). I n  comparing the  monthly mean sunspot numbers f o r  the  f i r s t  n ineteen cyc les  t o  t he  

general extreme value p r o b a b i l i t y  d i s t r i b u t i o n  func t i on ,  Siscoe [21] i n d i c a t e d  t h a t  100 cyc les  o f  da ta  

would be requ i red  i n  o rder  t o  f i n d  one equal ing,  o r  exceeding, 349. Ana lys is  o f  l una r  rock  ma te r ia l  

[22] i nd i ca tes  t h a t  s o l a r  f l a r e  a c t i v i t y ,  averaged over 1000-year i n t e r v a l s ,  may have va r ied  by a 

f a c t o r  o f  50 over the  pas t  20,000 years.  Eddy [23], i n  d iscuss ing  the  Maunder and Sporer minima, 

mentioned the  i n t r i g u i n g  evidence i n  Carbon-14 data f o r  a poss ib le  Grand Maximum i n  the  12 th  century  

w i t h  h igher  maxima and h igher  minima than any seen i n  the  modern e ra  ( the  pas t  328 years). Such l a r g e  

maxima are cons is ten t  w i t h  our model. The reader i s  reminded t h a t  the  near l y  Chi-square d i s t r i b u t i o n  

shown i n  f i g u r e  2 supports the  small  (bu t  r e a l )  p r o b a b i l i t y  o f  observing sunspot cyc les  o f  excep- 

t i o n a l l y  l a rge  ampli tude. O f  course, t he re  may w e l l  be mechanisms which p h y s i c a l l y  l i m i t  the  maximum 

ampli tudes o f  sunspot cyc les .  
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Figure 9. 

Forecas ts  f o r  subsequent maximum annual mean cyc le  va lues  o f  sunspot numbers 
based on da ta  t o  one yea r  a f t e r  prev ious  s u n s p o t  cyc le  minima. C i r c l e s  and 
e r r o r  ba r s  correspond t o  t h e  ARMA f o r e c a s t s  using t h e  f i t t e d  model (Eq. 6 ) .  
Square; a r e  the f o r e c a s t s  using t h e  empir ica l  model (Eq. 7 and 8). X i n -  
d i c a t e s  t h e  a c t u a l l y  observed va lues .  
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5. Forecas t ing  Sunspot Cycles 

I n  as much as ARMA models were developed f o r  f o recas t i ng ,  the  arguments presented i n  t h i s  paper 

must, i n e v i t a b l y ,  l ead  t o  a fo recas t  f o r  So la r  Cycle 21. I f  one has a record  o f  zn, i n  eq (21, one can 

so lve  r e c u r s i v e l y  f o r  the  values o f  a = a as the  t ime se r ies  which h i s t o r i c a l l y  has d r i ven  the  model. 

Since the  an are  assumed t o  be random, independent numbers w i t h  zero mean, t h e i r  optimum fo recas t  ( i n  a 

minimum mean square e r r o r  sense) i s  j u s t  zero. Optimum forecas ts  f o r  z then, cou ld  be obtained by 

us ing  eq (2) and: 

I 

n n  

n '  

f o r  1 < N 

n 
0 f o r  n > N 

where N i s  taken as "now" and n > N imp l i es  a fo recas t .  

We have done t h i s  us ing  the  f i t t e d  ARMA model ( c o e f f i c i e n t s  g iven by eq (6)) and approx imate ly  

w i t h  the  non l inear  model eq (8). Three problems a r i s e ,  however. F i r s t ,  f o r  t he  non l inear  model, the  

inverse  o f  eq (7) shown here: 

i s  unstable and small  dev ia t i ons  i n  y 

the  inverse  o f  eq (3) invo lves  an ambigui ty as t o  the  s ign  o f  zn. 

f o recas t  f o r  z t h i s  would no t  lead  t o  an optimum fo recas t  o f  yn; s ince  the  square o f  an optimum fo re -  

cas t ,  i n  general ,  i s  not the  optimum fo recas t  o f  the  square ( f o r  example, cons ider  random numbers w i t h  

cause a r b i t r a r l i l y  l a r g e  dev ia t i ons  i n  the  computed xn. Second, 
n 

Th i rd ,  even i f  one had an optimum 

n '  

zero mean). 

These d i f f i c u l t i e s ,  however, do n o t  t o t a l l y  p revent  t he  use o f  these models i n  

Although the  r e s u l t i n g  fo recas ts  a re  no t  optimum ( i n  the  mean square e r r o r  sense), 

j e c t i v e  and can be t e s t e d  (see f i g .  9). The f i r s t  problem ( i n s t a b i l i t y  o f  eq (10)) 
i g n o r i n g  the  n o n l i n e a r i t y  and r e c u r s i v e l y  es t ima t ing  the  an ' s  us ing  the  value ci = 

done, the  spectrum o f  t he  an 's  i s  n o t  wh i te  noise,  b u t  has a l a r g e  broad peak near 

making fo recas ts .  

t he  method i s  ob- 

can be avoided by 

0.0. I f  t h i s  i s  

the reg ion  o f  t he  

second harmonic. Forecasts are then made w i t h  ci res to red  t o  0.03. Th is  approx imat ion may be the  cause 

o f  t he  b i a s  noted below. 

The ambigui ty i n  the  s i g n  o f  zn can be avoided by cons ider ing  on ly  t h a t  p a r t  o f  the  h i s t o r i c a l  

record  where c l e a r  c y c l i c  behavior i s  apparent ( i . e . ,  a l l  t he  da ta  s ince  1700). Only the  Maunder 

minimum (-1650 t o  1700) cannot be used. 

subsequent s igns were se lec ted  t o  make a reasonably smooth curve [24] w i t h  a p e r i o d  o f  22 years.  

An i n i t i a l  negat ive s i g n  was used f o r  zn beginning i n  1700 and 

To avo id  the  t h i r d  problem, we simply fo recas t  f u t u r e  zn ' s ,  compute t h e i r  confidence l i m i t s  and 

Since data were a v a i l a b l e  through 1977 (corresponding t o  one year  a f t e r  minimum, roughly) ,  pas t  

cyc les  were computed us ing  data up t o ,  and inc lud ing ,  one year  p a s t  minimum f o r  cyc le  20 and f o r  each 

o f  the  pas t  eleven sunspot cycles.  F igure  9 shows the  r e s u l t s  o f  f o recas t i ng  maximum annual mean 

sunspot numbers f o r  these cycles.  The maximum annual mean sunspot number fo recas t  f o r  Cycle 21 (us ing  

f i t t e d  model) i s  159 f 40. The confidence i n t e r v a l s  g iven  are 50 percent  i n t e r v a l s  and are  based on 

fo recas t  e r r o r s  f o r  the  f i t t e d  ARMA models [SI. Due t o  the  d i f f i c u l t i e s  a l ready  e labora ted  on, these 

confidence i n t e r v a l s  a re  probably o p t i m i s t i c .  Confidence i n t e r v a l s  f o r  the  emp i r i ca l  model ( w i t h  

n o n l i n e a r i t y )  fo recas ts  are probably s i m i l a r .  

square them. 

The RMS e r r o r  f o r  t he  f i t t e d  and emp i r i ca l  models a re  34 
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and 27, r e s p e c t i v e l y .  

t h e  b i a s  i s  8). 

The empi r i ca l  model shows a s i g n i f i c a n t  b i a s  o f  minus 23 ( t h e  s tandard e r r o r  o f  

I n  summary, t o  use ARMA models f o r  fo recas t ing ,  we est imated t h e  o r i g i n a l  no ise s i g n a l  s t r u c t u r e  

The narrowband resonant f i l t e r  was then d r i v e n  w i t h  t h i s  

The f i l t e r  i n p u t  was then 

The f i l t e r  output ,  from t h a t  

t h a t  produced t h e  observed sunspot record. 

d e r i v e d  " o r i g i n a l "  no ise  s i g n a l  u n t i l  t h e  beginning o f  t h e  f o r e c a s t  per iod.  

s e t  t o  zero, t h e  most l i k e l y  value, and t h e  f i l t e r  was a l lowed t o  " r i n g . "  

p o i n t  on ,  was a damped harmonic response. For t h i s  reason, t h e  conf idence i n t e r v a l s  became l a r g e  

r a t h e r  r a p i d l y  and t h e  fo recas ts  a re  damped e x p o n e n t i a l l y  t o  zero. The model should n o t  be used t o  

f o r e c a s t  more than one c y c l e  ahead. 

6. Conclusions 

The model proposed i s  ext remely simple, y e t  i s  based on s imple resonant phenomena w i d e l y  o c c u r r i n g  

i n  nature. The model a c c u r a t e l y  s imulates o f  t h e  gross fea tures  o f  the  observed sunspot record  

i n c l  u d i  ng: 

(a) t h e  approx imate ly  eleven-year per iod ,  

(b) t h e  v a r i a b i l i t y  o f  per iod ,  

(c)  t h e  shor t - term f l u c t u a t i o n s ,  

(d) t h e  r a p i d  r i s e  and slow decay, 

(e) t h e  observed d i s t r i b u t i o n  o f  values and 

( f)  t h e  general appearance o f  sunspot cyc les.  

I n  a d d i t i o n ,  t h e  model prov ides fo recas ts  f o r  f u t u r e  sunspot c y c l e  peaks and has g iven reasonable 

p r e d i c t i o n s  when a p p l i e d  t o  o l d  data. We acknowledge t h a t  t h e  a v a i l a b l e  sunspot da ta  c o n s t i t u t e s  a 

very  small  sample upon which t o  base conclus ions as t o  long-term s o l a r  behavior. Nevertheless, i t  i s  

f e l t  t h a t  t h e  p r i n c i p a l  elements o f  t h i s  s imple s t a t i s t i c a l  model ( i . e . ,  t h e  Gaussian-noise source and 

t h e  narrowband resonant f i l t e r )  do suggest p o s s i b l e  phys ica l  processes i n  very general terms and beg 

f o r  more s p e c i f i c  phys ica l  explanat ion.  

Dicke [25] has r e c e n t l y  p o i n t e d  o u t  t h a t  t h e  phase s t a b i l i t y  o f  t h e  observed sunspot record  

suggests a p e r i o d i c  d r i v i n g  f o r c e  o r  chronometer. He argues t h a t  t h e  phase f l u c t u a t i o n s  are  n o t  t h e  

type  o f  random walk  t h a t  would be produced by an "e rup t ion"  mechanism. B loomf ie ld  [26], us ing  complex 

demodulat ion t o  es t imate  t h e  envelope and phase processes, shows even more c l e a r l y  t h a t  t h e  phase i s  

very  s t a b l e  d u r i n g  t h e  p e r i o d  1700 t o  t h e  present .  It i s  more d i f f i c u l t ,  however, t o  e s t a b l i s h  t h e  

ex is tence o f  an a p e r i o d i c  d r i v i n g  f o r c e  aga ins t  t h e  a l t e r n a t i v e  o f  a narrowband process. 

Midd le ton  [ll] der ives  t h e  4 t h  o rder  j o i n t  p r o b a b i l i t y  f u n c t i o n s  o f  t h e  phase and envelope processes 

f o r  a r b i t r a r y  t ime delay. It i s  shown t h a t ,  a l though t h e  envelope and phase v a r i a b l e s  are  independent 

a t  any g iven t ime, t h e  envelope and phase processes are  n o t  independent. 

change o c c u r r i n g  between t imes t and t + T depends n o t  o n l y  on t h e  c h a r a c t e r i s t i c s  ( p r i m a r i l y  band- 

w id th )  o f  t h e  f i l t e r ,  b u t  a l s o  l o c a l l y  on t h e  envelope process. It i s  w e l l  known t o  communications 

engineers t h a t  t h e  phase o f  a narrowband process i s  r a t h e r  s t a b l e  when t h e  ampl i tude i s  l a r g e  and 

unstable when i t  i s  smal l .  

The d i s t r i b u t i o n  o f  t h e  phase 

15 



Our model thus imp l i es  t h a t ,  w h i l e  phase i s  a random walk i n  the  sense t h a t  t he re  is no 

"co r rec t i ve "  o r  "zeroing" fo rce ,  the  steps taken are l i k e l y  t o  be small  du r ing  per iods  o f  h igh  

ampli tude, such as the  p e r i o d  s ince  1700, thus g i v i n g  the  appearance o f  phase s t a b i l i t y .  Phase i n s t a -  

b i l i t y  w i l l  occur du r ing  per iods  o f  low a c t i v i t y ,  such as the  Eddy minima. Long lengths  o f  data are 

needed t o  d i s t i n g u i s h  a process having a d r i v i n g  f o r c e  from a simple narrowband process. An en- 

g inee r ing  rule-of- thumb i s  t h a t  many t imes the  rec ip roca l  o f  the  bandwidth a re  requ i red .  I n  the  case 

o f  t he  s o l a r  cyc le ,  our model has a rec ip roca l  bandwidth o f  500 years (no t  a c c i d e n t a l l y  t he  mean 

i n t e r v a l  between Eddy minima), so many thousand years o f  data a re  requ i red .  The Epstein-Yapp 

Deuterium/ Hydrogen record  (1,000 years) discussed by Dicke i s  no t  long  enough t o  reso lve  t h i s  

quest ion.  Perhaps some f u t u r e  s o l a r  sens i t i ve ,  geochronological  record  w i l l  p rov ide  some answers. 

We a l so  p o i n t  ou t  t h a t  t h i s  i s  n o t  necessa r i l y  an e i t h e r / o r  s i t u a t i o n .  Suppose the  " i npu t "  s igna l  

f o r  our f i l t e r  inc luded a t r u l y  p e r i o d i c  b u t  weak d r i v i n g  fo rce ,  imbedded i n  noise. Such a model would 

s t i l l  e x p l a i n  fea tures  such as Gle issburg cyc les  and Eddy minima, y e t  have g rea te r  long-term phase 

s t a b i l i t y .  B r i e r  [27] descr ibes a s i m i l a r  s i t u a t i o n  i n  h i s  ana lys i s  o f  t he  Quas i -B ienn ia l  O s c i l l a t i o n .  

A s t a t i s t i c a l  t e s t  f o r  phase s t a b i l i t y  exceeding t h a t  exp la ined by the  bandwidth o f  a Gaussian process, 

i s  a cha l leng ing ,  unsolved problem. 

The ques t ion  o f  phase s t a b i l i t y  i s  i n t e r e s t i n g ,  b u t  f o recas t i ng  i s  o f  g rea te r  p r a c t i c a l  impor- 

tance. The l e v e l s  o f  s o l a r  a c t i v i t y  we w i l l  face i n  the  decades ahead are o f  i nc reas ing  concern. I f  

one i s  i n c l i n e d  t o  accept the  model descr ibed i n  t h i s  paper as a v a l i d  s imu la to r  o f  sunspot a c t i v i t y ,  

one must conclude t h a t  we cannot now fo recas t ,  and never w i l l  f o recas t  w i t h  reasonable confidence, more 

than about one eleven-year cyc le  i n  advance. This,  o f  course, has ser ious  i m p l i c a t i o n s  (espec ia l l y  f o r  

NASA) ;  bu t ,  we t h i n k ,  Mankind may do w e l l  t o  know i t s  l i m i t a t i o n s  [28]. 
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