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JE EXPERIMENTAL STUDIES OF THE VIBRATIONS
ey OF QUARTZ PLATES

By R. B. Wright and D. M. Stuart

ABSTRACT

. s modes of vibration of 0 and 30 degree cut circular and rectangular
huni'e:guaul:lll(')tz plates were studied experimentally. Various methods were
¥ tal’”d in studying these modes which are piezo-electrically excited. The

’mpk?;‘e of Ivcopédium powder applied to the vibrating faces proved to be the
L'ehmfloritful‘source of information. A number of photographs of the patterns
mostf rr?ned are produced and described. Although of limited utility two mechan-
Fhusd O\vicec also were employed in these studies.
xslhe direction of maximum radial displacement was determined for the two
: T: lower frequency modes of 0° circular plates. It was found that these
’?mtions are nearly parallel to directions of critical values of Young’s modulus.
dire were disclosed concerning specially oriented rectangular plates and rods.
I“:lctsrimental values of Young’'s modulus based on vibration frequencies of the
ther were found to agree closely 'with corresponding values compu‘qed from a
- wn theoretically derived expression. Rough experimental verification of the
:'uoct.ion of onc of the eritical values of Young’s modulus was obtained.
dlrﬁquatious are derived for the modulus of rigidity and Poissgn’s ra.tio. for
crystalline quartz as functions of orientation, and graphs of these two functions
s well as of Young’s modulus are given. . .
Methods arc indicated, which may prove advantageous, of rigidly mounting

quartz plates.
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I. INTRODUCTION

That branch of the theory of elasticity dealing with the vibrationsof
isotropic solid bodies mav be said to be still in its Infancy, even
though it covers to-day quite an extensive field of endeavor. With
few exceptions the theory in its present state of development allows
the handling of only the simpler cases in an approximate manner,
The msnifest limitations appear to be principally of a mathematical
nature. This situation becomes painfully evident as a definite im-
pediment in the specialized study of piezo electrically excited oscilla-
tions of quartz plates such as are utilized in the art of radiocommuni-
cation. A second and formidable impediment is found in the fact

that quartz, like other crystalline substances, is not isotropic. A

third fector tending to impede progress in the study lies in the fact °

that owing to the nceessary precision in present-day frequency re-
quirements, inexact sclutions can not be expected to vield a large
legree of satisfaction.  Moreover, sclutions of an approximate nature,
in commoen with any simple exact solutions that may be found by
co ing special cases, may be expected to give little more thana
olimpse at the manifold infinity of possible modes of response.

The various experimental studies of the modes of vibration of
quartz plates described in this paper were undertaken in an attempt
to eain infarmation which it was hoped would prove helpiul in the
theoretical study of the problem, as well as useful in practice.

siderving

1. STUDIES OF GLOW-DISCHARGE PATTERNS

The method employed in studving the piezo-electrically excited
oscillations of cvlinders cut from crystals of quartz, -hich was
described in a paver by dund and Wright,! sas tried on cireular and
square plates of quartz. Briefly, this method cousists in the obser-
vation of the various patterns created by the resonance radiation 0
the gas molecules, usually termed glow discharge, accompanting the
piezo-electrically excited oscillations or vibrations of the quartz bodies
in an atmosphere of helium under a pressure of a few millimeters 0
mercury. The vacuum tube oscillator circuit used to sustain the
quartz plete in vibration in this second application of the method 18
shown in Figure I. As did the one previously used, it incorporetes
sufficient regeneration to afford independent oseillation. The quart?
plate to be studied is placed on a plane metellic surface which serve
asone electrode.  As the upper electrode, a fine wire mesh or sereen 13
used. This upper electrode is not distinguishable in the photOT—"T”‘pllb
of the phencmencen appearing at the surface of the quartz plate, D
cause of the fineness of the wire and owing to the fact that 1t was
supported somewhat above the face of the quartz plate on which the
camera was focused. '

Photographs of some of the various patterns cbserved ar
in Fioure 2. As indicated, the quartz plates appearing in tht
photographs are of the 0° or Curie cut variety; thatis,were #o 0118 er
in the process of cutting that the faces of the plate lie pm-pondwlﬂﬂ/

e ;ho\\'n
N )
Lese 12

I_A\uf;‘ust_llund and R. B. Wright, New Piezo Oscillations With Quartz Cylinders Cu Along
Axis. 1. 8. Jour. Research, 4, pp. 353-394, 1430; or Proe. ILR.E., 18, pp. 741-761; 1930

the oprics!
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Vibrations of Quurtz Plutes

lectric axis.  In the case of the square plates, a major face (one
faces largest in area) wus in turn so oriented in its plane that
edges lie perpendicular to the optic axis, requiring, of course,
that the remaining two edges of this face lie pel‘pendlpulm' to the
echanixal axis. (A more detailed treatment of the subject of orien-
miién ;s involved in the accompanying appendixes).
mh js comion knowledge that the frequencies at which a given
partz plate, will vibrate with appreciable amplitude in a vacuum
qube cireuit incorporating e{(t‘grpal regeneration are very nuinerous
indeed. In 1923 Pierce * published a so-called spectrum of response
frequencies. He pointed out that at the I£1.3301‘1ty of these numerous
modes the plate responded with small amplitude, and that of the few
at which the plate responded with relatively large amplitude in a re-
cenerative circuit of this nature, one could be identified with each of
the very limited number which he found would respond in his single
‘He distinguished between the action of the

foan ¢
of the !
{wo of 1ts

wube piezo oscillator.
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Frovns L.—Type of vacuum tube circutl used in the various experimental siudies
two types of cireuits on a quartz plate by deseribing the effect of the
former tvpe as resonating and that of the latter as oscillating.  This
is a good distinction to be made when possible.  However, in many
cases no sharp distinction can be drawn.  This is particularly true in
the case of the hizhly regenerative circuit (fig.1), used in the studies
to be described here. A larze number of the modes studied could be
sustained indefinitely, although unstably so, in this circuit.

It has been known for some time that a 0° circular queriz plate
may be caused to execute sustained free vibrations at three different
frequencies * when placed in that type of piezo-oscillator circuit in
common use, in which the piezo-electric element is connected either
between the grid and the filament, or the grid and plate of a vacuum
tube, and in which a condenser in parallel with an inductor is employed
in the anode branch.* The ratio of the two lower of these frequencies
of response is roughly 1/4/2. Furthermore, it has been recognized

b 1 ?r W. Pierce, Piezoelectric Crystal Resonators and Crystal Oscillators Applied to the Precision Call-
rxavxon of W ave Meters. Proc, A. A. A. 8., 59, pp. 81-106; 1923,
‘A\. Hund, Uses and Possibilities of Piezo-Electric Osciliators, Proc. I. R. E., 14, pp. #47-469; 1926,
roax;lgteeg\;uruculur type referred to here is described more fully in the paper by A. Hund referred to in
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for a number of years that the direction (in a plane parallel to a face
and with respect to some crystallographic axis, for example, the
principal or optic axis) in which the maximum radial displacement
takes place differs for the two lower of these three modes of response
of circular plates.® In Figure 2, 4, is shown the phenomenon that
appears when a 0° circular plate is caused to oscillate in the described
regenerative circuit and electrode system, at that one of these three
modes which responds at the lowest frequency. This mode, for the
sake of brevity, shall be designated as the first mode.

The phenomenon appearing agrees in pattern or configuration with
observations made by Namba and Matsumura,® and also by Meissner.!
No favored direction of displacement is indicated, unfortunately.
The phenomenon appears as a concentric circular discharge of rough
definition. (The periphery of the lower electrode which, because of
its smaller size, may be indistinctly seen through the quartz plate,
should nct be confused with the ecircular discharge pattern which
occupies less than half the area of the face of the quartz plate.)

Of the three modes of vibration of a 0° circular plate which respond
in the customary piezo-oscillator circuit, the one whose frequency of
response is intermediate between that of the other two shall be des-
ignated as the second mode. In Figure 2, B, we see at once that the
phenomenon accompanying this mode varies with the angle measured
from the optic axis in a plane parallel to the face of the plate, which
angle shall be designated by v. It might appear at first hand that the
maximum radial displacement must take place nearly parallel to the
optic exis, which is represented roughly by the white line in the 12
photographs. However, as was determined later, the maximum dis-
placement takes place in a direction normal to & diameter through
the maximum intensity of the discharge. The region about a node of
radial displacement must be the region of maximum voltage gradient.

Figure 2, C, shows a pattern of this gas resonance radiation of
glow discharge that has been found in all 0° circular plates observed.
The frequency at which this pattern appears for the particular plate,
is 241 ke. In Figure 2, D, E, and G are shown patterns which are of
frequent occurrence. A peculiarity of these patterns is that 1615
difficult to cause two or more of these curious figures to apped!
simultaneously on the face of a plate, even though a complete pattern
may consist of several. The explanation of this is not evident. be
pattern shown in Figure 2, F, appears consistently, and is to be foun
on plates of various sizes. It emphasizes the difficulty of interpretiig
these phenomena. .

The third and highest in frequency of the three modes of 0° crew
lar plate which respond in the customary piezo-oscillator circuit ¥
be termed for brevity the third mode. This mode is often called the
thickness mode. The pattern accompeanying oscillation at this mo¢®
is given in Figure 2, H. Here is indicated the breaking up of the
face of the plate into ‘““nodes” and “antinodes.” This breaking UP
of the face of a plate in'oscillation at the third mode was rougity
indicated in Crossley’s experiments on rectangular plates.® In stud®

$ See 5‘ Meissner, Untersuchungen am Quarz, Phys. Z§., 28, pp. 621-625; 1927, uarts
¢ 5. Nambe and S. Matsumura, General Properties of Piezo-Electric Quartz and the value of 3 Q 12
Oscillator as a Frequency Standard, Researches of the Electrotechrical Laboratory No. 248; -'W”;‘: 155
19;6&. Meissner, Strukturbestimmung durch akustische Eigenschwingungen, Z8. £, Phys., 63, PP 137
s A. Crossley, Modes of Vibration in Piezo-Electric Crystals, Proc. I. R, E,, 16, pp. 416-423; 1625,



Fierre 2.- ~Zero-degree plales

pinie; dianmeter 36.03 mimn, thickness 4.305 mm: square plate; ~optic axis 35,95 mum: 1 optic
axis 36.02 mum, thickness 4.810 min.

D, 292 kiloeycles. G, 352 kilocyeles. J. 177 kiloeyeles
E, 397 kiloeycles, 11, 399 kiloexcles. K. 210 kiloevel
I, 431 kilocyeles. 7, 80.4 kilocycles. 7., 233 kiloeveles,
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Frovre 3.—Zero-degree plale

Diameier 36.03 mm, thickuess 4.805 mm (excepting .1, for which dimensions are, diameier 56,10 JIRUN
thickness 4.815 mm;.

N, 108 kiloeyeles. G, 146 kilocycles. J,

£ 125 kile /1. 163 kiloeveles. K

135 kilo 1. 170 kiloevcles. L,

Hoeyveles.
kilomyeles-

T Riloeyeles
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Ficure +.—Zero-degree plate

Diameter 36.03 mm; thickness 4.365 mim.
L. 397 kiloc . G, 3Y7 Kilueyeies.
L., 400 kilc . 11,397 &
F. 444 kiloeycles. I, 399
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F16URE 5.~—Zero-degree plate
" Optic axis 35.98 mm.

\
=4, 66.8 kiloeyeles.

4 Opticaxis 36.02mm. Thi

g
I'hickness 4.810 mm.,
D, 202 kileeyeles. ;. 270 kiloeycles
B, 83.6 kiloeycles, 12, 204 kilocveles. JI28s kiloed
kiloeyeles 7,210 kileeyeles,
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Fiourr 6. Thirty-degree plate
Diameter 36.04 mm: thickness 4.810 mm.
G, 246 kilceveles,

D, 161 k@lccycl"‘.

E, 181 kileeyeles. 17, 250 kile s,
F, 192 kileeycles, £, 233 kilceyeles.




B. S. Jourral of Ressarch, RP33%

Ficvre 7.—Thirty-degree plate

Diameter 36.04 mm; thickness 4810 mn.
4. 314 kilocycles, D, 346 kilocycles. G, 4C6 kiloey e
B. 323 kiloeveles 2. 370 Kiloeveles, 77,408 iloeyeles.
3 kilocycles. I, 402 kilocveles, 7, 415 kiloeveles.

Cs.
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Travre 8.—Thirty-degree plale

36.15 by 36.15 by 4310 mun.

STHU R Lous ey D, 205 kilocycles. 20T kiloeyeles,
B2 I, 221 kiloeyeles, . 284 kilocyeles
161
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FIr6eURrE 9.—Zero-degree plale
Diameter 36.03 mm; thickness 4,805 mm,

A, 75.3 kilaeycles; B, 104
kiloevcles.
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Frovre 10.—Zero-degree plate

19 33,95 min; 1 optic axis 36.02 mm; thickness 4.310 mnL .4, 66.5 kilocycles; B, 23.6

kilocyecles.
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F16URE 11.—Zero-degree plate

Soptic axis 35,95 mny | optic axis 36.62 mm; thickness 4,814
mm. A, 804 kiloeyeles: £, 90.0 kilocycles
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FiGure 12.—Thirly-degree plate
A, 91.2 kiloeyeles; B3, 261

weter 36.04 mm; thickness 4.810 mm.
kilocycles.
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Freure 13.—Thiriy-degree plale

36.15 by 36.15 by 4.810 mmn.
kilocycles.

4.0 kiloceveles; B, 161
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Ficere 14.—=Specially orented 0° and 30°

srotated —18.4¢ (=-+71.6%; 30985 mm (y=—
weyel b, 0° plate rotated —41.73 X
; lloeyel ¢, 30

841 897 kiloeyeles,

Ir6vre 15.-—Zero-degree plate of customary
orientation
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carried on by means of polarized light by Osterberg,® it is proved
peyond doubt that the faces of rectangular plates break up in this
manner. Evidence of this nature, which is added to in other studies
treated below, 1s entirely contrary to a statement made, with dia-
orammatic illustration, by Nemba and Matsumurs,' to the effect that
the {aces are distorted as a whole in this mode of vibration.

Only four photographs of interest were obtained of this gas reso-
nance radiation phenomenon when produced by the vibration of
square plates. All four are of a 0° plate. In Figure 2, /,isshown the
only low-frequency pattern pbtamed before this manner of investi-
wation was concluded. As will be recognized later, this pattern 1s only
“adivectly indicative of the type of displacement experienced by the
Jlate. In Figure 2, J, is shown an interesting pattern, representing
what may appear to be a three wave length distribution of & flexural
vibration ' with waves propagated in a direction perpendicular to
both the optic and electric axes, or along the mechanical axis. Figure
9 K and L, picture patterns which were observed with a great number
0% 0° rectangular plates. These patterns, it will be noticed, resemble
the one in Figure 2 C. )

It is possible, but rather improbable, that a thorough-going study
of this type of phenomenon might prove profitable. But in its
present development this medium of study is much too uncertain.!?
In an effort to obtain more definite information concerning the modes
of vibration of quartz plates, a study was made of patterns formed by
Iycopodium powder sprinkled on the vibrating faces.

2. STUDIES OF POWDER PATTERNS FORMED ON THE SURFACE OF
PLATES

In this work the same type of oscillator circuit and electrodes were
used. The plates studied were both 0° and 30° cuts, square and
round. The orientation of these plates is known to be quite accurate
in the majority of cases; with certain exceptions they are well within a
degree of the stated orientation, probably in most cases within 10
minutes of arc. Purposesly, the first exception is shown in Figure
3, -1. The only other exception of importance is the 0° square plate.
Twinning and inclusions were avoided insofar as it was possible.

2. An Interferometer Method of Ohserving the Vibrations of an Oscillating Quartz Plate,
Proc. N, ., 13, pp. 862-846; 1929,
19 Jee {votnote 6, p. 522,
1 . . "
1 Using thecauation f=4" l,’f <ﬁl> , whichis of a similar type to that used by J. R. Harrison (Piezo-Flee-
N3N
trie Resonance and Oscillatory Phenomena with Flexural Vibrations in Quartz Plates, Proc. I. R.E., 15,
Dp. 1040-1034; 1927, and to that used by S. Jimbo, except for a typographical error (An Iarerrational Com-
parison of Frequencies by Means of 8 Luminous Quartz Resonator, Proc. L. R. E., 18, pp. 1530-1934, 1930);
where / and b are the greater and lesser actively concerned dimensions of the rod, v is the velocity of propa-

Fan

SH.

gation, and (U—l) is the quantity, using Lamb’s notation (H. Lamb, Dynamical Theory ¢f Sound), which
x

isequal to (25—1/2) +2a./7 for the symmetrical case and (28--1/2) —28,/= for the asymmetrical case, S being
an integral number representing the order of the mode, a. being neglible for S§33, and 8, negligible for
S32; and putting S=3, for symmetrical case

fm 55xby

450

For r=5.4 X 105, [=3.6, and b=0.48; f=274 ke. 'This is not in good agreement with the observed value of
177 ke, but the diserepancy should not necessarily be considered sufficiently grave to preclude the possibility
of the flexural type of vibration.

12 For further evidence of the unsatisfactory nature of this method of study, see the plates in the publi-
cations by A. M. Skellett, Modes of Vibration of a Round Plate Cut from a Quartz Crystal, J. Opt. Soc.
Am. & Rev. Sci. Inst., 20, pp. 203-302; 1930; and A Visual Method for Studying Modesof Vibration of
Quartz Plates, J. Opt. Soe. Am. & Rev. Sei. Inst., 17, pp. 308-317; 1928; and see sketches of phenomenon
of this nature, appearing in that publication referred to in footnote 6, p. 522, by Namba and Matsumura,
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in 1”1@11195 3 to 8 the optic axis is 1 “oprecen ted quite accurately by
ﬂ ¢l 1to ruled-in ine.  One end of the diameter, or in the case of the
uare plates the line passing through the center of the face parallel
he optic axis, is marked in these photographs by a short black line
the edge of thn }dl“ e;and the other end by a cross, so that it may
distin cuished. VWhen visible in the photographs, these marks may
be used as more accurate reference.

—+
O,
o+ S
’.I

(&) ZERC-DEGREE CIRCULAR PLATES

The oidentation of the 0° circular plate is known to be very
accurate. It was cut {rom opuwu} left rotating quartz,” and 1s
always “Lm\ D m tle photographs with the face HPPEIIH()St, which
heco charged upon applicetion of a normal tensile

As indicated above, the pattern in Figure 3,2, is shown to illustrate
the effect of o small ineccuracy of orientation.  The actual orientation
of this plate was not verified by measurement.  However, experience
seems to indicate tha at had the plate been accurately Cuented the
pattern would have been that shown in Figure 3, B. This fact
lustrates well the ceriticeal A,af“'e of patterns formed by lycopodium
en the surface of plates whose vibration involves areal dilatatien
The cifference in frequency of vibration of the two plates shown is due
pl"r(“p iy to the difference in diameter, rather than to the “pattern”

s mode is the fivst mode of & 9° cireular platein

t
of displacenment, 7T
a field pareliel to the clectric axis. At this modc the displacement is,

neglecting sccond order eﬁects, hm*ted to planes parallel to the face

f“xn pla ate. Carcful study of the motion of the pewip ery of the two
plates under discussion would no doubt show that the two vibrate in a
very similar manner, despite the fact that the patterns on their faces
differ considerably.

Very httle resemblance is to be seen between the surfflce pOw der
pattern (fig. 3, B) and Jle glow discharge pattern (fig. 2, A) for the
same mode, The Iatter, it will be seen, is a poor indication of the

ture of the displacements. The powder pattern, on the contrary,
is (m‘te informative. The corresponding line to be found on the
reverse face forms in a direction parallel to the one shown. Measure-
ment of a series of these patterns mdvmtes that this line is inclined
17°30" (£ 1°) from tl e optic axis. Reference to Figure 23, Appendix
II, will show that if this angle is taken in the neoatlve sense, the line
is closely pf‘r')endlcalar to the direction of the minimum of i(‘un"
medulus for the 0° plane.  The plate shown in Figures 3, B, to 4, [, 1
of optically left rotating qua \rtz, and its upper face upon ‘which the
patterns are formed in all cases, is the one that becomes negatively
Clmrged upon apphcauon of a normal tensile stress. This, as ex
plained in more detail in Appendix iI, requires that the angle between
the optic axis and this line be x\egamve n sense in oraer to correspone
to conventions upon which the given curves of Young’s modulus are
hased.  Thus the “nodal " hnﬂ is closely pﬂrpem.lculvr to the direc
tion of the minimum of Yor ung’s modulus.

However, this line is not a nodal line in the strict sense of the word:
=he} pow der forming it runs outward, spreading before reaching the
veriphery of the plate. Thusit appeqro t}mt the line mqus a node 0

—

1 As viewed when looking toward the Hght source.
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oze displrcements in the plane of the face which are norma

o, The reason ior the outward motion of the powd_er wiil

ion oi patterns formed Dy air curren
:

plate.

AY,

I to
be
1t

<2}

made npo.@unt in the descriptic
set up_ DY the 08 hat; n of the

In Figure 3, €, is shown a very s stmilar p L“ ern.  As in the preceding
ease, the line on the h,‘\vel face 13 founa to lie in a direction parailel to
the one on the _upper face. Here, however, the line is inclined ap-

from the op ptic il\‘S i a I’Po“‘ullVe Sense as before

122

o \nn\ tely 67°
Young’s modulus for the 0° mee will be seen to pass through a maxi-

mum at v = +10° 50°. Although the corresoondence between this
and the nermal to the line in the oat‘em is not close, relation between
the two will be shown to be quite probable. Thls mode is one of

relatively W eak response.
Coming now to Iigure 3, D, a pattern of somewhat differcant nature
is shown. ummv ifrom the formation of the dust pattern in this
¢his Line is strictly a nodal line; thersis no apparent movement of

case, tis
the mmdov forming 1t. During formation the powder moves per-

pendicularly away from it tOT{SIu the periphery. The pow der stops
on uﬂchug a midway rezion where it assumes a dancing motion.
The line in this case is foun fi to be between —43° and — 44° from the
optic axis. This direction quue closely perpﬂﬂdlcular to the direc-
tion of ms xmnun Youpc modulus, y=- 48° 15’. The mode ac-
: 5 tle second mode of vibration of 0° cir-
15 that accun‘pamta by the discharge
o , The optic axis was not very accuratelv

ned iis latter case, as will be evident {from a comparison
of the ﬁ -0 photographs. itis qulth certain, however, tbat the diam-
eter through the center of the discharge corresponds to the nodal line

-[j
e

formed by the }fcopodium or this mode Kither the plate in the
former case was of optically right rotating qmru/ or its upper face is
the one which would become positively charged upon application of a

o8
pormal tensile sfre"s. These deductions mfw be made, knowing, as

in both the ebove cases, that the line forming on the reverse face takes
a direction parallel o the line on the upper face.
At 125 ke ; ing pattern shewn in I appears.
The ampiitud Ti-e responds L le is very
small. This mede *Te mu v 1b sppears to
have 1 : axis.
With so ihis pattern

dex dor“ ‘mo c

ot the t:‘.( figures cou 00&113 ¢hils pa b
Itisin L“T"\btﬂ;'l.@: to note that these figures are ro mfhlv perr;enmf’u‘ar to
the optic axis. A symmetrical pattern for this mode is found only In
a few plates.

T

in 1‘70 e 3 (

orved at 146 ke.  In this the
e center. With some plates
”r\‘r-:n in Tigure 6, C,
jueney less than o kﬂocvc“

te proua% e that the plates
found to be inaccurately

'\*.hm b s j,1 od
different from th: e
on which the pattern is

;

orienfed with resp

'n
"D
o
~+
o
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The principal difference between patterns shown in Figures 3, H
and I, lies in the angle of inclination. Both modes of vibration are
fairly strong. The one responding at 169 kc was found the more
vigorous.

The pattern shown in Figure 3, J, accompanies a stronger oscillation
than those accompanied by patterns in Figure 3, H and I. The
strength of this oscillation is about the same as the 136 ke mode, the
pattern for which is shown in Figure 3, F.

The mode whose pattern is shown 1n Figure 3, K, is, perhaps, a
little stronzer than that accompanied by the pattern in Figure 3, F,
while that whose pattern is shown in Figure 3, L, is a little weaker.
The pattern shown in Figure 4, A4, is again stronger, being nearly
equivalent in response to the modes accompanied by patterns shown
in Figures 3, F, J, K.

The mode represented by the pattern in Figure 4, B, on the other
hand, is gquife weak. The rest of the modes whose patterns are

(Gl
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shown, however, are stronger.

Both modes represented by patternz in Figure 4, C and D, are about
equivelent in strength to those whose patterns are shown in Figures 3,
F, J, K, and 4, A. The larger spots in Figure 4, IJ, are regions in
which the powder revolves rapidly.

The figure for the 400 ke mode shown in Figure 4, E| is quite repre-
sentative. Whereas some of the patterns found above 146 ke for the
particulsr plate used are not always te he found with all plates, this
figure nearly always occurs.

In Figure 4, (¢ and H, are to be seen two patterns of the same mode
of vibration. This mode is the third mode of 0° circular plates. The
displacement is principally in the direction of the thickness, which
makes it difficult to obtain any sort of a powder pattern. A strong
current of air is given off the face of the plate causing the powder to
be blown away. An unmistakable symmetry of form will be noticed
in this pattern. Moreover, this pattern constitutes very good evi-
dence of the breaking up of the surface, mentioned abbve, during
this oscillation. It has been noticed that the pattern accompanying
this oscillation is quite critical with respect to dimensional ratio and
accuracy of orlentation.

The pattern in Figure 4, I, accompanies quite a vigorous vibration.
In it is seen some tendency toward symmetry. The fact that the
pattern is not entirely symmetrical may have bearing on the fact that
this oscillation is weaker than the one appearing at a slightly lower.
frequency. N

It was found that the four lower modes shown (fig. 3, B, C, D, E,
and F) remain relatively unchanged in manner of response through &
wide range of the ratio of the diameter to the thickness.

For many modes, particularly those occurring at frequencies about
midway between the lowest and highest frequencies concerned here,
straight lines formed on the periphery of the plate, parallel to the axis
of physical or geometric symmetry of the plate, different modes
involving different numbers and spacing thereof. In some of the
patterns of more eleaborate design these lines on the periphery of the
plate curve around in an attempt to complete the pattern, instead
of being straight and parallel.
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(b) ZERO-DEGREE SQUARE PLATES

As already mentioned, the orientation of the 0° square plate used
in these studies is not very accurately known. It is probably within
55 of the proper orientation. It is of opticelly right rotating quartz,
and that face which becomes negatively charged upon application of
a normal tensile stressis always uppermost in the photographs. Thus
the orientation with respect to the observer, of the elastic character-
istics of this plate is similar to that of the circular plate. o

The first pattern is of considerable interest, a.“npdal” line within
Jess than 5° of the direction taken by a similar line in the case of the
circular plate. Not only does the line in Figure 5, A, correspond
closely in direction to that in Figure 3, B, but it also resembles the
Jatter in manner of formation; the powder forming the line moves
outward, finally spreading as it did on the circular plate.

A second correspondence is found between the pattern in Figure 5,
B, and that for the circular plate shown in Figure 3, C. In this case
the angle v is about +73° for the square and about +67° for the
circular plate. It will be noticed that in the case of the square plate
the frequencies of the two modes are about as nearly inversely pro-
portional to the square roots of Young’s modulus in directions perpen-
dicular to the corresponding ‘“nodal” lines as they are in the case of
the circular plate. This relation which appears to be a coincidence 1s
explained, no doubt, by the fact that the intercepted perdendicular
bisectors of the “nodal’” lines in the two cases for the square plate
are about of equal length. This fact should be by no means difficult
to accept considering that the “nodal” line which forms on the circular
plate at the lower frequency is inclined to the optic axis by an angle
which is about equal to that with which the “nodal’ line accompany-
ine the higher frequency mode is inclied to the normal to the optic
axis. Although dependent upon the former and latter facts, and
therefore again an apparent coincidence, it should be interesting to
note that the ratio of the lower frequency of the circular plate (fig. 3,

. . 753 BV
B) to that of the square plate (fig. 5, 4); that 1s, 68—‘2: 1.i3, 1s prac-
Ne)
tically equal to the correspending ratio of the higher frequencies,
93.5
= =112
83.6 LIz

When this series of patterns was photographed no presentable
pattern could be obtained for that mode of response of the square
plate corresponding to the mode of a circular plate whose pattern is
shown in Figure 3, D. However, such a mode exists; the {requency
at which it responds is 90 ke. Description of this mode will be re-
served for a succeeding section, as will be the discussion of an addi-
tional pattern not obtained during the photographing of this series,
which may be found in Figure 11, 4.

Figure 5, O, shows the powder pattern corresponding to the gas
resonance radiation pattern in Figure 2, J. Judging fromu the dis-
tance of the two outer lines from the edges of the plate the lines
marked by the powder are probably nodal in nature, indicating that
lines marked by the glow discharge in Figure 2, J, are of an antinodal
nature.

At 202 ke is found the pattern shown in Figure 5, D, and at 204 ke
the less elaborate pattern in Figure 5, #£. The plate responds quite
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feebly at this latter mode of vibration. In Fioure 7,
pecuhur but symmetrical pattern found at 210 ke. Axt this {requency
the plate vibrates relativ e‘v strongly. i
In Figure 5, d and H, arc to be seen
though they might accompany flexural
not 1e%p'md very strongly.
Just as in the case of ‘the Cucal“ r plate, straight lines were found
the iaceq of the square plate
T

I appear as

patterns which
hese modes do

shrations. F

,4 =

Varying iz‘ number :md dis kul \"1‘»@} the moeaes which they accom-
pany, while for some modes curved lines foriied on the edges in a
manner tending to complete the pattern forming on face.

() THIRTY-DEGREE CIRCULAR PLATES
i photographs was cut from
¢ eases shown in such
edoe to the left is the ene that w .‘wln l“f\f'omc posi-

> r the elcctnc

pon application of o tensile siress
1"“{1011 1s known to he very aceurat
ruled-in line as before represents the optic axis.
marred it the same manner as were both the s
plates, with a short line and a Cross re t31e~,uiti11g t
It 1> common knowlied that ¢
frequency

lOL‘Ll\:{ th(‘ S h‘il;:“:u G OO ’1 IRESRY sLine L

The type of 'leauoi‘ occurring at the ireq of strongest vibra-
tion of 80O plates is as pomted out by Cady, entially of a shear-
ing nature. VWhen a 30° plate is cauccd to oscillate at this frequency
in the usual type of vacuum tube circuit, beal notes may usually

5
be heard in phone:’ placed in the cireuit, indicating that several modes

of vibration are being sustained simuiteneously.

Comparable with the lower moa oI eron:Z response found for 0°
circular plates, there is muna for 30° plates the mode whose pattern
Is to be seen in Iigure 6, A, A certain amount of importance 15 10
be attached to this mode of vibrati on, for it n"ay be ex ecuted hy cir-
cular plates of practicelly any oriex station. The frequency at w hich
the mode responds differs for the different orientations, but the
pattern formed rcinains quite unchan'ed It was even found to be
executed by a plate cut accurately perpendiculer to the optic axis.
The pattern on ihe reverse face, as would be expect ed, is the duPh'
cate of the one b‘qown with an orientation tha may be described 83
that taken by the latter upon rotation thzcur*n 180° abeut the
electric axis. )

Although the patterns Qho“n in Figure 6, B and (, are quile
similar, and occur at v ery nearly the same frequenc theV appear {0
belong to different clases or series. The patterns ¢ Shown in Figures
6, @ and 7, F, a ppear related to that shown in Figure 6, B. “The
modes acconw)anled by these three pmtemq ave all quite ~u(m‘ n
response, the s‘*‘enwth mcredsing with ne"uem The one of highest

T
frequency is one of the most vigorous mod les of t}‘c piate. The moae
accompanied by the pattern in Figure 7, (J, appears to belong to the
same series as that whose pattern is shown in Figure 6, C. These

two modes are quite weak. The mode whose pattern is seen 1
R

LAY, G, Cady, A Shear Mode of Crystal Vibration (abstract), Prys. Rev., 29, n. 617; 1027,
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Figure 0, £, 1s strong, and its pattern appears to be a higher de}'elqu—
ment of that in Figure 6, 4, accompanying the mode ahp'eaay de-
coribed, which is also of strong response. Moreover, the irequency
of the mode whose pattern is shown in Figure 6, ZQJ is very nearly
double that whose mode is shown in Figure 6, 4. Correspondingly,

atterns in Figures 6, J, and 7, F, appear as developments of that in
Fioure 6, D, and that 1 Figure 7, A, as » development of that in
Ficure 6, H, the modes accompanied by the latter two patterns being
quite strong. . o

At (lie modes accompanied by patterns shown in Iigure 6, L and
F, the plate responds quite readily while at those whose patterns are
chown in Figure 6, I and K, the response is weak as it is at the mode
whose pattern is shown in Figure 7, B. ‘ )

When the particular 30° plate used in these experiments is caused
to oscillate 1n the customary piezo-oscillator circuit, it responds
cimultaneously at all three modes whose patterns are shown in Fig-
ure 7, F, G, and H. In plates of approximately the same dimensions,
the mode whose pattern is shown in Figure 7, 7, is found to be sus-
tained simultaneously with the other three in the ordinary circuit.

(d) THIRTY-DEGREE SQUARE PLATE

The particular plate used in obtaining the series of photographs of
patterns foried on the face of 30° square plates during vibration, was
cut from optically right rotating quartz. In all cases the plate is
shown in & position such that the edge that becomes positively charged
upon application of a normal tensile stress is to the right.

As might be expected from the behavior of ¢° square and round
plates at the lower frequencies, there is found for the lowest mode of
vibration cf & 30° square plate a pattern resembling that accompany-
ing the lowest mode of a 30° circular plate. KResemblance between
patterns in Figures 8, 4, and 6, 4, is undeniable.

In Figure 8, B, is shown a pattern very similar to that shown in
Figure 5, C. Both appear as though they may be formed by a flex-
ural tvpe of vibraticn.?

At 161 ke, was found the pattern shown in Figure 8, (.
between this pattern and the one for the 30° circular pla
Figure 6, 2, 15 quite evident. Incidently it will be not
frequencies are the sanie.  The sguare plate oseillates quite strongly
at this frequency.

At 208 ke appeared the patterniin”Figure 8, [/, This pattern 13
similar to some extent to the one referred to above and shown in
Figure 5, C, except that the “nodal” lines are roughly perpendicular
to the optic axis. That the two are of similar nature despite the fact
that the lines arc fairly straight in one case and not in the other is
indicated by the fact that the frequencies of the two are quiie closely
proportional to the half power of Young’s modulus for the rwo direc-
tions.

In Figure 8, E, i the pattern produced by a similar tvpe of vibra-
tion of higher order. At this and the mode previously discussed the
plate responds quite readily in the circuit used.

7

£

¥ This would correspond to the second order asymmetrie case, for which S==2, making (ﬂ) =43in the

equation given in footnote 11, p. 523. Using this, f=183 ke, which is much higher than the observed fre-
quency of 132 ke.
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At 284 ke the square plate responded quite vigorously with the
pattern shown in Figure 8, G. The pattern in Figure 8, F, accom-
panied also a strong response.

Lines on the edges of both circular and square 30° plates were
found to accompeny most patterns of intermediate modes. These
lines resemble those for the 0° plates, with the difference that in this
latter case the straight lines perpendicular to the faces appeared to
predominate, whereas in the case of the 30° plates the curved ones
which tend to complete the facial patterns, were found more fre-
quently.

COMMENTS CONCERNING SURFACE POWDER PATTERNS

In Figure 23, Appendix II, is shown reflected symmetry of the
elastic modulus in the XZ-plane with respect to both the optic and
electric axes. On the other hand, the elastic modulus in the YZ-
plane shews only an axis of symmetry, the covering operation being
rotation through 180°. This might lead one to expect twofold sym-
metry of patterns on 30° plates, and merely an axis of symmetry in
the case of patterns on 0° plates. In fact, in the case of 0° plates,
the axis of symmetry is found present with herdly an exception.
However, in the case of 30° plates, only reflected symmetry with
respect to the optic axis is found. The fact that the patterns show
no symmetry with respect to the clectric axis may be attributed to
the lack of reflected symmetry of Young's modulus in the YZ-plane.

Thus, it is seen that while the patterns may be very difficult of
interpretation, and must be analyzed with the utmost caution, they
nevertheless appear to involve nothing in discord with the well
established elastic structure of quartz. And this is indicative, to
some extent at least, that electric forces play only a minor part in the
formation of these patterns. It is possible that the critical nature of
some may be caused by the action of electric forces, but there is no
apparent reason for such an effect.

Patterns of this nature sre obtainable in number without end.
Those reproduced and described here constitute only a small part.

3. STUDIES OF POWDER PATTERNS FORMED BY AIR CURRENTS
EMANATING FROM THE PERIPHERY OF PLATES

(a) ZERO-DEGREE CIRCULAR PLATES

As is well illustrated by experiments carried on by Meissner_,16
plates when driven with sufficient amplitude create quite strong dis-
turbances in the surrounding air. The air currents set up in this man-
ner may be employed as a means of studying the vibrations of plates.
These currents, when the plate is excited at its lower frequency 110 es
of vibration, emanate from its periphery. If the plane of the lower
electrode is extended for some distance beyond the periphery an 8
layer of lycopodium is sprinkled on this extended surface, the air cur-
rents will cause some of the powder to be displaced. In Figure 9<%
may be seen the effect on lycopodium sprinkled around a zero-degree
circular plate when it is caused to vibrate at 75.3 ke. At this excit8-
tion frequency, it will be recalled, is found the first mode of vibration
of this 0° plate. It will be recognized by its surface powder pattermt

—

16 AN ner, Piezo-Tleetric Crystals at Radio Frequencies, Proc. L. R. E., 15, pp. 281-206; 1927; of 3.t

‘Techn. Phys., 7, pp. 585-892; 1926,
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which is the same as that shown in Figure 3:[B. T}}e reason for the
outward motion of the powder forming the “‘nodal” line is now ap-

arent. In thg general c!1rect10n of th@ line is seen the maximum of a
cecondary antinodal region of areal displacement.

In Figure 9, B, is shown the air cutrent pattern formed at the second
mode of & 0° plate, illustrating the difference between the two modes
of vibration. It is seen that the line in this case must be quite strictly
o nodal line. ) _

Veissner 17 shows photographs of this nature. His, however, appear
to be the results of the two modes superposed.

(b) ZERO-DEGREE SQUARE PLATES

The patterns shown in Figure 5, A and B, for 0° square plates, are
shown againin Figure 10, 4 and B, in company with the corresponding
air current pattern. Comparison of Figures 9, 4 and 10, 4, show that
the modes of vibration involved are quite similar.

In Figure 11, B, appears the air current pattern for the mode cor-
responding to the second mode of 0° circular plates. No presentable
surface powder pattern could be obtained for this mode as weas stated
above. The air current pattern, in itself, however, is quite convincing
evidence of the correspondence.

The air current and surface patterns for the mode whose ionization
pattern is shown in Figure 2, I, are presented in Figure 11, 4. Com-
parison of the two shows httlej Sln}ﬂan.ty. The gas resonance r{idiation
apparently marks a nodal region in this cese, while in others it is found
to mark antinodal regions.

(c) THIRTY-DEGREE CIRCULAR PLATES

The air current pattern for the mode of vibration shown in Figure
8, <1, together with the surface pattern, is to be seen in Figure 12, A,
In company with the air current pattern the surface pattern takes on
a more rational appearance. As previously explained, the pattern on
the reverse face when seen through the plate would tend to complete
the symmetry. It might be pointed out here that Young's modulus
for the plane of a 30° plate shows a maximum at v= +29° 6’
Whether the maximum radial displacement takes place at these angles
as might be expected from observations of the behavior of 0° circular
plates, or at v = £ 45° as one might be led to expect by the air current
pattern shown, is not clear; it will probably be found scmewhere
between.

A somewhat better ides of the type of displacement involved in
modes of the apparent series (figs. 6, D and J, and 7, ), may be gained
from Figure 12, B. As in the case of surface patterns on 30° plates,
rotation of the plate about the electric axis through 180° would result
in the same pattern. But rotation of the plate by the same amount
about either the optic or mechanical axes would cause an apparent
rotation of the air current pattern through an equal angle alout the

electric axis.
(d) THIRTY-DEGREE SQUARE PLATES

_ Fundamental similarity is again shown between modes of vibration
In square and circular plates of quartz, by a comparison of Figure 13,
4, with Figure 12, A. ~ Of course, patterns caused by air currents are

31f7 A. Meissner, Untersuchung iiber Pyro- und Piczo-Elektrizitit. Die Naturwisseuschaften, 17, pp. 25—
+ 1029; and in the publication of his, referred to in footnote 5, p. 522. i

|
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not always to be interpreted directly. But particles in
the square plate are apparently displaced principally eleng a diagonal,
for this mode of vibrauon.

The air current pattern for the mode whose surface pattern was first
shown in Figure 8, &, is given In Figure 13, B. 1t shows that the dis-
placement is principally n the direction of the optic axe.

Air enrrent patterns for the different cuts and shapes may be ob-
tained in large numbers. Only & few are shown end discussed here.

s L

1
H
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(e) SPECIALLY CRIENTED ¢° AWD 30° CUT RECTANGULAR PLATES AND RODS

As previously indicated, results of these studies show that the
directions of maximum displacement In several of the low frequency
modes of 0° cireular plates are to be found nearly parallel to the
dircction of some one of the critical values of Young’s modulus, and

] il in low-frequency modes of 6° rectangular
o information, four rectanguler plates were
iree 0° and one 30°, each with length parallel to one of these
eritical dire the 0° plates eand the one 30° vlate
i rother with the pettern of the mode found
for esch in which scements are principaily parailel to the
Tengths as indicated i by the fact that the “nodal’” lines form
perpendicular to the lengths and by the nature of the accompanying
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air current patterns, The remaining 0° plate, which was cut with
length pavallel to the critical direction of Young's modulus in the
0° planc to be found at v = +10° 507, could not be cauzed to vibrate
with suffeient amplitude to produce an air current pattern. How-
ever, a similar simple imode of vibration was found for this plate, as
evidenced by the nodal line perpendicular to its length. )

In Figure 15 is shown a 0° rectangular plate of the conventional
orientation, in company with the pattern caused by vibration at the
one of its modes having principel displacements most neerly parallel
to its length. The “nodal” line forms, as shown, in & direction
inclined to the edges. The displacements experienced by this plate
are thus seen to be of a more complex nature than those depicte
in Figure 14.

Referring again to Figure 14, if the frequency in any one of the
three cases shown were squared and multiplied by the square of twice
the greatest dimension of the corresponding plate and by 2.654, the
density in grams per cubic centimeter, there would result, as_sho“"ll
below, a value which corresponds very closely to the value of Youngs
modulus for the direction parallel to this greatest dimension. The
same is true of the 0° plate which was so oriented in cutting that 1ts
greatest dimension is parallel to the direction, v= +10° 50, for which
no air current pattern is shown. This plate is 32.71 by 22.70 by 481
mim, and its frequency of response at that mode involving a «podal’
line perpendicular to its greatest dimension, is 95.4 ke. The operd-
tions indicated above for, these four cases give, in kilomegabaryes
(10° dynes per cm?) 692, 1,035, and 1,208 for the specially orientc
0° plates, and 1,051 for the specially oriented 30° plate. The o1t
sponding values of Young’s modulus ave, as given in Appendix Ib
respectively, 691, 1,014, 1,285, and 1,045, in the same units. 12€

e

18 A patent was taken cut by the Telefunken Co. (Patent No. 204174) for orientstions of quarts I_"‘;c e
presumahly 0°, such that edges would be parallel and verpendicular to the directions =150 and U
reporied in the VWircless World, May 29, 1629,
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formier values, it will be noticed, are in each case slightly larger, but
all are within 3 per cent.

In order to determine how closely the length and frequency of rods
cut in these various critical directions would agree with the computed
values of Young’s modulus (which, of course, are based on measure-
ments of certain elastic constants, as explained in Appendix II), rods
of square cross section were cut from each of these plates in such a
manner as to leave the length and thickness dimension undisturbed.
The {requencies of these rods were found to be 82.7, 95.2, 119.7, and
50.6 ke. With the given lengths results are obtained which agree
with the theoretical critical values of Young’s modulus given above
within less than 2 per cent. These results are to be found entered in
Table 1, column 5. In column 6 appear corresponding values which
Lave been approximately corrected for lateral effects. 'The arbitrary
correction factor used, the nature of which is explained at the bottom
of the table, reduces to that proposed by Chree ' when o, is placed
equal to os; in fact, this is about the only justification that may be
advanced for its use, except that it would result in a little closer
approximation, in all probability, than would the one proposed by
Chree into which some average value of ¢ is substituted.® The corre-
sponding computed values of Young’s modulus are to be found in
column 7. In column 8 are given the per cent deviation between
values in columns 6 and 7.

Tt is interesting to note in this respect that the length and frequency
of three of the longer 0° rods used by Cady give values agreeing no
closer than from 5 to 14 per cent, when corrected for lateral elfects,
with the computed value of Young’s modulus in the direction of their
length, namely, 770 kilomegabaryes. One® of these was 12.02 by
2.16 by 1.08 mm with a frequency of 235.9 ke. A second,” whose
frequency was 91.66 ke, measured 30.3 by 2.64 by 1.23 mm. The
third,* resonating at 89.87 ke, measured 30.7 by 4 by 1.4 mm. These
all have one lateral dimension about 10 to 12 per cent of the length,
while the other lateral dimension is much less. Operations similar to
those above give the results, respectively, 880, 819, and 808 kilo-
megabaryes. The ratios of the greater of the two lateral dimensions
to the length dimension are approximately 18, 9, and 13 per cent,
respectively

Measureme
mode of a 0° circular plate gave a result 1° 50 greater than the pre-
dicted angle of the minimum value of Young’s modulus. This indi-
cates a possibility of a discrepancy between actual and predicted
direction of this minimum. In order to verify the angle at which
the sctual minimum occurs, three 0° rods were cut, all of the same
length, with such orientations that their lengths are parallel, respec-
tively, to the three directions, v= +67.31°,+71.56°, +73.74° The
fundamental {requencies at which these rods respond proved to be,
respectively, 79.117, 79.007, and 79.242 ke. The first of these fre-
quencies is 0.3C per cent and the third 0.14 per cent higher than the
second.  Assuming for each the same correction for lateral inertia

19 C. Chree, On Longitudinal Vibrations, Quart. J. Math,, 23, pp. 317-342; 1886.

1t might be well to explain here that although a correction factor of this nature can not be considered
adeqrate or appropriate for rods whose lateral dimensions are as proportionately great as some given in the
tn__ble,_lts use should nevertheless place the values given in column 5 on a more compatible basis.

?W. G. Cady, An International Comparison of Radio Wave-Length Standerds by Means of Piezo-
Eigcmc Besonators, Proc. 1. R. E., 12, pp. 805-816; 1024.

*W. G. Cady, Piezo-Electric Standards of High Frequency, J. Opt. Soc. Am. & Rev. 3ci. Inst., 10,
Pp. 475-489; 1925, ) i
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effects, and using the computed values of Young’s modulus, the fre-

uency of the first rod would be 0.26 per cent and the frequency of
the third 0.07 per cent greater than that of the second. Krom this
we may conclude that the predicted and actual angles of the mini-
mum of Young's modulus agree within a degree. The dimensions of
the three rods, which are all quite accurately oriented in the 0° plane
(probably £0.1°) are given In Table 1.

Concerning the frequencies of these rods, it will be seen that the
values given in columns 6 and 7 opposite the one whose length is
oriented purallel to the direction v= +71.56° differ by 0.97 per cent.
This is in close agreement with the corresponding variation for the
first rod civen in the table, considering the (measured) direction along
which the first rod is oriented.

Another vod was eut from a 30° rectangular plate of the usual ori-
entation. 'The results for this rod are shown in Table 1, for y= +90°
Tnasmuch as Young's modujus passes through a minimum at this
angle in the 30° plane it wes honed that its value might thus be veri-
fied for the equatorial plane. Unfortunately the discrepancy turned
out to be one of the largest.

It will be noted that with one exception all the “high frequency
values” of Young’s modulus are greater than the computed values.
It appears quite possible that this excess, which is made more evi-
dent when lateral inertia effects are taken into account, may be in
part a manifestation of elastic hysteresis. Experimenters studying
mechanicsally excited vibrations of isotropic rods have uncovered
such a discrepancy. However, the variations are all less than 2 per

cent and three are within 1 per cent.

"

TasLE 1
in de- | size sp2f? EX10-0 [
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----------- FI0.83 § 47803 | 4.802 132716 95.2 {1,000.00 1,082 1014 | +1.78 +10.63
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300 Logq |f 484 | 3128 | 451651 69.7 |1,051.00 |1, 055 ; 2847
--------- == d ) 4.836 | 4.836 ‘ 45.165 | 69.6  {1,049.00 1,0 £28.47

i
2o . o 4.81 | 18.73 | 84317 | 78.7 7 -60(£0.02)
80%-oeeiees +90.0 { 4805 487 34517 |7®7 |7 290(=0.02)
114806 | 4.814 % 32,409 | 79.17 |._ 447,31
1\ I |4 4.806 | 4826 32.400 | 79.007 | € il oo
|l 4805 | 4834 | 32400 | 79242 | oo +73.74
I .
1 R R R
L where a is the thickness, b the breadth, o1 and o3 respective values of Poisson’s
1— 5 (@2 o2 4-b2 a3?)

nt
ratio, and [ is the length.

(f) COMMENTS CONCERNING AIR CURRENT PATTERNS

An interesting fact, indicated first by the study of surface patterns
and then well substantiated by studies of air current patterns, 13
that a quartz plate of a given cut will vibrate in much the same wa&¥
regardless of its shiape. The elastic properties appear to he the
dominant factor in determining the type of vibration which a quartz
plate will execute. Even in the case of the relatively long rod-like

o~

i e———

i
H



j
l
[

g[’;ﬁ;{;’ﬂ Vibrations of @uartz Plates 535
Jate shown in Figure 15, the direction of the principal displace-
mnent is inclined toward the direction of the minimum Young’s modu-
Jus. In the case of longer rods this tendency persists. This fact has
an interesting bearing on the practice of clamping of 0° rods. It has
peen demonstrated that the decrement of 0° rods may be reduced by
Jlamping at an angle indicated by the “nodal” line. It indicates
also, of course, that Improvement may be obtained by cutting the 0°
rod either parallel to the maximum or minimum Young’s modulus.
Rods are being prepared not in these directions, but oriented parallel
to the direction v= —45° in which Poisson’s ratio for the 0° plane
(YZ-plane) is seen (in fig. 22) to be about zero. A rod cut in this
direction is very mnearly parallel to the direction of the maximum
Yourg’s modulus. Thirty-degree rods are being prepared also, paral-
Jel to v = = 45°, in which Poisson’s ratio for the 30° plane (XZ-plane)
is practically zero. A rod cut in this direction is not very far from
the direction of maximum Young’s modulus for the 30° plane, but
as o matter of fact almost as far as an ordinary 0° rod is from the
minimum Young’s modulus. Clamping experiments will be performed
on these rods.

It was found in these studies of air currents that when plates of
various cuts and shapes are caused to oscillate vigorously at one of
their strong modes of high-frequency vibration, very pronounced air
currents emanate from their uppermiost mejor face. Although more
difficult to produce, patterns of lycopodium powder blown from a
major face give an excellent insight into the type and configuration
of displacement of these higher {requency modes. To produce pat-
terns of this nature the plate is caused to oscillate while in such a
position that the major faces lie in vertical planes. A plane metallic
surface may serve as one electrode. A screen was found quite con-
vepient for the other. Obviously the wires forming the mesh should
be spaced quite far apart, and should be strung only in a horizontal
direction. Thus 2 heavy sheet of paper upon which a layer of
lycopodium is sprinkled may be placed close to the major face behind
the screen, in & position perpendicular to this face. If the process
is carried out ab various levels much information may be obtained
concerning the displacement of this surface.

Studies of this nature have been carried on, but further work is
required before results may be set forth with safety. indisputable
evidence has, however, been obtained through these initial studies
that, as must be expected, the major surfaces break up into various
antinodal areas at that relatively stromg mode responding at the
highest frequency, both for 0° and 30° plates. This precludes
definitely the possibility of the frequency of response of a mode of
this nature being any simple function of Young’s modulus, in the
direction of the thickness, and the thickness dimension.”

23 As bas already been pointed out, Crossley found evidence of this breaking up of the major faces. DBut
notwithstanding Lhis evidence, which he describes in the publication referred to in note §. he proceeds,
as reported in this publication, to measure quantitatively Young's modulus by nieans of ineasurements
of the thickness of the plate and the frequency of vibration, which values he substitutes in the equa-
tion he gives for Young's modulus, namely, £= V2D, in which D is the density, and V=:TF, F being
the frequency and T the thickness. In so doing he presupposes a half wave length distribution; in fact,
he makes the stgtement: *“The thickness of thie erystal as previously stated is equal to one-half wave
length of sound  in quartz for the X-axis oscillation.” This is undoubtedly a fallacious conception of
the type and configuration of displacement obtaining. As may be expected, therefore, the value of
Young’s modulus as derived by him does not closely agree with the computed valie corresponding to the
direction parallel to the thickness dimension of a 0° plate, which computed value has been checked within
2 per cent by the conventional method. Stch a conception appears to lead him and others to consider
){Otllrng’s modulus as a constant of the type or mode of viliration rather than a constant of the material
itselt.
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III. EXPERIMENTS COF A MORE SPECIFIC NATURE

1. STUDY COF THE AIR CURRENTS EMANATING FROM THE PERIPHERY
OF CIRCULAR 0° PLATES

With the view in mind of determining with greater accuracy the
angles of maximum radial displacement for the first and second
modes of vibration of a 0° cut circular plate, apparatus illustrated
in Figure 16 (a) and (b) and Figure 17 was set up. The annular
scale, A, in Figure 16 (a) and (b), graduated in thirds of a degree,
is fixed to a heevy insulating base. Riding cn a tapered shaft con-
centric with the annular scale, A, is the rotating member, B, in Figure
16 (b), with arms, B’ and B’/, serving as verniers with which the
gngular position may be read to within one minute of ave. The
revolving member, B, is also fitted with an insulated arm, H, by which
it may be rotated. A cap, O, rests on top of the member B serving
as the final support for the quartz plate, P. At the center of the
supporting cap, C, is a smell circular face raised 0.2 mm, upon which
the quartz plate, P, rests, fixed in position with collodion. Above the
quartz piate is the upper electrode E, supported on an adjustable
arm, . The supporting members, C, B, and 4, below the quartz
plate serve as the second electrode.

Suspended separately from the rest, on an adjustable supporting
arm, @, hangs a celluloid vane, V, which is in length, measured
horizontally, about equal to the diameter of the quartz plate, and
in width, measured vertically, about equal to the thickness of the
quartz plate. In other words, the effective area of the vane, V, 1s
about equal to the projected area of the plate. The vane itself is
about one-sixteenth inch thick. It is suspended on a fine tungsten
wire which is held by a clamping device, K, designed to allow rotation.
Centrally fixed to the vane, V, is a small mirror, M.

Referring now to Figure 17, a condensing lens, L, is so interposed
between a light source, L', which is some 6 feet distant from the
mirror, M, attached to the vane, V, that a sharp image of the vertical
filament appears on a screen, S, placed about 15 feet from the
mirror, M.

Means are provided for determining the angular position the
member B must take in order that the diameter passing through the
centers of the verniers, B’ and B/, on its arms shall pass through
the center of the vane, V, as well as for holding the vane acceurately
perpendicular to that radius passing through its center.

When the vane is thus centered by rotation of the member B,
whose angular position is noted, it is held by the means provided,
accurately perpendicular until the light source, L’, or the screen, S,
may be so adjusted that the image of the filament is centered on
the screen. The vane is then allowed to hang freely, and is retate
until the filament image is centered on the screen. The quartz plate
is then set in oscillation by a single tube (UX210) circuit without
regeneration. And the member B, is rotated until the filament imag¢
again returns to the center of the secreen. The angular position of
the member B is again noted. Of course, steps must be taken to
determine, in the case of the first mode of vibration of (° plates,
which of the antinodes is being measured. With the size of vane
used measurements of the antinodes of lesser amplitude did not prove
practicable.
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t Ficome 16,—Device for angular measurements of air currenls emanafing
from periphery of circular plate

(a), elevation; (b), plan view,
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The upper electrode, £, is then swung clear, and a bench-like
member whose legs are designed to be screwed down to the upper
faces of the vernier arms of the member B, is fixed in position. One
edge of the top of this bench-like member, when it 1s in position,
lies in a vertical plane parallel to that passing through the centers
of the verniers, 5’ and B’/. The top of the bench-like member is
designed to rest very closely above the upper face of the quartz plate,
facilitating the drawing of a pencil line on the quartz plate parallel
to a line through the vernier centers.

When the line is drawn on the plate, the plate 1s removed, and
with the aid of a polarizing microscope the angle between the line
and the optic axis is determined. With this information the angle
with respsct to the optic axis, of the maximum pressure created by
the air currents may be determined. If both principal antinodes are
measured, and the process repeated with the plate inverted, leaving
the adjustment of the vane unaltered, “machine errers” may be
practically climinated, providing of course that the amplitude of
vibration of the plate remains constant throughout this series of four
measurements. It was found that with a change in amplitude indivi-

Freore 17.—Arrangement of eptical system used in conjunction with device
for angular measurement of air currenis

dual readings changed appreciably. In order to climinate errors of
this nature, means was provided to insure constant air-gap, and a
vacuum tube voltmeter was employed to measure the current flowing
through a low resistance placed between the lower electrode and
ground. These arrangements proved adequate; with them, individual
readings could be repeated.

The results of a series of seven complete measurements on one
plate gave 73° 30’ and 48° 24’ for the two modes. A series of five
measurements on a second plate gave 73° 28" and 48° 44/, Maximum
deviation from the average of these two plates, namely, 73° 29’ and
48° 34/, was 0° 29’ for the greater angle and 0° 38’ for the smaller.

As nearly as could be determined, any plane section, parallel to
the face of the plate, of the air currents issuing from a region ©
radial displacement show reflected syrametry with respect to their
maximum. Indications of slight relative rotation, about the axis of
the circular plate, of these plane sections were uncovered. Effects
due to this possible rotation, however, were “averaged out’ with
the “machine errors.”” Thus it appears that these measurements
should represent quite accurately the angle of maximum radial
displacement,
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STUDIES OF THE DISPLACEMENT OF THE PERIPHERY OF ZERO-
"pDEGREE CIRCULAR PLATES BY MEANS OF A PRCBING MECHANISM

(a) FIRST MODE OF A ¢° CIRCULAR PLATE

2

In the study of powder patterns formed on the face of 0° circular
plates, & “nodal” line was found at —17° 30" (£1°) from the optic
uxis in the case of the first mode of vibration, indicating that, if the
pattern of radial displacement were to show reflected symmetry with
respect to a plane perpendicular to the face of the plate and passing
throuch the maximum, this maximum radial displacement would be
found at +72° 30" (£1°). In the study, in which a vane was util-
ized, of air currents emanating from the same plate vibrating at the
same mode, results indicated that this angle of maximum radial
displacement would be found at +73° 29" (£29'). Although agree-
ment between the two is evident, the measurements in both cases are
only indirectly representative, and not in themselves entirely trust-
worthy. Further correlation was needed. Other means of measuring
this angle were sought for and found in the device to be described.

\

T16GURE 18.—Device for probing surface of plates

In Figure 18 is given a drawing to illustrate the general character
of this device. It will be seen that it consists of & very sturdy adjust-
able arm in the end of which is a cylindrical chamber whick eonstrains
the motion of a piston ftting snuggly within. Affixed to the piston
is a steel needle which projects through a small hole in the end of the
arm. Dearing on the piston is a coil spring, tending to forze the needle
outward through this hole. The other or eye end of the needle pro-
jects through a small hole in the center of a plug which screws into
the open end of the cylindrical chamber. By virtue of the fact that
the rear end of the spring rests against this plug, the pressure on the
piston may be adjusted by screwing the plug in or out. The needle
may be withdrawn against this pressure by means of a wire attached
to the eye in its end.

_ The plate to be studied by probing is placed on a cap similar to C
in Figure 16 (z) which for this purpose is rigidly attached to the
revolving member B, shown in the same figure, to insure against
relative rotation of the two. In the center of the upper face of this
cap is a small raised surface, as before, upon which the quartz plate
rests.  The cap used in this instance, however, differs from the cne
used previously in that it embodies two arms. The purpose of these
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arms is to allow clamping of the quartz plate, which is obviously
necessary if probing operations, with a device such as deseri bed, arc
to succeed. Another cap with corresponding arms 1is rigidly sup-
ported above the one fixed to the member B. The means of s mort
consists simply of suitable spacers placed between the arms, wmch
fiat bars, one running across above the upper cap and one runnwnv
below the lower; \‘lth bolts drawing the two bars or arms tocre*her
Adequate electrical insulation between the two caps, of course, is
provided so that eadﬂ may serve as an electrode. A serew hur»v gh
the center of the upper cap bears down on +hﬂ center of the upper face
of the quariz plate, pressing the plate down on the small IKISLd urface
in the center of the lower cap, thus rigidly clamping the plate®
It was found that the plate can be clamped in this manner with
sufficient force to prevent it from moving when being mooei without
Interfering seriously with its oscillation at several modes of low-
frequency response.

The probing device is firmly mounted within range of the peripliery
of the plate t ,hus clamped. The plam is set in cwmllatmn using the
same tuned-plate piezo oscillator used in the air current measurements
\Vith the ne Jle \"1thdla\‘n, the arm is swung into position and
ucL] usted \(, hat it lies in a plane parallel to and m'dw‘w:' between the
faces of the plnt@ and points tow ald the geometrical center. The
needle is then gradually released to hear en the midportion of the

periphery of the plate.

It was found that within a certain rather broad range of adjustment
of the pressure exerted by the spring upen the pisten, “the qualt7 plate
ceases oscﬂ]atlon when the needle is brou0ht to bear on certain Tegions
of its periphery, but does not when the needle bears on others. Those
regions of its periphery where the needle can be brought te bear with-
out preventing oscillation, were found to be four in number for the
first mode of virbation of a 0° plate, and to correspond to the “nodal”
regions for this mode, which are well illustrated in Figure 9, 4. The
centers of these ‘“‘nedal” regions are nodes of radial displacement, but
not necessarily points at which displacements of all types m.nlch

According to the procedure finally adopted, one of the “nodal”
regions is sought out by continued trial, care being taken that the
needle is withdrawn each time before the member B is rotated, in
order to avoid rotation of the plate in the mounting. Vhen one Of
these regions is located 1t is probed in minute successive steps, wor k-
ing outward from the center until the point is reached at w hlch the
quartz plate first falls out of oscillation. The angular position of the
member B at this point is recorded. The same ‘“nodal” region i
then probed from the center outward in the opposite dlrr\cmon untl
a second similar point is found, at which the position of the member
B is again recorded.

The four “nodal” regions are probed numerous times, for individual
readings vary &as much as 2° or 3°, on the average. The needle 1
then released to bear on the plate at some point for which the angular
position of the member B is recorded, and by means of the adjusting
serew it is rawed vertically while still bear1n<f on the plqte thus mark-
ing the periphery of the plate with a very Fine line pﬂnfhcuml to
the faces. This process is repeated for the pobmon of the pmt“

# Doctor 11und, while working at the National Bureau of Standards, built a plate holder incorpors 1ting
this principle of rigid mounting.
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cented by a rotation of member B throuzh 180°. These marks
the upper face of the plate so that with a siraicht-edge and

r(}pI’C
are run to ; g ; e 8 .
o magnifying glass & Jine mayv be drawn between them on tae face of

the plate without the introduction of any appreciable]error.. With
the determination of the angle between the line and the optic axis,
. which 1s readily accomplished with a polarizing microscope, the
! measurenuent is completely determined. ,

Six series of such measurements were performed at the first mode.
The average of the six series places the “‘nodes” at ~i—20f’ 4’ +126°
51/, —53° ¢, and —159° 56’ from the optic axis. The “nodes”
referred to are, of course, the points midway between the pairs of
points at which the plate first falls out of oscillation. ~Assuming
reflocted symumetry of the amplitude of displacement with respect to
the maximum amplitude, the maximum of one of the principal anti-
nodes would fall at +73° 297 This is exactly the value obtained
through measurement of air currents. The fact that the air-current
measurements were somewhat more closely related to the maximuin
displacement than to the minimum, while the probing results are
more closely related to the ““nodal” reglons, which measured on the
average with the particular spring used some 8° to 10° in extent,
rather than to the antinodal ones, indicates reflected svmmetry of
amplitude of radial dispiacement. The maximum deviation from
the above average of +73°% 29" was 0° 28’ for the six series. Three of
the six series were perforined on one plate and three on another. No
ditference between the two plates was detected in these measurements.

(b) SECOND MODE OF A 0° CIRCULAR PLATE

A similar probing study was made of the second mode of 0° circular
plates. Seven series, each consisting of a number of individual read-
ings, averaged +44° 26’ (+£48’) for a line joining the two “nedal”
points, indicating that if the displacement were to show reflected
symmetry with respect to the maximum, the maximum displacement
would take place at —45° 347 (£487). The “nodal” polnts referred
to here as before are the points midway between the pairs of points
at which the plate first ceases oscillation. This angle does not agree
closely with results obtained through angular measurement of the
air currents, namely, —48° 347 (£38'). Tere we have indication of
dissymmetry of radial displacement, made particularly evident, if
the measureinents are to be trusted, by the fact that the “nodal”
regions as measured in this manner averaged in this case approxi-
mately S0° in extent, with the particular spring pressure used.  Fur-
ther indication may be found in Figure 9, B, in which the pattern
formed by the air currents indicates that the maximum radial dis-
placement is to be found farther from the optic axis than would be
the perpendicular bisector of the “nodal” line. Four of the seven
series were performed on one plate and three on another. As before,
no difference between the two plates weas evident.

(c) THE MODE OF A 36.03 BY 4.805 MM 0° CIRCULAR PLATE RESPONDING AT 135 XC

A third probing study was made on the 136 ke mode of oscillation
of a 36.03 by 4.805 mm 0° circular plate. Only one series of meas-
urements was carried out. Ib indicated the presence of a ‘“nodal”
point of radial displacement at +13° 14’ and another at —82° 29/,
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the former being somewhat strictly nodal in nature, while the latter
appears to be perhaps an antinode of tangential displacement. The
surface powder pattern for this mode is given in Figure 3, F.

(d) COMMENTS CONCERNING RESULTS OF PROBING STUDIES

The probing operations not only proved successful in themselves as
means of studying the oscillations of plates, but, in addition, they
help to substantiate the results obtained in the studies of air currents
emanating from the plate, in which o vane was utilized. The exact
agreement between the results of the two methods of measurement

in the case of the first mode of vibration is fairly good reason to believe -

that this maximum does take place at --73° 29" (£29) and that the
amplitude of radial displacement closely approaches reflected sym-
metry with respeet to its maximum.

This sgreement in the case of the first mode is also a reason for
accepting with some confidence the results of the two methods of
measurement obtained for the second mode of vibration, whichindicate
dissymmetry of the amplitude of radial displacement, and a maxi-
mum at —48° 34 (£358°).

Althoush they have not been thus applied, it is believed that prob-
ing methods may be profitably employed as a means of studying the
third mede of 0° plates.

IV, COMMENT AND CONCLUSION

Many conclusions may be drawn quite readily from the results of
the various methods of study of the vibrations of quartz plates de-
scribed ahove. First of all it is increasingly evident that the produc-
tion and observation of luminous discharge phenomena constitute a
relatively poor method of studying these modes of vibration. Cer-
tainly no reasons were discovered showing necessity or even desira-
bility of reversion to that method of attack. Another conculsion to
be drawn is that there are at our command several quite direct methods
for studying modes of vibration of quartz plates which may be em-
ployed with greater ease than the optical method involving the pro-
duction of figures caused by interference of light waves. This
optical method, moreover, it not as readily adapted to the study of
different modes of vibration.

_ A third conculsion of a general nature to which attention was called
in a preceding section, is that the magnitude and direction of critical
values of Young’s modulus play an exceedingly important role in the
determination of the nature of various modes of vibration of plates
of an anistropic material. .

_ Turning now to the more specific aspects of these various studies,
it is to be concluded that the magnitude of all computed critical
values of Young’s modulus in the 0° plane, and the maximum value
and that one of the two minima which is to be found perpendicular
to the optic axis, in the 30° plane, have been experimentally verified
within 2 per cent.

In addition to these verifications in magnitude, the direction of one
of the critical values of Young’s modulus has been verified within
about a degree. This critical value is the maximum. The fact
that the magnitudes of all critical values except that in the direction
of the optic axis (for the 30° plane) have been quite closely verificd,
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and that one has been verified as to its direction, shpuld be cou_sidered
as very good reason for accepting the.o‘c_-her predicted dlrectlpqs of
critical velues as accurate within close limits. In other words, it Is to
pe concluded that from the various measurements and observations,
the equation for Young’s modulus as originally derived and evaluated
by Voigt % has been found te be quite accurate in all respects.
“In ceneral, a large amount of information was gained concerning
the oscillation of rods * and plates. The relating of the frequencies of
the three modes of strongest response of a rectangular plate to its three
dimensions is shown to be prompted by misconceptions. 7 Of
particular interest were the more specialized studies of the first and
second modes of 0° circular plates. These two cases presented
convenient sources of detailed information concerning the oscillation
of quartz plates. Just why a 0° circular plate oscillates as it does
at these two frequencies, to say nothing of other frequencies or other
plates, is yet to be learned, of course.®® But facts have been uncovered
which have important bearing on the subject. For instance, the fact
that Poisson’s ratio for the 0° plane is very small in the directions v=
+ 45°, whereas its value in the vicinity of y= —16° is relatively large,
is good reason why the two modes may be expected to differ. Fur-
thermore, in view of knowledge concerning these two modes gained
experimentally, it must be considered as somewhat of a coincidence
that the two {requencies bear the rclation of approximately 1: ND)
despite the fact that the values of Young’s modulus in the direction
of the maximum radial displacement for the two cases are to each
other quite closely as 2 : 1.

In the course of the various experiments seven 0° circular plates
were broken during oscillation. Without exception the cleavage
planes were found to be roughly perdendicular to the faces of the plate,
Whenever a plate cracked in such & manner that two cleavage planes
were not parallel, it was found that these planes always intersected
the face of the plate at about equal angles from the optic axis, on the
average +38.1. Three of these plates cracked into but two pieces
with & fairly smooth uniform cleavage plane through a diameter, or
nearly so, in each cese. Unfortunately two of these plates included
considerable twinning. As nearly as could be determined, however,
all parted at planes intersecting the face of the plate in a direction
for which, roughly, v= +38.1°. Reasons for these phenomena are
not apparent.

As a result of information gained and intimations found in the
various studies carried on, experiments are now being performed on
the various means of mounting plates and rods which have suggested
themselves. Although it is not clear at this point how present general
practice may be much improved upon, certain possibilities of improve-
ment in methods of mounting plates and reds which are to be used
as standards of frequency, have presented themselves. The experi-

B W, Voigt, Bestimmung der Elasticitatsconstanten von Beryll und Bergkrystall, Ann. der Phys,
31, pp. 474-501 and 701-724; 1889.

» Oour observations explain very well, for instance, the reason for the variation in intensity, over the end
¢fa 0° rod noticed and reported by E. P, Tawil, Les Ondes Stationnaires Ultra-Scnores Rendues Visibles
daps les Gaz par la Méthode des Stries, Compt. Rend. 191, pp. 92-95; 1930; of the supersonic waves eman-
ating therefrom.

% Results of these various studies anwer in a very definite manner many questions such as those brought
up by P. T. Kao, Sur les Vibrations du Quartz Piézotlectrique Suivant I’ Axe Optique, Compt. Rend.
191, pp. 768-770; 1930. ’

# See supplementary note, p. 544,
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ments on the clamping of rods has already been mentioned. The

possibilities offered through the clamping of circular plates at the
center, both 0° and 30°, look quite promising. One very interesting
method of accomplishing this end involves the drilling of a small hole
in the center of each face of the plate to a depth of nearly one-half
its thickness. The plate may then be rigidly held by means of two
rods fixed to the electrodes.” This method, among others, is being
tried at present.

The authors wish to acknowledge the inestimable assistance in
these studics given them by J. E. Williard, who with the greatest of
care cut and ground all the plates and rods with great accuracy, and
by E. F. Webb, under whose very capable direction the cutting and
grinding was done.

V. SUPPLEMENTARY NOTE

A, Moeisener hes attempted to relate the preferred angle of radial displacement;
that is, the angle of maximum radial displacement, at the two lower modes of
response of 0° circular plates, to certain directions determined by the silicon
atoms in the lattice structure of quartz, by assuming that the smaller one of the
two angles, namely, the angle of maximum radial displacement during oscillation
at the second mode, corresponds to that direction in the plancs of greatest ‘‘atomic
density” parallel te the intersection of these planes with the YZ-plane or 0°
plane. By “atomic devsity” he apparently means the number of atoms in a
given plane per unit area, times the atomic weight. He tacitly assumes that
The other favored angle of radial displacement; that is, the angle of maixmum
displacement in the case of first mode, corresponds to that direction determined
by the intersection with the 0° plane of planes which have a very low value of
ihis “‘atomic density.” It is rather difficult to conceive how this low value of
““atomie density’ would bring about angular stability of oscillation.

However this may be, he proceeds to explain, referring to that clement of the
silicon atom lattice structure which, according to some indications (see Sosman,
Properties of Silica), somewhat closely resembles a cube, one of whose diagonals
lies parallel to the principal ervstallographic axis, that if that diagonal of the
rhombohedron parallel to the optic or principal axis is sufficiently reduced in
dimension relative to the interatomic distances, which are left undisturbed,
measured in planes perpendicular to the optic axis, planes of maximum “gtomic
density”’ will be inclined about —37° with respect to the optic axis. The “‘com-
plementary " zngle would be in this case about +58°. This is the angle at which
planes which pass through approximately 1/4/2 as many silicon atoms as do the
planes of maximum ‘‘atomic density’ intersect the YZ or 0° plane. He found
that the smaller one of these two angles corresponded well with the lowest values
of the angles of maximum radial displacement for the two modes of oscillation,
measured by various means experimentally, and reported by him variously as
+71° (£2°) and —48° (£2°) in the publication referred to in note 5; as about
— 46°in the publication referred to in note 17; and as —44°, —39°,—37°,0r — 34.5°
in the publication referred to in note 7. He lightly passes over the large dis-
crepancy between the larger of these two angles and the measured angle ©
4-71° (% 2°), whereas this angular measurement and the corresponding measurc-
ment for the other mode, namely —48° (£2°), which were the first reported,
agree nicely with those described here. Therefore, if the angles at which these
planes intersect the G° plane are to correspond to the angles of maximum radial
displacement for the two modes of oscillation, the length of the diagonal of the
rhombohedron parallel to the optic axis must be still further reduced relative t0
interatomic distances in planes perpendicular thereto. As a matter of fact, the
diagonal would have to be reduced to a value less than the interatomic distance
in these planes perpendicular to the optie axis, a condition widely different from
what is indicated by X-ray and other measurements. i

What would appear a more logical attempt, with the purpose in mind of gain-

ing information concerning the ratio i: would be that to disclose rclations which

obviously must exist between the well-established elastic characteristics of quartz

and the lattice structure. If the dependence of the elastic and piezo-electric
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hm.a,ctcristics upon the lattice structure could be entirely disclosed the lattice
ctr‘ucture would obviously be determined. ) ) .
s Considering again the rhombohedron, we find indicated dissymmetry in the
ero plane (parallel to the diagonal plane cutting two edges and four .dlag.onally
z sposite corners, and, therefore, including two diagnoals, one of which is that
OIue parallel to the optie axis), and reflected symmetry in the 30° planes. We
Ond that the equatorial plane has a simple relation, easily definable in terms of
the atoms it intersects, to the lattice strgcture. The 0° plane also is seen to be
dmply or critically 1'elqt9d o the lattice .structm:e. The 30° plane is seen,
noreover, not to be so critically related, particularly if the prescnce of two oxygea
atows in the near vicinity of each silicon atom is considered. We find planes of
such critical nature making angles of some 30° to 40° and some 50° to 60° with
respect to the optic axis, which planes include an X axis, or electric axis. All
these eritical planes, overlooking the discrepaney 1n the case of the last two,
include directions of critical values of Young’s modulus. All in all, we find
indications of the intimate relationship whlch. must exist. Bqt discrepancies
<how that there are probably other factors which must be considered. Oaqe of
these is no doubt the presence of two similar lattice structures of oxygen atoms.
Explanations of why a plane, .in.cludmg the electric axis, which makes an angle
of about 11° with the optic axis includes a critical direction of Young’s modulus;
of why the value of this modulus is the same for all directions in the equatorial
plane; and of why the angles at which the two critical planes intersect the YZ
lane do not correspond to the angles of maximum and minimum Young’s
modulus, may all be found if the presence of the oxygen atoms is taken into

account.

V1. Appendix L.—THE DEVELOPMENT OF POISSON’S RATIO
AND THE MODULUS OF RIGIDITY FOR CRYSTALLINE

QUARTZ

TWhen the experimental studies described above were first under-
taken it became increasingly evident that the expression for Young’s
modulus of quartz as a function of direction was practically the only
mathematical development available as an aid to the interpretation
and understanding of the results. It was deemed very expedient,
therefore, to develop and numerically evaluate like expressions for
Poisson’s ratio and the modulus of rigidity for quartz as functions of
orientation.

In general form Love * expresses Young’s modulus, the modulus of
rigidity, and Poisson's ratio in terms of the elastic moduli, respectively,
as

£-4 )
p=5 2)
and ¢
S R T
+m’ n’ﬁ— n' U 0 m’ 09 (3)

dmn) " dmd) "
= (S, Sa, -+ Shy, - ++) (&, m? 02, ma, nl, In)* 4)

o(ml)

in which

and
¢ =(Sy, Sas, ~ -+ Spg, +-+) @ UW,2mm’, 2 nn, mn'+m'n,
al’ +n' L Im/+1U
m)? (5)

) .
" A Treatise on the Mathematical Theory of Elasticity.
68723—31. 9




determinant, A, of the elastic constants, and I, m, n, and U, m’, »’
are direction cosines. In the expression for Young’s modulus the
direction (I, m, n) is that of the related simple stress. In the expres-
sion for the rigidity the directions (I, m, n) and (I, m’, n’) correspond
to the normals to the pair of orthogonal planes across which the related
stress is considered. And in the expression for Poisson’s ratio the
direction (I, m, n) is to be indentified with that of the principal stress
and (’, m’, n') that of the accompanying lateral stress, or vice versa.

Voigt,” through considerations of symmetry, determined the fol-
lowing relations among the elastic constants of quartz:

546 Bureaw of Standards Journal of Research (Vo7
In these expressions the terms S, are the various minors % of the
i

i
Ca2=Cn C55 = Cyq :
Coz = C13 Cs6= C14 i
17 Cr2 :
(’64“"—(’14 Cr:*L
0 2 ‘
and
015:(’16:0252023:(’342035:(’35:045=C45:0 (6) :
The orientation assumed by him in determining these relations -
volved the coincidence of the principal erystallographic axis with the
7 axis, electric axis with the X axis, and ‘“mechanical” exis with the
Y axis, as illustrated in Figure 25. )
The corresponding relations among minors is then:
Sa =S Ss5= Sy
Soz=S3 Sie=251 (7) !
— S —
S24— ”Sl-i bGG_Q(Sll—Sl'Z) §
and :
S1a=S16=SQJ:S26:SS4=SSS=S36:S4a:S4B=O 1

With these relations (7) the function ¢ given in (4) may he ex-
panded in the form

&= Sult + Symt + 28, P2m? + Syt 4 (Su +28y) (P +mn?) ).
+2Smn (32 —m?) |

= Sll + (Sn - Ssa_ S44“ 28}3) cos ! Y~ (ZSH - S“— 2313) [ o] 2 Y (9)
—28,, sin? v cos v cos 3C

where v represents the angle measured from the optic axis (Z axis),
and C, the “angle of cut,” is measured from a mechanical axis (Y QXIS); i
as shown diagrammatically in Figure 19. This in turn may be written

¢=Asy + (Su+ 83— Su— 2_3103> costy — (281 =S4 2815) COS Y (10)
— 28,4 sin%y cosycos 3 C

where
fre = Spe/A (11)

Then from (1) .

o

o

i

2, (12
=5 A (81 F Sg3— 845 — 2813) costy — (281, — 84— 2813) €OSTY (12)
— 28,4 sin®y cos vy cos 3C

. . R <o icin this
e the coefficients of the strain-energyfunction, ywhich isin thi

3 1 iti / af.
The quantities 16 Sin/a, ... Sifa, . .. 4 by Voigt ihe

T
case a function of the siress components. The quantities Su/4, ... 284, .., are terme
elastic moduli, and denoted by him S..

3 See foctnote 25, p. 543.
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[n a similar manner, from (5)

o' =48, (U +m*m’*) + 28, (I’ +1U'm)*~28, (Im’—1U'm)*
+8Symn’ (I +mm’) +4Syn°n"? (13)
+ Suf(mn’ +m'n)2+ (nl’ +0'1)?]
+4SLI (mn” +m/n) —mm/ (mn’ +m'n) + (0l + 0D (Im” +1'm))
ZA{344+(811“}_833—'844—2813) COSZB Sin22"/+(28n_814 ’
- —2s,) sin’B sin®*y + sy [ —cos®’B sin 4y cos 30 (14)
+2 sin®B sin 2y cos 3C+2 sin 28 sin (2 cos’y —sin?y) sin SC’]}

2 83
¢
’\Y
Ve
v
7
rd
& e
¢
5
F
=
3
)—

,
i

>

FicurE 19.—Diagrammatic illustration of the angles represented by v and C.
In this expression the angle B is that illustrated in Figure 20.
From (2) then

. =8+ (817 833~ 2512) €082 B sin?2y + (28, — 84— 28;5) sin?B siny

+ sl —cos*B sin 4y cos 3C'+2 sin’B sin 2y cos 3C
+2sin 2B siny (2 cos®y—sin’y) sin 3C] (15)

Having expanded the function ¢, we proceed with the expansion
of the expression for Poisson’s ratio, (3)
1
g= —— Sn (ll/ JF mm,)2+ Slﬁ (7nl’ - lm')2 ‘]L Sis [n2<l/2 '%‘ r/L/:?)
+ 2P+ mH)]+ Sy [mn (P=m+m'n’ (E—m?) (16)

+ 20 (mn’ +m'n)]+ Spn’n?+ Sunn’ (mm’ + ll’)]
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Using the relation s,,=S,,/A, this becomes
1 .. . .
c=—{S;3+ ‘I(S11+S334844 - 28y5) cos’D sin? 2y + (s1p—815) sin’B sin%y
1 o . . . . .
+ T [—cos®B sin 4y cos 3C+2 sin®B sin 2y cos 3C+2 sin 2B siny
(2 cos™y —sin%y) sin 3C]} (17)
{8t (i T 883 Saa 2813) costy— (28— 8y — 2s53) cos®y — sy sin’y cosy :
cos 3C] i

Ficure 20.— Diagrammatic illustration of the angles represented by v, C, and B.

Voigt experimentally determined the following values of the six
elastic constants for quartz

Su=12.734 X 10'10(i0.001) Cnlz/g —812=1629 X 10-10 (iOOlg)

cm?/g
si= 9.705 X 107°(£0.011) em?/g  —s;3=1.486 X 10710 (£ 0.013)
em?/g (18)
5u=19.665 X 107°(+0.018) em®/g  —s,=4.230 X 107 (£0.10) )
cm?/g ;
Using the mean values, and the value g=1980.6 ’
§;=12.985 X 108 cm?/dyne ~—s;;=1.661 X 10" em?/dyne {
§=4 9.807 X 1078 cm?dyne —s;=1.515 X 107 cm?/dyne 19

$4=20.054 X 10® cm?/dvne —s,=4.314 X 107 cm?/ayne
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Vith these values, (12) becomes

%1-5= 1208.5 + 585.8 cos*y — 894.6 cos’y +862.8 sin®y cosy cos 3C (20)

giving £ in dynes/ecm®.  Similarly, (15) becomes
el

[cos®B sin 4y cos 3C'—2 sin®B sin 2y cos 3C—2 sin 2B siny  (21)
(2 cos*y —sin?y) sin 3]

giving p in dynes/em?®,
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Figure 21.—Modulus of rigidity of quariz

This when simplified for planes containing the optic axis, becones
1015
~7=2005.4+585.8 sin*2y+431.4 sin 4y cos 3¢ (22)

giving p in dynes/em?

A graph of this is given in Figure 21. And the expression (17) for
Poisson’s ratio becomes

o={151.5—146.4 cos’B sin®2v + 14.6 sin®? sin* — 1.073

[cos’B sin 4y cos 3C—2 sin?B sin 2y cos 3C—2 sin 28 siny
(2 cos®>y —sin®y) sin 30] } (23)

+ [1298.5 + 585.8 cos*y —854.6 cos’y +862.8 sin’y cos v cos 3]
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For planes including the optic axis, this reduces to

_ 151.5—146.2 sin’2y— 1.078 sin 4y cos 30 o4
7T 19085 - 5858 cos'y—894.6 cos’y +862.8 sin’y cos vy cos 3C (24)

a graph of which is given in Figure 22.

BEEEREEN

F1GURE 22.—Poisson’s ratio of quartz

The values of the elastic constants computed by Voigt from his
experimentally determined values of “elastic moduli” (20) were
checked exactly by the authors, and the determinant, A, of these
constants weas found to have the value

A=7.0727 (cm?*/dyne)® (25)

This must agree very closely with the value used by Voigt, which is
unknown to the authors. These values of the elastic constants are:

¢ = 85.14 X 10 dynes/em? ¢;3= 6.95 X 10 dynes/cm®
s =105.36 X 10 dynes/ecm? ¢;;=14.10 X 10! dynes/cm’ (26)
cu= 57.10 X 10® dynes/cm? ¢, =16.82 X 10% dynes/cm?

It might be well to point out that within the limits of error, 83
specified by Voigt, of measurement of the elastic constants, Pois-
son’s ratio is always greater than zero for the 30° plane. However,
interestingly enough, if values of these constants are chosen with the
end in view of reducing as much as possible within these limits the
minimum value of the ratio for this plane, the smallest value thus
obtainable is found to be about half as large as the minimum obtan¢
by using the mean value of these elastic constants. In other words,
if the limits of error happened to be slightly wider, the minimum®
could then be caused, through proper choice of values of the constants:
to become zero at v = & 45°, which, because of the form of the equ&”
tion, would then cause the curve for the 0° plane to pass throug
zero at this same angle. If it could be demonstrated that this rati
should be zero at v = = 45° for any or all planes that include the opti€
axis, the number of independent elastic constants would thereby be
reduced to five.

AP



wrioht] Vibrations of Quartz Plates 551

Stuart
VIi. Appendix II,—THE EVALUATION OF YOUNG'S MODULUS

15

. 10 - o :
Using the equation® = 1298 + 587 cos ‘v — 895 cos *y -+ 862 sin’y-

cosycos 3C expressing E in dynes/cm®* values of Young's modulus
were computed for planes passing through the optic axis at various
angles, C, from the YZ plane, and for various apgles, v, measured
from the optic axis, in these planes. (See again fig. 19.) - These
values are to be found tabulated in Table 2, and prepared in the form
of a graph in Figure 23. In Figure 24 is reprinted*® a photograph
wing & surface constructed to represent the locus of Young’s mod-

sho ]
ulus as a radius vector.
TABLE 2
Pom i C=0° | C=5° | C=10° | C'=15° | C=20° | C=25° | C=30°
—90° 770 770 770 770 770 770 il
—80° 886 8832 871 858 833 810 786 i
Poo=T0° 1,045 1,036 1,011 972 927 87 833 |
—50° 1,203 1,189 1,151 1,008 1,030 963 900 |
—30° 1,283 1, 269 1,330 1,173 1, 106 1,037 972

L —40° 1,351 1,241 1,215 1,178 1,127 1,076 1,028
bo—=30° 1,158 1,154 1,141 1,122 1,009 1,072 1,045

—20° 1,072 1,071 1,067 1,061 1,053 1,045 1,038
~10° 1,023 1,023 1,022 1,021 1,020 1,019 1,018
0° 1,010 1,010 1,010 1,010 1,010 1,010 1,010
10° 1,014 1,014 1,014 1,015 1,016 1,017 1,018
[ ¢ 1,002 1,003 1,008 1,013 1,010 1,087 1,036
Co50° 952 953 963 077 996 1,019 1043
b4 860 87 888 910 943 080 1,026
L 500 788 789 804 830 868 916 072
b 719 734 739 764 799 845 | 000
70° 0692 606 708 728 783 700 - 833
80° 707 710 717 738 745 764 736
90° 770 i hd 770 770 770 70

The maxima and minima of these curves of Young’s moduius as an
ancular function are found to fall at
y=—48°15"  y=0°  4=+10°50" y=-
for C=0°, in which directions the modulus takes the respective values
=1285>10° FE=1010X10° FE=1014x10° FK=891x10°
the units being dynes/cm®.
The maxima and minima for ¢'=30° are to be found at
y=%90° y=%29° ¢’ v=0°
where the corresponding values of Young’s modulus are, respectively,
E=T770x10° E=1045X10° E=1010X10°
in dynes/em®.
In Figure 25 is shown the sense in which the angle v is to be taken
with respect to the polarization and sense of optical rotation of a
crystal.  The figure shows that the sense of optical rotation of a given

piece of quartz may be determined by the orientation of its elastic
properties with respect to the sense of its piezo-electric polarization.

035/

-1
—t

¥ Based on g=081 dynes, and Voigt's experimentally determined ‘“moduli.” This equation agrees with
th;‘\t ¢iven by Sosman, Properties of Silica,

This figure appeared with three similar ones, illustrating changes of Young's modulus with temper-
ature. Tho one reprinted here represents conditions at 15° C. The four wers originally presented by
A Per{le;pnd R. de Maudrot, Elasticité et Symétrie du Quartz aux Températures Elevées, Mémoires
de la Société Vaudoise des Sciences Naturales, 1; pp. 333-363; 1923.
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FiGuan —Surfuce represeniing the locus of Young's modulus s o radivs
vector

(See Note 32.)
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¢ with knowledge of any two or these three characteristics, the other

is Jetermined.® ) o

Tt has been found that a very convenient means of determining
the sense of the piezo-electric polarization lies in the application of
As may be easily seen, a very large rate of change of stress
tained by the sudden releasing of the crystalline plate from
ted through a device of high mechanical leverage. And

1 tube circuit lends itself quite readily to the measure-

St[‘CSSeS.

may be ob
{orces exer
the vacuul

C S
/VﬁCMQA//(.‘AL/
&

Fieure 25.—Diagrammatic representation of orientation of the anyle v with
respect to sense of optical rotation (facing source) and piezc-eleciric polarizaiion

ment of the time rate of change of the accompanying polarization.
Thus, for the case in which the time derivative of the polarization is
measured, the polarity accompanying a decrease of pressure applied
parallel to an electric axis is to be identified with a corresponding
opposing polarity shown in Figure 25 for the orientation of the elas-
tic propertics shown therein.

WasHiNgToN, June 18, 1931.

E“ This is in accord with observations of A. Meissner to be found in the publication by him, TUberPiezo-
lektrische Kristalle bei Hochirequenz., Zs. f. techn. Phys., 8, pp. 74-77; 1927.




